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Long- Run Effects of Fiscal Policy under Altruism and Endogenous Fertility

Abstract

The steady state of an economy with bequests motivated by aitruism is characterized by the
Modified Golden Rule, R B = G, where R is the gross rate of return on capital, G is the gross rate
population growth, and B is an intertemporal discount factor reflecting the degree of altruism.
in conventional growth models, G and B are fixed exogenously and therefore R is invariant to
various types of changes which do not directly affect the rate of return to capital. Under concave
altruism, B is specified to be a decressing function of utility; in this case, if R and G are fixed
exogenously, then steady state utility is invariant to various chenges. Alternatively, 8 mey be s
function only of G, and G may be determined endogenousy; in this case, if R is fixed exogenously,
then steady state fertility is invariant to various types of changes. In perticuler, Becker and
Barro (1985) have derived the remarkable result that, under inear altruism (B independent of
the level of utility) and exogenous R, steady state fertility is inveriant to changes in the cost of
raising children.

Tiis paper develops & model in which R, B and G are all determined endogenously. The model
contains many existing models as special cases and i}lustirates the degree to which many
well-known results depend on assuming that one or more of R,  and G are fixed. This mode! is

used to analyze the steady state effects of various fiscal policies and productivity shocks.



The long- run effects of fiscal policu depend on the length of the planning horizon of
individual consumers as well 8s on certain features of the specification of their intertemporal
preferences. |f consumers have infinite horizons and time- separable utility as 1n the Cass
(1965) mode!, then the steady state capital stock is determined by the Modified Golden Rule and
is inveriant to changes in government spending financed by lump-sum taxes. In addition, the
steady state capitai stock is invariant to the level of government debt outstanding.
Alternativiey, if consumers heve finite horizons as in Diamond's (1965) overlapping
generations model, then the steady state capitai stock can be affected by changes in steady state
government spending or by changes in the steady state level of government debt outstanding,
even if these changes are financed by lump-sum taxes. However, Barro (1974) showed that if
consumers have finite lives but have operative altruistic bequest motives of & certain form
(inear altruism), then they effectively have infinite planning horizons with 1ime-separable
preferences; therefore, the steady state invariance of the capital stock derived in the Cass model
continues to hold.

An alternative extension of the Cass model retains the infinite horizon of individual
consumers but relexes the assumption that preferences are additively separable over time. (See
Obstfeld(1981), Svensson and Razin(1983), Epstein and Hines (1983 ), Epstein (1985), and
Lucas and Stokey(1 9B4).) Without the assumption of time-separability, the rate of time
preference is endogenous. In particular, under the common assumption of “increasing marginal
impatience” it can be shown thet an increase in government spending financed by lump-sum
taxes leads to an increase in the steady state capital labor ratio. Recently, | have (Abel
(1985)) analyzed a more general specification of altruism (concave altruism) and have shown
that 1n certain cases it is formally 1dentical to the recursive preferences of infinitely hived
consumers,

Most of the literature with altruistic consumers has assumed that the rate of population
growth is exogenous. Recently, Barro and Becker (1984) and Becker and Barro (1985) have

introduced the fertility decision into the optimization problem of a répresentative altruistic



consumer. They have derived the remarkabie result thet if the interest rate is exogenously fixed
( as would be the case for 8 small open economy ), then the steady state rate of fertility is
independent of the cost of raising children. in particuiar, a tax on fertility wouid not affect
steady state fertility.

The various strands of the literature described above can be unified by the observation that
if consumers (or a social planner) effectively have infinite pianning horizons, then the steady
state of the economy can be described by the Modified Golden Rule. The discrete-time version of
the Modified Golden Rule, which wes presented by Semuelson{1 968), states that Rf = G where
R is the gross rate of return on capital, G is the gross rate of populstion growth, and B is an
intertemporal preference parameter. The precise interpretation of B depends on the particular
formuiation of the model: In the case of an infinitely- lived consumer, B reflects the consumer's
rate of time preference; in the case of & sociai planner in an economy of overlspping generations
of finitely-lived consumers, B reflects the social planner's preference for one generation
vis-a-vis the subsequent generation; in the case of a dynastic family with finitely-lived
altruistic consumers, 8 reflects the degree of altruism of a consumer towsrd his children.

The simpie relation in the Modified Golden Rule has been used to derive various steady state
invariance results. Under the stendard assumptions of exogenous fertility and time- separable
preferences with a constant rate of time preference, both f and G are constant. In this case, the
steady state rate of return to capital is invariant to various sorts of policy changes. In
particular, if R is a decreasing function of capital labor ratio, then the steady state capital labor
ratio and the steady state rate of return on capital are invariant to changes in Jump-sum taxes,
in the context of & monetary growth model, the invariance of the steady state marginal product of
capital leads to long- run superneutrality of money as in Sidrauski (1967).

Relaxing the sssumption that 8 is an exogenous preference parameter, there is an alternative
steady state invariance result when G is given exogenously. in the context of infinitely- hved
consumers, Obstfeld(1981 ), Svensson and Razin(1983), Epstein and Hines (1 983), Epstein

(1985), and Lucas and Stokey( 1 984) have specified the rate of time preference to depend on



the level of utility. The resuit which emerges from this literature is that steady state utility 1s
invariant to lump-sum fiscal policy if the rate of return on capitel, R, is fixed exogenously. In
the context of a dynastic family of finitely-lived consumers, there is a similar invariance result
if consumers have concave aitruism. Under concave altruism, 8 is a decreasing function of V, the
utility of a representative heir. In this case, the Modified Golden Rule can be written as R 8(V)
= G, which implies that steady state utility is invariant o Jump-sum fiscal policy if R and G are
fixed exogenousiy.

tn the recent work of Barro and Becker (1984) and Becker and Barro (1985) the number
of children per parent, G, enters the individual optimizetion problem through two channels:
(1) it is costly to raise children; and (2) the number of children affects utility. Formally,
Barro and Becker specify the altruism parameter B to be an increasing concave function of G; in
addition 8 is specified to be independent of ¥ so thet there is linear altruism, as discussed in
section | below. In this case, the Modified Golden Rule can be written as R p(G) = G so that if R is
fixed exogenously, then the steady state population growth rate is independent of lump-sum
fiscal policy; indeed it is even independent of chenges in the cost of raising children.

The goal of the present paper is twofold. First, | will develop and analyze a mode) with
endogenous fertility, an endogenous rate of return to capital and concave altruism which will
unify the various strends of the infinite horizon and altruism literatures described above.
Special cases of this model will display various inveriance resuits, but, in general, steady state
capital intensity and steady state fertility will respond to various sorts of exogenous changes.
The second goal of the paper is to anaylze the long-run effects of fiscal policies in the unified
mode] presented in this paper. The model will be used to analyze both lump-sum and
distortionary tax policies. H wil) be used to analyze policies in which the tax revenue is used by
the government to purchase output as well as policies in which the tax revenue is rebated to
consumers via Tump-surn subsidies.

The dectsion problem of the individual consumer 1s analyzed in section |, and competitive

factor prices are presented in section |1. In section 1 ) discuss the steady state of the economy



and introduce two loci of pairs of steady state fertility and steady state capital intensity which
must characterize the steady state: the Modified Golden Rule (MGR) locus and the Optimal
Fertility (OF ) locus. Sections IV and ¥ use these loci to analyze the long-run effects of changes
in the cost of child-rearing and productivity changes, respectively. This framework is then

used to examine the long-run elfects of fiscal policies in Section V). Concluding remarks are

presented in Section Vil.

1._The Consumer's Optimization Problem

Consider an economy in which esch consumer lives for one period as a child and for one
period as an adult. Only aduits make economic decisions. A generation t consumer enters
adulthood at the beginning of period t and receives an inheritance iy at this time. During period
t, the consumer inelastically supplies one unit of labor for which he receives a wage wy. Also
during period t he consumes ¢y and spends $(Gy, 1 ; @) in order to raise Gy, | children, where
$">0 and $"20. His wealth at the end of periodt is Iy + wy -cy- #(Gy, ¢; @) and this weaith is
held in the form of capital to be used in production in periodt+ 1. This capital is divided equaily
among his Gy, ¢ children, so that the capital labor ratio in period t+ 1, Ky 1,18

Ky = [+ wy-cp- 8(Gy, 1:0)) /6y, (1)
Let Ry, 4 be the gross rate of return on capital held at the beginning of periodt+ 1. The
inheritance received by each generation i+ 1 consumer consists oi the capital stock per capita,
Ky4 1, with its accrued interest,
lta1 = Rypqktay = (Ryaq/Gpy 1+ Wy -cp- ¢(6y, 45 ) (2)

Let V; denote the utility of a generation t consumer and observe that for a given path of
interest rates and wage rates, V¢ can be expressed as a function of the inheritance received by
the generation t consumer, Vy = Vt(lt)- The consumer 18 assumed to be altruistic toward his

children, and the utility function 1s specified to be



whera the maximization in {3) i1s with respect to ¢y and GH 1 @nd is subject to the constraint 1n
(2). The utitity of consumption, u(c), is assumed to be strictly increasing and strictly
concave (u' > O andu” ¢ 0). The altruism function is assumed to be strictly increasing 1n the
utility of the representative child and in the number of children (hv>0 and hﬁ>0). it is also
assumed that hy<1 so that at the margin a consumer values his own utility more than his
representative heir's utility. The altruism function is aiso assumed to be concave which implies
that hyy < 0 and hgg < 0. The cross partial derivative hgy 15 assumed to be positive which
implies that an additional child is more desirable if the child has a higher level of utility.

Finally, in order to satisfy the second-order conditions we place three additional restrictions on

the utility function

& = 1 - Ghyg/hy >0 (4a)
o= -{e+ (1-hy)6hg/hylu"/(ud)} > 0 (4b)
¥ = - GhGG/hG - @ p 0 (4C)

Condition (4a) states that the elasticity of hy with respect 1o G is less then one. Condition (4b)
15 equivalent to the second-order condition given in the Appendix of Becker and Barro (1985).
In particular, Becker and Barro specify h(V,6) as aG '~ with a >0 and O< ¢ < 1. In this case, ¢
= ¢ which satisfies (4a), and in the steady state ™ = -¢ - (1-¢)uu”/u'?; thus, the condition I >
0 is wdentical to the second-order condition given in the Appendix of Becker and Barro. In the
Becker - Barro formulation Ghgg/h 15 equal to ~¢ so that ¥ = 0, which satisfies (4c).
Conditions (4a,b,c) insure that the matrix of second derivatives in Appendix A is negative
.deﬁnite.

The distinction between linear aitruism (hyy=0) and concave altruism (hyy<O) discussed in
Abel {1985) hqs important implications for the comparative steady state analysis in sections
tHI through Vi. A linear altruism function (more precisely, an altruism function which is linear
1n V) can be specified as h(V,G) = h*(G)V so that the utility function of an individual consumer

18



Note that if the number of children is an exogenous constant, then h* (Gt+ 1 ) is simply a constant
and the linear altruism function in (5) is identical to the standard formulation of altruism
analyzed by Barro(1974). This formulation is (in the absence of binding constraints on
bequests) equivalent to the standard time-separable utility functions of infinitely- lived
consumers in optimal growth models. Barro and Becker (1984) and Becker and Barro (1985)
analyzed the behavior of consumers with the altruism function in (5) but, since they allow

Gy, 1 to be a decision varieble, h*(Gy, , ) is not a parametric constant in their formulation. in
addition to analyzing behavior under linear altruism as in (5), we also analyze behavior under

concave altruism (nW<0) which is the analogue of endogencus time preference 1n the infinite-

horizon optimal growth literature.
The first-order conditions for the maximization problem in {3) are obtained by substituting
(2) into (3) and differentiating with respect to ¢, and Gy, 1, respectively, 1o obtain
wey) = hy(Viy 1 G412 Ve 1 )Ry 4 /644 ) (68)
by(Vis 1,614 1) V' 0py 1 Ry, 1 /By )lKpyy + ' (Gpy i) ) = hg(Vyy g Greq)  (6D)
In addition, to prevent the consumer from running a Penzi game we impose the condition
NMT_500(Gpy 1 /Ryy 1) -~ (G7/Ry) 1t 2 O. Using (68) to simplify (6b) yields
ulep) Tkyyy + (6144300 1 = hglVy,y 64440 (7)
It follows immediately from the envelope theorem that V'(i;, 1) =u'(cy, 1) so that (6a) can be

rewritten as

u'cy) = hy(vy, 1044 100 (e, 1 Ry, 1/6p¢ 1) (8)
i{. Competitive Factor Prices

In this section we determine factor prices as a function of the capital labor ratio. The
production function 1s assumed to be a Tinearly hemogeneous function of capital and labor and is
written in intensive form as y = f(k,6) where f>0, k<0, 150, frg20 and y is output per

capita, k 1s capital per capita, and § is 8 technoiogical shift parameter. The gross rate of return



to capital, R, is equal to one plus the marginal product of capital

R(k,8) = 1 + £ (k8) (Sa)
Ri(k,8) = frlk8) <0 ‘ (9b)
Re(kB) = figlk,8) 2 0 (%)
The competitive wage rate, w, is equal to the marginal product of labor
w(k,8) = f(k,8) -~ kfy (k,5) (10a)
wi(k8) = -kl (k,8) > 0 (10b)
wg(k,8) = fg(k,8) - kfyg(k,8) (10¢)

Equations (9b) and (1 0b) imply the following useful relation

KRy + wy =0 (1)
Equations (9c) and (10¢) imply

kRs"’WS =f8 (12)
The relations in (11) and (12) will be useful when we linearize the mode! around the steady

state and examine the effect of a technologicel shock.

{il. The Steady State

In this section we characterize the steady state of the economy and then linearize around the
steady state in order to lay the groundwork for comparative steady state analysis in subsequent
sections. In the steady state consumption per capita (c), capital per capita (k), children per
parent(G), and utility (V), are al} constant. Setting €y = G4 ¢ in (8) yields the Modified Golden
Rule

R(k,8)hy(V,6) = 6 (13)
Note that hy is equivalent to B in the formulation of the Modified Golden Ru}g presented in the
introduction. Since we have assumed that 0 < hy < 1, the Modified Golden Rule in (13) implies

that R > G, 1.e., that the steady state is dynamically efficient. Equation (7) immediately delivers
the steady state relation



u'(e) [k + ¢(G;a)] = ng(V,6) (14)
It follows from the specification of the utility function in {3) that in the steady state
vV = ue) + h(Vv,G) (15)
Evaluating (2) in the steady state yields the steady state market clearing condition
[R(k,8)-Glk + w(k,5) -c- (G;a) = 0 (16)
Equations (13)-(16) are four equations in the four variables ¢, ¥, k, and G and in the two
shift parameters a and 6. To analyze comparative steady states we linearize this system of

equations around the steady state to obtmin

{Rhyy 0 -8 Rehy | v | | -Rghyds |
| | | I
|-hgy (k+¢'Ju" u'e"-hgg | fde | | -ue da |
! L = | (17)
| hv-1 ) hG ¢ I | d6 l ] 0 l
| | l |
[ o -1 ~(k+4') R-6 | fdk | 900 - fods|

Let N be the 4 x 4 matrix on the left hand side of (17) and Jet A denote the determinant of N.
in Appendix B we show that A is positive. Also in Appendix B we present the third and fourth
rows of N™ 1 which allow us to calculate the effects on 6 and k of changes in the parameters a and
6.

Before presenting the formal results based on the linearized system in (17), we
characterize the steady state by two equations in the steady state capital stock, k, and the steady
state number of children per parent, G. |t follows immediately from the steady state market
clearing condition (16) that steady state consumption ¢ can be expressed as a function of steady
state fertility, the steady state capital labor ratio and the parameters a and &

¢ = ¢(k,G,q,8) (18)
where ¢, =R-6>0, cg=-(k+4) <0, c¢y=-4, and cg=fg The partiel derivatives of
c( ) have straightforward interpretations. An increase in the steady state capital labor ratio
increases steady state consumption per capita by the excess of the interest rate over the

population growth rate, as is well-known from the Golden Rule literature; hence, ¢, = R-G. An



increase in steady state fertility decresses steady state consumption per capita for two reasons:
savings must increase 1n order 16 provide the extra children with the per capita capital stock k,
and the cost of child-rearing increases by ¢'; hence eG= - (k+¢'). For given steady state
fertility and a given steady state capital labor ratio, an increase in the child-rearing cost
parameter a reduces steady state resources available for consumption by 4, 8nd an increase in
the technological parameter & raises steady state resources available for consumption by fg;
hencecy=-¢, and cg=fg

Steady state utility per capita, ¥, can also be written as a function of k and G and the
parameters a and b

vV = V(kG,a,8) (19)
where Vi=Ru'> 0, Vg = 0, V4 = -u'Ré,/[R-6] and Vg = U'Rfg/[R-G]. The partial derivetives
of V(') can be caiculated from the third and fourth rows of (17). To interpret these partial
derivatives, note that a permanent increase in steady state consumption increases steady state
utitity by '/t t-hyl = Ru'/[R-G1. Therefare, multiplying the partiai derivatives Ci» Cp» AND Cg
by Ru'/[R-G] yields the corresponding partial derivatives of V. However, to calculete Vs we
must recail thet G affects utility directly as well as through its effect on consumption. indeed,
since G 1s chosen to maximize utility, it follows that V5= 0.

Equations (18) and (1 9) can be used to write the steady state first-order conditions {13)
and (14) as functions of k and G. We denote these steady state relations as the MGR locus
(Modified Golden Rule) and the OF locus (Optimel Fertility)

R(k 8} hy(¥(k, G,a,6),G)
[k+&'(G;a)]u'(c(k, G, a, 8))

G ( MGR locus) (20a)

hg{V(k,6,q,8),6)  (OF locus) (20b)
The MGF and OF loci are shown in Figure 1. To determine the slope of the MGR locus, suppose
thet we start from a point on the MGR locus and then increase G. The incresse in G causes Rhy to
increase as well. In the neighborhood of the steady state Rhyg = Ghyg/hy so that essumption
(48) imphies that Rhyg ¢<1. Therefore, an incresse 1n G causes Rhy to incresase by less then G

increases. f there is concave altruism, or if R is a decreasing function of k, then a decrease in k
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will increase Rhy and restore the Modified Golden Rule condition. There are two channels by
which a decrease in k causes Rhy to ncrease: (1) if Ry <O then a decreese 1n k will incresse R;
and {2) a decrease 1n k reduces Y and, if the altruism function is strictly concave in V, increases
hy. Therefore, the MGR locus is downward sloping if there is concave altruismor if R is a
decreasing function of k. However, with linear altruism and a fixed interest rate as in Becker
and Barro (1985), both of these channels are absent and Rhy 1s independent of k. Therefore,
there is a unique value of G which satisfies the MGR condition and hence the MGR locus 18

horizontal in this case (locus MGR' in Figure 1).

[

L
t
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Now consider the OF locus. The left hand side -of the OF condition, {k+4¢'}u’, can be interpreted
as the marginal cost of an additional child and the right hand side of this condition, hg, can be
interpreted as the marginat utility of an additional child. The marginat cost of an additional child
has two components: (1) the direct child-rearing cost ¢'; and (2) the cost of providing the
additional child with the per capita capital stock provided to the other children. The marginal
cost of an additional child is increasing in G, ond the marginal utility of an additional child is
non-1ncreasing in 6. Therefore, starting from a point on the OF locus, an increase in 6 causes
the marginal cost {k+9'lu’ to exceed the marginal utility hg. We will show below that an
increase in k causes the marginal utility of an additicnal child to increase by more than the

marginal cost increases, Therefore, the equality of marginal cost and marginal utility can be



restored by an increase in k. Hence the OF locus is upward sloping.

To establish that an increase in k causes the marginal utility hg to increase by more than the
marginal cost [k+¢'Ju’ increases, recall from (18) and (19) that a unit increase in k causes ¢
to increase by R-G and causes V to increase by Ru'. Therefore in response to & unit increase in
k, the marginal utility, hg, increases by u'Rhgy which, in the neighborhood of the steady state,
is equal to u'Ghyg/hy . In response to & unit increase in k, there are twe opposing effects
operating on the marginal cost [k+#']u’ : the increase in ¢ reduces u' and tends to reduce the
marginal cost; the increese in k increases the marginal cost. The net effect on the marginal cost
of aunit increase ink is u' + [k+¢'](R-G)u" which, using the MGR and OF conditions, is equal to
u' + Ghg( hy™1-1)u"/u’. Now observe that assumption (4b) is equivalent to the statement that
the increase in the marginal utility, u'Ghyg/hy, exceeds the increese in the marginal cost, u' +
Gho(hv"— 1)u"/y’. Therefore, an increase in k causes that marginal utility to increase by
more that the marginal cost increeses. Hence the OF schedule is upward sloping as shown in
Figure 1.

Figure 1 clearly illustrates an important difference between the Becker-Barro (1985)
model, which has a fixed rate of return on capital and linear altruism, and the more general
model presented in this paper. The MGR locus is, in general, downward sloping except in the
Becker- Barro case with a fixed interest rate and linear aliruism in which case it is horizontal.
It 1s the horizontal MGR locus which drives the Becker- Barro result that steady state fertility
is independent of the cost of raising children.

In the next two sections we analyze the steady stete effects of changes in the parameters a and
6. The exposition will be based on shifts in the MGR and OF loci. More formal results will also
be presented but the derivations of these results are relegated to Appendix B. Unless stated

otherwise, we will assume that Ry <O and /or hyy < O so that the MGR locus slopes downward.

IV. The Effects of an Incresse in the Cost of Raising Children
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To analyze the effects of an increase in the cost of raising children, we assume that ¢q>0
and that $'q2 0, and then we analyze the effects of an increase in a. Thus, the change we examine
is one which, for all positive values of G, incresses the total cost of raising children and does not
decrease the marginal cast of raising children. Recall from (1 8) that an increase in a reduces
steady state consumption per capita. The reduction in steady state consumption per capita raises
the marginal uhility of consumption u' 8nd hence increases the marginal cost of an additional
child. in addition, the marginal child-rearing cost 4' may incresse which further increases the
marginal cost of an additional child. In order to restore the equality of marginal cost and
marginal utility at the initial level of fertility, k must increase. Therefore, the OF Jocus shifts
to the right.

Under linear altruism, the MGR condition continues to hold at the initial steady state (point A
in Figure 2). Therefore, the MGR locus does not shift and the new steady state is at point B with
a mgher steady state capital labor ratio and lower fertility. Alternatively, with concave
altruism, the MGR locus shifts to the right. Recall from (19) then an increase in a reduces V
which, under concave altruism, increases hy and makes Rhy, greater than G. To restore the

equality of Rhy and G, k must incresse ot the initial level of fertility. Therefore, the MGR

schedule shifts to the right.
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We have shown that under concave altruism an increase in the porameter a causes both the MGR
and the OF loci to shift to the right. Therefore, the steady state capital labor ratio, k,
unembiguously increases. However, the analysis so far does not indicate the direction of the
effect, if any, on steady state fertility. We will demonstrate below that at the initia) ievel of
fertility, the OF locus shifts further to the right than does the MGR Jocus so thet steady state
fertility must fail.

To determine how far to the right the MGR and OF toci shift at the initial level of fertility,
suppose di = O and dk = by da /(R-G) and examine whether this new point is to the right or the
left of each of the new loci. Note that if dk = ¢y da /{R-G), thendc =dV = 0. Therefore, if Ry =
0, the new point lies on the MGR locus. More generally, if Ry <0, the increase in k reduces R so
that Rhy 1s less that G at the new point. Inorder to satisfy the MGR condition, k must be
smaller than at the new point; that is, at the initial level of fertility, k rises from the initial
steady state by less than ¢, da /(R-G). As for condition OF, dk = ¢, da /(R-G) implies thet at
the new point the marginal costlk+¢'}u’ is greater than the marginal utility hg. 1norder to
restore the equaiity of margina! utility and marginal cost, k must rise even more. Therefore, in
order to satisfy the OF condition at the initial leve) of fertilty, k must rise by more than

$,da/(R-G). Therefore, &t the initial level of steady state fertility the OF locus shifts further
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to the right than does the MGR locus; hence steady state fertility falls as illustrated in Figure 2.
The formal comparative steady state analysis appears in Appendix B. In the text we will
present the resuits. Let myy be the (i,}) minor of matrix N. Then it can be shown that
d6/dx = fu'dg'mpz - $my3l/A < O (21)
where mox = (R-G{Ruhyy + (Re/RIhy} < Oandmys = -{Ruhyy + (R/RI(T+Mhylu' 2
0. Note that in the Becker-Barro (1985) model with linear altruism (hyy=0) and a fixed
interest rate (kao) both m-~ and m 4 are equal to zero and hence dG/da is equal to zero.
More generally, if hyy < 0 and/or if Ry <0, then d6/da < 0. Barro and Becker (1984)
observed that if R, < 0, then an increase in the cost of child- reering would reduce steady state
fertility. Their analysis wes restricted to hinear altruism {hyy = 0)and 8 proportiona!
child-rearing cost function (¢(0) = 0; $"= 0). The results presented above allow for a more
general child-rearing cost function and, more importantly, demonstrate the role of concave
altruism in determining the steady state effects on fertility of a change in the cost of
child- rearing..
It can also be shown that
dk/da =[-8 Wmog + b maq}/s > 0 (22)
wherem» 4 <0 and mg4 > O. Even with linear altruism and & fixed interest rate, an \ncrease

in a leads to an increase in the steady state capital stock.

¥. The Effects of a Chenge in Productivity

In this section we consider the effects of an increase in the productivity parameter §, which
at a1l levels of the capital labor ratio, increases output per capita and does not decresse the
marginel product of capital. Formally, we examine the effects of an ncrease in § and assume
that fg > O and Raszg 2 0. Al the initial steady state, an increase in § leads to an increase in
steady state consumption and steady state utihty. The increase in steady state consumption leads

to a decrease in u', which reduces the marginal cost of an additional child: the increase 1n steady
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state utility leads to an increase in the marginal utility of an additional child, hg. Therefore, at
the initial steady state, the marginal utility of an additional child hg exceeds the marginal cost
[k+#']u’. The equality of marginal utility and marginai cost can be restored by sn increase in G
or by adecrease in k. Therefore, the OF locus shifts up and to the left as shown in Figures 3 and
4.

In the Becker-Barro (1 985) case with linear altruism and an exogenously fixed interest
rate, the MGR schedule is horizontal. |f the exogenous interest rate is not affected by the change
in 8, then the MGR schedule remains at its initial position. In this case the effect of the
productivity incresse is to reduce steady state capital per capita and to Jeave fertility unchanged.

If the MGR schedule is downward sloping (either because of concave altruism or Ry <0},
then, in general, the increase in 6 can shift the MGR locus either to the right or to the left. This
ambiguity arises because the effects operating through concave altruism and the shifi in the
marginail product of capital schedule tend to move Rhy in opposite directions: the increase in §
increases R at the initial steady state if Rg > 0; the increase in 6 increases V and hence reduces
hy under concave altruism. For clarity of exposition, we analyze two cases which isolate these
opposing effects on the MGR schedule. First, we examine the effects under concave altruism for
the case in which the productivity shift does not affect the marginal product of capital schedule.
Then we examine the effects of a shift in the marginal product of capital under linear altruism.
{ase 1: Concave altruism and Rg =0.

At the initial steady state, an increase in 6 increases steady state utility, thereby reducing
hw; 8nd making Rhy less then G. Inorder to increase Rhy at the initial level of fertility, k must
fall. Therefore the MGR locus shifts to the left. Since both loci shift to the left, it is clear from
Figure 3 that the steady state capital stock must fall. The effect on steady state fertility depends
on which schedule shifts further to the left at the initial level of fertility. We will show below

that the OF locus shifts further to the 1eft than does the MGR locus so the steady state fertility

must rise,
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Figqure 3

Effects of an Additive Productivity Increase (R !::Ei]} under Concave dltruism

(B increazes)

Suppose that after the increase in §, G remains unchanged but k decreases by fgdb/ (R-G).
This decrease in k would allow consumers to attain the initial steady state level of consumption
and utility, thereby leaving hy unchanged. If R,=0, then R would be unchanged and Rhy would be
equal to G at the new point; therefore, in response to the increase in 8, the MGR locus shifts
leftward by fgds/(R-G). More generally, if Ry < 0, then the decrease in k would increase R and
woutd make Rhy > G at the new paint. in order to restore the MGR condition at the initial level of
fertility, k would have 1o increase from the new point, 1.e., it would have to decrease from the
initial steady state by an amount smaller than 1506/(R-G); therefore, in response to the
increase in & the MGR locus shifts leftward by less than tgdb/ (R-G). Asfor the OF locus, if K
were to decrease by fgd6/(R-G), then both u* and hg would remain unchanged at the initial leve!
of fertility because consumption and utility would be unchanged. However the decrease in k, and
nence in (k+4')u’, decreases the marginal cost of an additional child. In order to restore the
equality of marginal cost and marginal utility at the initial level of fertility, kK would have to
decrease by even more than fgds/(R-G). Theretore, the OF locus shifts further to the left than
does the MGR locus and steady state fertitity rises as illustrated in Figure 3.

Case 2: Linesr Altruism and R8>O

Inthis case, an increase in the technological parameter 6 incresses the marginal product of
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capital at each capital labor ratio, so that Rhy > G at the initial steady state. An increase in k at
the initial level of fertility is required in order to restore the equality of Rhy and G. Therefore,
the MGR locus shifts to the right. Since the OF locus shifts to the left, it is clear from Figure 4
that steady state fertility must rise. The effect on the steady state capital labor ratio is
ambiguous.

; - OF
MGR' :

MGR - o0

K
Figure 4

Effects of an Increase in Marginal Productivity of Capital under Linesr altruism
(8 increases)

Despite the ambiguity of the effect on the steady state capital labor ratio, it can be shown that
the steady state marginal product of capital rises unambiguously. Recall that under linear
altruism, h(V,G) = h*(G)V, and the MGR condition can be written as Rh*(G) = 6. Since the
elasticity of n*(G) with respect to G is 1ess than 1 (recall the assumption in (4a)), it isclear
that R=6/h*(G) is an increasing function of G. Since we have already demonstrated that an
increase in productivity leads to an increase in steady state fertility, it follows that the steady

state vaiue of R must increase aiso. This result is consistent with the resuilt of Barro and Becker

(1984) that (under tinear altruism) an adverse Harrod- neutral technological shock Jeads to

decrease in steady state fertility and a decrease in the steady state interest rate. However, the

results presented above are more general in that they are not limitied to Harrod-
changes.

heutral

We now return to the general case with concave altryuism and a dectining marginal product of

capital which can be shifted by changes in the technological parameter §. It s shown in Appendix
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B that

d6/ds = {-Rghymyz + fgmas}/A 2 O (23)
wheremy 3 =-{(i-hy)l'u' < Oandmyz = -{Ruhyy + (R, /R)(1 +Mhyju’ 2 0. 1t follows from
(23) that under linear aitruism and a fixed interest rate, a change in the technological
parameter & which does not shift the marginal product of capital has no effect on steady state
fertility. More generally, however, an increase in § leads to an increase in steady state fertility
if one or more of the following is satisfied: (a) the marginal product of capital is shifted upward
(Rg>0); (b) there is concave altruism (hyy<0); or (c) the marginal product of capital is a
decressing function of the capital labor ratio (Rk < 0).

The effect on the steady state capital labor ratio is, in general ambiguous
dk/ds = {Rghym;q - fgmyql/a (24)

where my 4 > 0 and Mg4 > 0, as shown in Appendix B. |If Rg = 0, then dk/d8 is unembiguously

negative. However, if Rg > 0, then the sign of dk/d6 in (24) is indeterminate.

VI. Balanced Budget Fiscal Policies

In this section we consider the long- run effects of various balanced budget fiscal policies. We
will distinguish between two classes of fiscal policy which we cal) "tax and spending” policies
and "tax and transfer” policies. In the tax and spending policies, the tax revenue raised by a
particular tax is used by the government to purchase output which is then disposed of in &
manner which yields no utility to private consumers. Alternatively, in the tax and transfer
policies, the tax revenue raised by a particular tax is rebated to consumers in the same period
n the form of lump-sum subsidies. The analysis will exploit the equivalence, discussed by Abe)

and Blanchard (1983), between fiscal policies and appropriotely specified technologica) shocks.

A. Tax and Spending Policies
1. Head Tax

We first consider the effect of a head tax levied on all consumers. A head tax used to finance
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government spending 1s equivalent to downward shift in the production function which reduces
output per capita by the same amount at each capital Jabor ratio. A head tax is also equivalent to
an upward shift in the child- rearing cost function which increases the cost of raising children
by the same amount at each level of fertility. Formally, if Rg=0, then an increese of d6 1n the
technological parameter is equivalent to a decrease in the head tax of fgdb. Alternatively, if

¢4 =0, then an increase of da in the child- rearing cost parameter is equivalent to an increese in

the head tex of ¢,da. Therefore, setting ¢, equal to zero in (21) end (22), and letting T denote
the head tax, yields

dG/dt

1]

-mg3/h $ 0 (25)

dk/dt = mgg/A > O (26)
Alternatively, equations (25) and (26) could be obtained by setting Rg equal to zero in equations
(23) and (24). In the Becker- Barro formulation with hyy = Ry = 0, the minor m 4 is equal
to zero and hence steady state fertility is invariant to changes in the head tax. More generally, if
hyy ¢Oor R, <0 (s0 that the MGR schedule is downward sloping), then an increase in the head
tax reduces steady state fertility.

Equation (26) indicates that an increase in the head tax increases steady state capital per
capita even under linear altruism and a fixed interest rate. The incresse in the steady state
capitai labor ratio under lineer altruism stands in sharp contrast to the well- known resuit that
the steady state capital labor ratic is invariant te lump- sum taxes under time- separable
preferences and exogenous fertility. {See, for example, Abel and Blanchard(1983).)

To understand why the steady state capital labor ratio increases under linear altruism and
endogenous fertility and yet remains unchanged under the conventional formulation of optimal
growth modeis with linear altruism and exogenous fertility, examine Figure 5. For agiven k
and G, the increase in the head tex reduces steady state consumption, ¢, and steady state utility,
V. The reduction in ¢ increases the marginal utility of consumption u’, thereby ncreasing the
marginai cost of an additional child; the reduction in V reduces the marginal utility of an

additional child hg. Therefore, the marginal cost [k+#'Ju' exceeds the marginel utility hs. In



20

order to restore the equality of marginal cost and marginal utility at the initial level of

fertility, k must increase. Therefare, the OF schedule shifts to the right.

= r|,““)

B -
Kl‘

K
Figure S
Effectz of an increase in Lump-Sum Taxes

vinear Altruism: B,  Concave éltruism: C

Now consider the effects of lump-sum taxes on the MGR schedule. Under linear altruism,
the MGR condition is independent of steady state utility ¥ and hence the MGR schedule does not
shift when the Jump-sum tax is incressed. in this case, the steady state equilibrium moves from
point A to point B in Figure 5; the steady state capital labor ratio increases and steady state
feriihtg Talls. By contrest, in conventional optimal growth models with linear altruism and
exogenous fertility, there is no change in G. Since the MGR condition is also satisfied in
conventional optimal growth models, the facts that the MGR schedule does not shift andthat G is
unchanged together imply that the steady state capital labor ratio is unchanged. Alternatively,
under concave altruism, the MGR schedule shifts upward and to the right because the decresse in
steady state utility leads to an increase in hy 8t the initial equitibrium (point A), which
requires an increase in G or an increase in k to restore the MGR condition. Thus, with concave

altruism, the new steady state is at point C with a higner capital labor ratic and (in view of

(25)) a lower level of fertility.

2. Capital income Tax

Now consider the effects of an increase in the tax on capital income which the government
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uses to purchase goods which yield no utility to individual consumers. For a given capital labor
ratio, an increese in the capital income tax reduces the rate of return to capital R and reduces
total output per capita availabie to the private sector. For an appropriate specification of the
production function, an increase in the capital income tax is equivalent to a decrense in § when
Rg > Oand fg > 0. Therefore, it follows from (23) and (24) that an increase in the capital
income tax reduces steady state fertility, but, in general, has an ambiguous effect on the steady
state capital 1abor ratio.
3. Fertility Tax

Now consider the effects of an incresse in the tax on fertility which the government uses to
purchases goods which yield no utility to individuel consumers. An increase in the tax on
fertility increases both the total cost of chiid-rearing ¢ and the marginai cost of child-rearing
¢'. For an appropriate specification of the child-rearing cost function, an incresse in the
fertihity {ax is equivalent to an increase in a where $, and ¢y are both positive. It follows
from equstion (21) that an increase in the fertility tax has no effect on steady state fertility in
the Becker-Barro (1985) case with linear altruism and a fixed rate of return to capital. More
generally, with concave altruism or declining marginal product of capital, an increase in the tex
on fertility reduces steady state fertility. As for the effect on the steady state capital jabor
ratio, it follows from (22) that an increase in the fertility tax increases the capital labor ratic
in the steady state, even in the Becker- Barro case.

B. Tax and Transfer Policies
1. Capital income Tax

Now we consider the effects of tax palicies in which the tax revenue is rebated to consumers
via lump-sum subsidies. The rebating of tax revenues implies that for any given steady state
capital stock and steady state fertility, the associsted steady state level of consumption and
utility are unchanged. First we consider a tax on capital income. The capital income tax reduces
the rate of return to capital at any given capital labor ratio and hence shifts the MGR schedule

downward. Because the capitel income tax is accompanied by lump-sum tax rebates which
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maintain steady state consumption and utility at each (k,G), the OF schedule does not shift.
Therefore, the effect of the capital income tax is to decrease both steady state fertility and the
steady state capital 1abor ratio.
2. Fertility Tax

A fertility tax accompanied by lump-sum rebates has no effect on the MGR schedule.
However, an increase in the fertility tax raises the marginal cost of child-rearing, ¢', and
hence increases the marginal cost of an additional child. In order to restore the equality of
marginal cost and marginal utility at the initial level of fertility, k must increase. Thus, the OF
schedule shifts to the right. The long run effect of an increase in the fertility tax is to increase

the capitai labor retio and to decrease fertility.

V1l. Conclusion

The Modified Golden Rule, R B = G, characterizes the steady state of an economy with
intergenerationally altruistic consumers. Ingenersl, R, Band G can all be endogenous, and in
this paper we examine four endogenous effects: (1) the rate of return R may be a decreasing
function of the capital labor ratio; (2) the discount factor B may be a concave function of the
number of children; (3) the discount factor B may be a decreasing function of the utility of the
representative child; and (4) the number of children G may be chosen to maximize utility
taking account of the altruism of parents and the costs of raising children. All previous work
hes assumed that at least one of these four effects is not operative. By restricting various sets of
these effects to be inoperative, various steady state invariance results have been derived in the
literature. In this paper, we have allowed a1l four of these effects to be operative and have
examined the steady state effects of various chenges in technology and in fiscal policy.

Rather than systematically summarize the results derived in the paper, | will simply
highhight one result which differs dramatically from well-known results in the literature. it is

well-known in optimal growth models with time-separable utility that the steady state capital
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labor ratio is invariant to changes in Jump-sum taxes which are used to finance useiess
government spending. This result also holds in a model with finitely~ hived consumers with
linear altruism and exogenous fertility. However, we have shown that this invariance result
does not hold under linear altruism and endogenous fertility. More precisely, we have shown
that an increase in government spending financed by lump-sum taxes increases the steady state

capital labor ratio and reduces steady state fertility.



Appendix A

In this appendix, we present second- order conditions which must be satisfied in order for
the first-order conditions to locate a local maximum. In order to avoid having to specify these
second-order conditions in terms of the value function V{ ) which is the solution of a functional
equation, we consider the following perturbation around the optimal path. Let ¥, Ce ¥
Cis 2%, o Gy*,Gy4 1%, Gy4 2%, ... ;8nd W*, by, ly4 2* denote the sequences of per capita
consumption, number of children per parent, and inheritance received per capita, respectively,
along the optimal path. Now consider the following perturbation: incresse ¢y by x and increase
the number of children per generation t consumer by y. Then adjust Ct4 1 8nd Gy4 o sothat the
total number of generation t+ 2 consumers and the inheritance received by each of these
consumers is unchanged. More precisely, let Gy =¥ + x, G4y = Gyyq® +y and Gy, o=
(614 2% )(6yy 1 *)/Gy,, 1. 1t follows from equation (2) that in order to provide an inheritance of
It4+ 2* to each generation t+ 2 consumer, the consumption of generation t+ 1 consumers must be
Ctet = UI* » wp- o - = 006y, 2+ Ry 1 /(Gyy  *+0)] + wy, ¢

- 8061, 164 2%/ Bty 1 ¥+ D] 5@) - [6y, 1 *6y, p*/(Gy,  *o Wiy 2* /Ry (AT
Equation (A1) gives the value of Cy4 1 Which maintains the inheritance received by each

generation t+ 2 consumer. Clearly this velue of Ci4 1 '8 @ function of x and y. Differentiating

(A1) with respect to x and y, and eveluating the derivatives in the steady state (Gt+ 1 =644 2,
Ris 1 = Ry 2) at the optimal values of x and y ( x = y= 0) yields
mt+1/ax = -R/G (AZ)
&y /2y = (1-R/G)(k+4') (A3)
2%, /%% = 0 (A4)
2%y, /ey = R/G2 (AS)
2%, 1 /802 = -(2/6)[k+#)[1-R/G] - [1+R/G4" (A6)

Now define Z{x,u) 1o be the value of utility corresponding to the perturbation around the

optimal path parametrized by x and y

2(x,4) = uley*+x) + hlu(ey, ) + h(Vyy 2%, Gpy 1 *6yy %/ (Gyy 1 * +y), Gy, %+y) (A7)



The first partial derivatives of (A7) with respect to x and y are essily calculated using (A2) and
(A3). Setting these derivatives equal 1o zero in the steady state with x = y = 0 yields

6 (AB)
hg(V,G) (A9)
Observe that (A8) and (AQ) are identical to {(13) and (14) in the text.

~ Rhy(v,6)
(k+¢")u'(c)

Let H dencte the matrix of second partial derivatives of Z(x,y) with respect to x and y. Using

(A2) - (A6), H can be calculated as

H=A+B (A10)
| (Ru'/6)2hyy [hg/hy)(Ru'76)hyy :
where A = | | (A1)
| {hg/hyl(Ru'/G)hyy [hg/hylhyy - [1+R/Glhywe" |
I {1+R/6]0" -Ty' /6 |
B= | o (A12)
| -ru/6 -{[1-G/RIF + [1+6/R1¥}hg/6 |

Note that the trace of A < O with strict inequality if hyy or ¢" is positive. The determinant of A
is-[1+ R/G}u'3hv¢"(R/G)2hW < O with strict inequelity if ¢" > 0 and hyy < 0. Therefore,
the symmetric matrix A is negetive semi-definite.
Recall that we have assumed that I > O and ¥ 2 0 (equations (4b) and (4c) in the text).

Under these assumptions, it is clear that the trace of B is negative. The determinant of & can be
calculated tobe ~{ 1+ R/GIZ(G/R)U“%G/G - (u'/6)°r] Rhyg-1+{6/R)(R-6){k+é )u"/u'}.
Under the assumption that Rhyg- 1 is negetive (which follows from equation (4a) and the
Modified Golden Ruie R = G/hv), the determinant of B is positive. Therefore, under conditions
(48)-(4c), B is negative definite. Since A is negative semi-definite and B is negative definite,
H is negative definite. Therefore, the first-order conditions for the perturbations x and y locate
a local maximumat x = y = 0.

The perturbstion examined above is, of course, only one of many possible perturbations.
This particular perturbation was chosen because in the specia) case examined by Becker and

Barro (1985) with h(V,6) = a6 '™V the conditions for the matrix H to be negative definite are



the same as the second-order condition presented by Becker and Barro. in general, the negative
definiteness of H is a necessary, but not a sufficient, condition for the consumer's maximization

problem.



Appendix B

inthis Appendix we calculate the third and fourth rows of the inverse of the matrix N
defined in equation (17). We then use these rows of N™! to calculate the effects on steady state

fertility and capital per capita of permanent changes in the parameters a and 6. Recall from

(17) that
|thv 0 -9 Qkhv I
l |
|- hgy (k+¢')u" u'$"-hgg T
N = l | (81)

[ hy-1 w hG o |
l

| o -1 —(k+4') R-6 |

Before calculating the determinant of N, it is useful to calculate the determinants of two 2 x 2

matrices embedded in N. 1t follows from (14) that
fu hg |
det | | = 0 (B2)
-1 -(k+¢")]
Also note that
i(k+¢')U" uwe” - hGG I
Q= -det | | > 0 (B3)
| v hg |
Let m; j be the (1,1) minor of the matrix N. Using (B2) and (B3), we can calculate the

relevant minors of N shown below

myy = -[R-6IQ <0

myz = -[1-G/RIfy" < 0

myqg = [1-G/RIQ/W > O

mpz = [R-GI{Rhyyu + Rhy/R} < O
mpgq = -[1-6/Rle < O

Mgz = -RehyW[14FI/R - Rhyyu? 2 0
Mgq = -RhyyQ +6l1+[u/R > O



The determinant of N, denoted A, is calculated by expeanding along the first row of N

& = Rhyymyy - 6myz - Rehymyy > 0 (B4)
Note that in the Becker-Barro (1985 )formulation hyy =0 = Ry and, in this case, (B4)
indicates that A = 6[ 1 -6/R]"u' > 0 . Since Becker and Barro assume at the outset that ¢ > 0, the
determinant A will be positive in the Becker- Barro formulation if and only if I" is positive
which is identicel to the condition they derive in the appendix to their paper.

Using the fact that the inverse of N is equal to the adjoiﬁt of N divided by the determinant of N
we have

| Myp =Mz M3y -mygy |

l |

| -mip My -mzp mys |
N"] = A‘! ' I (BS)

[ myz -mpz m3z -myg |
| |
L-myg  mpq -m3q muy |
Now observe from (17) that

jav) | -Rghyds |
| i |
ldc | [-udgda |
| = N | (B6)
1 Lo
| ok | |¢ad0 - fsd'él
It follows from (B5) and (B&) that
% = {-Rehymyzd + Uy mozda - myziegda - fg)}/A (B7)
d = {Rghym 486 -udy mpgda + myg (000 - 15061}/ (B8)
so that
d6/da = {LI'¢0.' mpz - $gMgz 77 £ 0 (B10)



dk/d6

[}

{Rshv my4 - f8m44 }/A (B”)

d/Ba = {-Uby Moy + gMaql/a > 0 (B12)
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