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Abstract

Information costs, which comprise the costs of gathering and processing informa-
tion about stock values and the costs of deciding how to respond to this information,
induce a consumer to remain inattentive to the stock market for finite intervals of
time. Whether, and how much, a consumer transfers assets between accounts depends
on the costs of undertaking such transactions. In general, optimal behavior by a con-
sumer facing both information costs and transactions costs is state-dependent, with
the timing of observations and the timing and size of transactions depending on the
state. Surprisingly, if the fixed component of the transactions cost is sufficiently small,
then eventually a time-dependent rule emerges: the interval between observations is
constant, and on each observation date the consumer converts enough assets to the
liquid asset to finance consumption until the next observation. If the fixed component
of transactions costs is large, the optimal rule remains state-dependent indefinitely.
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A pervasive finding in studies of microeconomic choice is that adjustment to economic
news tends to be sluggish and infrequent. Investors rebalance their portfolios and revisit
their spending behavior at discrete and potentially infrequent points of time. Between these
times, inaction is the rule. If individuals take several months or even years to adjust their
portfolios and their spending plans, the standard predictions of the consumption smoothing
and portfolio choice theories might fail, and the standard intertemporal Euler equation re-
lating asset returns and consumption growth may not hold.! Similar sorts of inaction also
characterize the financing, investment, and pricing behavior of firms. These observations
have led economists to formulate models that are consistent with infrequent adjustment.?

Formal models of infrequent adjustment are often described as either time dependent or
state dependent. In time-dependent models, adjustment is triggered simply by calendar time.
In state-dependent models, adjustment takes place only when a particular state variable
reaches some trigger value, so the timing of adjustments depends on factors other than, or
in addition to, calendar time alone. A classic example of state-dependent adjustment is the
(S,s) model. The distinction between time-dependent and state-dependent models can have
crucial implications for important economic questions. For instance, monetary policy has
substantial real effects that persist for several quarters if firms change their prices according
to a time-dependent rule. However, if firms adjust their prices according to a state-dependent
rule, then monetary policy may have little or no effect on the real economy. (See e.g. Caplin
and Spulber (1987) and Golosov and Lucas (2007).)

In this paper we develop and analyze an optimizing model that can generate both time-
dependent adjustment and state-dependent adjustment. The economic context is an infinite-
horizon continuous-time model of consumption and portfolio choice that builds on the frame-
work of Merton (1971). We augment Merton’s model by requiring consumption to be pur-
chased with the liquid asset and by introducing two sorts of costs — (1) an information cost
that comprises the costs of observing the consumer’s wealth and the costs of processing this
information and making decisions about consumption and portfolio allocation; and (2) a
cost of transferring assets between a transactions account consisting of liquid assets and an
investment portfolio consisting of risky equity and riskless bonds. Specifically, we model
the cost of transferring assets as the sum of a component that is proportional to the amount
of assets transferred and a component that is a homogeneous linear function of the balances

in the transactions account and in the investment portfolio. Since the second component is

1See, for example, Lynch (1996) and Gabaix and Laibson (2002).
2Stokey (2009) presents a comprehensive analysis of issues related to inaction and infrequent adjustment.



independent of the amount of assets transferred, we refer to it as the fixed component of
transaction costs.

Because it is costly to observe the value of wealth and to process this information, the
consumer chooses to observe this value only at discretely-spaced points in time. At these
observation times, the consumer chooses when next to observe the value of wealth, executes
any transfers between the investment portfolio and the transactions account, chooses the
risky share of the investment portfolio, and chooses the path of consumption until the next
observation date. During intervals of time between consecutive observations, the consumer
remains inattentive to the value of equities in her portfolio and thus follows a consumption
path that is unresponsive to any news about the value of equities.

In the absence of any transactions costs, optimal behavior of a consumer with a homoge-
neous utility function would be time-dependent as described in Abel, Eberly, and Panageas
(2007). The timing of observations (and transactions, which would be perfectly synchro-
nized with observations) would be independent of the value of stocks, or any other state
variable, and the time between consecutive observations would be constant. In addition,
the consumer would run down the transactions balance to zero on each observation date
and then would transfer a constant fraction of the investment portfolio to the transactions
account immediately after observing the value of equities.

In our current framework with transactions costs in addition to information costs, op-
timal behavior, including the timing of observations and transactions is, in general, state
dependent. The relevant state of the consumer’s balance sheet at time ¢ is x;, which is
defined as the ratio of the balance in the transactions account to the contemporaneous value
of the investment portfolio. When the transactions account is large relative to the invest-
ment portfolio on observation date t;, so that x;; is high, the consumer will transfer some
assets from the transactions account to the investment portfolio. Alternatively, when the
transactions account is small relative to the investment portfolio on observation date t;, so
that z;, is low, the consumer will sell some assets from the investment portfolio to replenish
the transactions account in order to finance consumption until the next observation date.
However, when x;; has an intermediate value on an observation date, the consumer will not
find it worthwhile to pay the costs associated with transferring assets between the investment
portfolio and the transactions account.

Because the timing, direction, and size of asset transfers depend on the value of z;,, these
transfers are state dependent. A surprising result of our analysis, however, is that, if the fixed

component of the cost of transferring assets is not large, the timing of an optimally inattentive



consumer’s observations and asset transfers will eventually become time dependent, with a
constant length of time between consecutive observations, and a transfer from the investment
portfolio to the transactions account on every observation date. We demonstrate this finding
by showing that eventually optimal behavior by a consumer facing information costs leads
to a low value of z;, on an observation date. Once a low value of w;, is realized on an
observation date, the consumer transfers only enough assets to the transactions account to
finance consumption until the next observation date, provided that the fixed component
of the cost of transferring assets is not too large. This behavior is optimal because it is
costly to transfer each additional dollar of assets, and the liquid asset in the transactions
account earns a lower rate of return than does the riskless bond in the investment portfolio.
In this case, the consumer plans to hold a zero balance in the transactions account on the
next observation date, so that z; will equal zero on the next observation date, and on all
subsequent observation dates.

This paper is related to two strands of literature. The first strand is the large literature
on transactions costs. In Baumol (1952) and Tobin (1956), which are the forerunners of the
cash-in-advance model used in macroeconomics, consumers can hold two riskless assets that
pay different rates of return: money, which pays zero interest, and a riskless bond that pays
a positive rate of interest. As in our paper, consumers are willing to hold money, despite
the fact that its rate of return is dominated by the rate of return on riskless bonds, because
money is necessary to purchase goods. That is, money offers liquidity services.

More recent contributions to this strand of the literature, including Constantinides (1986)
and Davis and Norman (1990), model the cost of transferring assets between stocks and
bonds in the investment portfolio as proportional to the size of the transfers. Here we
also include proportional transactions costs, but these costs apply only to transfers between
the liquid asset in the transactions account on the one hand and the investment portfolio
of stocks and bonds on the other. We do not model the costs of reallocating stocks and
bonds within the investment portfolio. For a retired consumer who finances consumption by
withdrawing assets from a tax-deferred retirement account, the cost of withdrawing assets
from the investment portfolio includes taxes paid at the time of withdrawal. For most
consumers in this situation, the marginal tax rate, which is part of the cost of transferring
assets from the investment portfolio to the transactions account, is likely to be far greater

than any costs associated with reallocating stocks and bonds within the investment portfolio.?

3Bilias, Georgarakos, and Haliassos (2010) find panel data evidence of substantial inertia in household

asset adjustments, particularly among retirement accounts. Brunnermeier and Nagel (2008) also use panel



A second strand of the literature analyzes optimally inattentive behavior by consumers or
firms. Two distinct approaches to modeling inattention appear in this strand of literature.
One approach, introduced by Sims (2003), and used by Moscarini (2004), Woodford (2009),
and Mackowiak and Wiederholt (2009), uses the information-theoretic concept of entropy to
model rational inattention as the outcome of the limited ability of people to infer the true
values of decision-relevant variables. In those papers, the decisionmaker generally receives
noisy information and can choose the timing and information content of signals about these
variables. The other approach specifies the costs of observing decision-relevant variables,
processing this information, and formulating decisions. In this approach, which we will
call the information-cost approach for brevity, the decisionmaker optimally conserves on
information costs by observing these variables only at discretely-spaced points of time. Two
considerations led us to pursue the information-cost approach rather than the entropy-based
approach. The first consideration is tractability. Specifically, the non-convex transaction
costs we analyze would be particularly difficult to analyze in the entropy-based approach.
However, by pursuing the information-cost based approach, we develop a tractable framework
that easily accommodates non-convex transactions costs. More importantly, whether the
optimal state-dependent rule evolves to a time-dependent rule depends on a comparison of
the sizes of transactions costs and information costs. This comparison is readily apparent
in the information-cost based approach, and would appear to be strained, at best, in the
entropy-based approach.

The two closest antecedents to our current paper? are Duffie and Sun (1990) and Abel,

Eberly, and Panageas (2007).5:® These papers, as well as the current paper require consump-

data to show that risky asset holdings exhibit substantial inertia, which they determine to be “the dominant

factor in determining changes in asset allocation” (page 715).
4Reis (2006) develops and analyzes a model of optimal inattention for a consumer with constant absolute

risk aversion who faces a cost of observing additive income, such as labor income. In that model, the

consumer can hold only a single riskless asset so there is no asset allocation problem.
®(Gabaix and Laibson (2002) is very similar to Abel, Eberly, and Panageas (2007). An important difference,

however, is that (unlike our formulation in Abel, Eberly, and Panageas (2007) and in the current paper)
the formulation of the information cost in Gabaix and Laibson does not preserve homogeneity of the value

function. Therefore, Gabaix and Laibson compute an approximate solution.
6Huang and Liu (2007) apply the concept of rational inattention to study the optimal portfolio decision of

an investor who can obtain costly noisy signals about a state variable governing the expected growth rate of
stock prices. Huang and Liu do not include any costs of trading assets and they allow continuous observation
of stock prices so that the investor continuously trades assets within the investment portfolio. However, our
modeling of transfer costs and infrequent observation of stock prices leads to infrequent transfers of assets.

Finally, and more importantly, Huang and Liu impose a time-dependent rule for what they call “periodic



tion to be purchased with a liquid asset, such as cash. In addition, because these papers
include an information cost, the consumer will not continuously observe the value of the stock
market. In Abel, Eberly, and Panageas (2007),” which includes explicit information costs,
the consumer transfers assets from the investment portfolio to the transactions account on
every observation date, because, in contrast to the current paper, there are no transactions
costs incurred after the consumer incurs the information cost. In Duffie and Sun (1990), the
transactions dates and observation dates are perfectly synchronized by the assumption that
“the agent observes his or her current wealth only when making a transaction” (p. 35). In
both of these papers, the synchronization of observations and transactions follows directly
from the assumptions underlying the respective framework, but in our model synchronization
of observations and transactions emerges endogenously—and only under particular conditions.
That is, initially (and unlike Duffie and Sun (1990) and Abel, Eberly, and Panageas (2007)),
transactions will occur on some observation dates but not on others. However, if the fixed
component of the transactions costs is sufficiently small, then, with probability one, even-
tually optimal behavior will evolve to a time-dependent rule with perfect synchronization of
observations and transactions and with a constant interval of time between observations.
Existing models of infrequent adjustment — including both transactions cost models and
inattention models — are not capable of addressing the larger question of whether optimal
behavior is time dependent or state dependent. Specifically, models that include transac-
tions costs (such as Constantinides (1986), Davis and Norman (1990)®), but no inattention,
will generate infrequent adjustment that is state dependent. On the other hand, models
of inattention based on information frictions (such as Moscarini (2004), Reis (2006), Huang
and Liu (2007), and Abel, Eberly, and Panageas (2007)) generate optimal behavior that is

time dependent. By including separate information costs and transactions costs’ in our

news” because they assume a constant interval of time between the acquisition of periodic news. Thus they

cannot address the distinction between state-dependent and time-dependent behavior.
“In Abel, Eberly, and Panageas (2007), the information cost reduces the value of wealth and thus,

indirectly, reduces utility. In the current paper, the information cost directly reduces utility without reducing
wealth. The major results of the paper do not depend on whether information costs are utility costs or
resource costs, and we have adopted a utility cost because it seems to capture the effort and hassle of

gathering and interpreting relevant information, and using this information to make decisions.
8Vayanos (1998) and Lo, Mamaysky, and Wang (2004) present generalizations to general equilibrium

setups featuring constant absolute risk aversion and normally distributed dividends.
9We emphasize that the information costs and transactions costs are separate, so that in principle, costly

observations can occur at times without transactions, and costly transactions can occur at times without

observation. In contrast, as we have mentioned, Duffie and Sun (1990) assume that transactions and



model, we can determine endogenously whether the optimal timing of adjustment is time
dependent or state dependent, as well as whether observations and transactions are synchro-
nized. While the ultimate emergence of a time-dependent rule occurs with probability one
if the fixed component of the transactions costs is sufficiently small, optimal behavior can
remain state dependent, and transactions and observations may not be synchronized, if the
fixed component of transactions costs is large.

In a recent paper, Alvarez, Guiso, and Lippi (2010) develop a model to study the synchro-
nization of observations and transactions. In their model, as well as ours, synchronization
arises if transactions costs, appropriately defined, are sufficiently small. With synchro-
nization, of course, all observations are accompanied by transactions, i.e., no there are no
instances of “inaction” on observation dates. In Alvarez, Guizo, and Lippi, the “inaction
region” disappears when transactions costs are sufficiently small, so there are no instances
of inaction. In our paper, the “inaction region” remains intact when the fixed component
of transactions costs is sufficiently small, but in the long run the consumer never enters this
region, so the mechanisms leading to synchronization are different in the two papers.

Section 1 sets up the consumer’s decision problem. Section 2 characterizes the optimal
trigger and return values for the state variable x;. In addition, this section contains a detailed
discussion of a typical indifference curve of the value function to illustrate various aspects of
optimal adjustment behavior. The dynamic evolution of x; is analyzed in Section 3, which
also characterizes the long-run situation that is eventually attained if the fixed component
of transactions costs is sufficiently small. Section 4 presents a numerical illustration of the
constant length of time between consecutive observations in the long run, followed by a
discussion of the Euler equation. Section 5 concludes. The online Appendix contains proofs
of all lemmas and propositions, along with the precise statements of a few ancillary lemmas

and propositions not included in the text.

observations are synchronized. Similarly, in the context of a pricing problem, Woodford (2009) assumes
that “the menu cost is also the fixed cost of obtaining new (complete) information about the state of
the economy.” (p. S104) Furthermore, the setup in Woodford (2009) precludes a study of the distinction
between time- and state-dependent adjustment since “The assumption that memory is (at least) as costly as
information about current conditions external to the firm implies that under an optimal policy, the timing of
price reviews is (stochastically) state-dependent, but not time-dependent, just as in full-information menu-
cost models.... If, instead, memory were costless, the optimal hazard under a stationary optimal plan would

also depend on the number of periods n since the last price review...” (p. S106)



1 Consumer’s Decision Problem

Consider an infinitely-lived consumer who does not earn any labor income but has wealth
that consists of risky equity, riskless bonds, and a riskless liquid asset. Risky equity and
riskless bonds are held in an investment portfolio, and the consumer is not permitted to
take either a leveraged or a negative position in equity. Consumption must be purchased
with the liquid asset, which the consumer holds in a transactions account separate from the

investment portfolio.

1.1 Asset Returns

Equity is a non-dividend-paying stock with a price P, that evolves according to a geometric
Brownian motion

d?? = pdt + odz, (1)
where ¢ > 0 is the mean rate of return and o is the instantaneous standard deviation. The
riskless bond in the investment portfolio has a constant rate of return ry < p — "2—2.10 The
total value of the investment portfolio, consisting of equity and riskless bonds, is S; at time
t. At time t, the consumer holds X; in the liquid asset in the transactions account, which
pays a riskless rate of return 7, where r, < r; because the liquid asset provides transactions
services not provided by the bond in the investment portfolio.

Suppose the consumer observes the value of the investment portfolio at time ¢; and next
observes its value at time t;,1 = ¢; + 7;. Upon observing the value of Sy ,'' the consumer
may transfer assets between the investment portfolio and the transactions account (at a
cost described below) so that at time t;’ the value of the investment portfolio is St;. The
consumer chooses to hold a fraction ¢; of Stj in risky equity and a fraction 1 — ¢; in riskless

2

bonds and does not rebalance the investment portfolio before the next observation.'? Since

the consumer cannot take a negative position or a leveraged position in equity, 0 < ¢; < 1.

(72
2
%E {In Py, —In P} —ry, as well as the expected equity premium expressed in levels, i — 7y, are positive.

HBecause the transactions account does not include any risky assets, the consumer continuously knows
the value of X;.

12The consumer does not observe any new information between time t;r and time t;4; and hence cannot

19The assumption that ry < g — implies that the expected equity premium expressed in logarithms,

adjust consumption or the holdings of assets at any time before ¢;4, in response to news that occurs during
this interval of inattention. Proposition 5 in the online appendix addresses the case in which the consumer
can nonetheless decide at time t; to transfer funds between the investment portfolio and the transactions

account at some time(s) before t;.



When the consumer next observes the value of the investment portfolio, at time ¢, = t,+7;,

its value is

Stj+1 =R (tjv Tj) Stj' (2)
where
— Pthrl rETj
R(tj,75) = ¢; P, + (1= ;) e, (3)

J

1.2 Costs of Transferring Assets

The consumer can transfer assets between the investment portfolio and the transactions
account by incurring a resource cost that is proportional to the size of the transfer and
a “fixed” resource cost that is independent of the size of the transfer. Specifically, if the
consumer sells —y* > 0 dollars of assets from the investment portfolio, there is a proportional
transfer cost of —,y° dollars, where 0 < v, < 1, so that a sale of —y® dollars from the
investment portfolio is accompanied by an increase in X of — (1 — ) y® dollars.  For
transfers in the other direction, an increase of y* > 0 dollars in the investment portfolio
is accompanied by a decrease in X of (1+ )" dollars, where 1), > 0. Assume that
s + 1, > 0 so that at least one of the proportional transfer cost parameters is positive.
One interpretation of 1, and v, is that they represent brokerage fees. Alternatively, if the
investment portfolio is a tax-deferred account, such as a 401k account, the consumer must
pay a tax on withdrawals from the investment portfolio, and 1, would include the consumer’s
income tax rate, which would be substantially higher than a brokerage fee.!'?

The fixed component of the transactions cost is independent of the size of the asset
transfer but is a homogeneous linear function of X; and S;. Specifically, the fixed component
of the transactions cost is OxX; + 04S;, where 0 < fx < Ox < 1, with fx as defined later
in equation (27), and 0 < 05 < 1 —,."* This formulation of the fixed component of the

13This interpretation of 15 as a tax rate is most plausible if the consumer only withdraws money from the
investment portfolio and never transfers assets into the investment portfolio. As we will see in Section 3, the
long run is characterized by precisely this situation, if the fixed component of the transfer cost is sufficiently
small.

14We assume that 0x is small enough so that if X > 0 and S = 0, the consumer will not be deterred

from transferring at least some assets from the transactions account to the investment portfolio. We assume
that s + 0s < 1 to prevent assets from becoming “trapped” in the investment portfolio. =~ When the
consumer transfers —y® > 0 from the investment portfolio, the transactions cost would be —1,y* + 055 >
(s + 0s) (—y®), where the inequality follows from the fact that the transfer —y® must be less than the value
of the investment portfolio S. Thus, if s + g > 1, the transaction cost, (s + 0s) (—y*), would equal or

exceed the size of the transfer,—y®, and the consumer would not receive any liquid assets as a result of this



transactions cost scales the cost to the components of wealth; technically, it preserves the
homogeneity of the value function in X and S, which makes possible a stationary distribution
for )g—f The substantive motivation for scaling the fixed component of transactions costs to
wealth is that rich consumers conduct more complicated transactions in a variety of assets,
with various potentially thorny tax and accounting issues, and so these wealthy individuals
often hire expensive professionals to help conduct their financial affairs. Put differently,
a rich consumer might employ the services of an expensive private banker or hedge fund
manager to conduct financial transactions while a less rich consumer might use the services
of a discount broker. We capture this notion by assuming that the fixed component of
transactions costs scales with the investor’s level of wealth.

We assume that 6xX; of the fixed component of transactions cost is paid from the

transactions account and 6¢.S; is paid from the investment portfolio.!> Therefore,

Xy = [1 - <1{yb(t].)>0} + ]-{ys(tj)<0}> 94 Xy = L)y (1) = =)y (1) (4)

and
Sir = [1 - (1{yb<tj)>o} + 1{ys<tj><0}) 95] Sty + " (1) +y° (1) (5)
where 1 {w(t)>0} is an indicator function that equals 1 if y° (¢;) > 0 and equals 0 otherwise,

and 1;ys(;)<o0y is an indicator function that equals 1 if y° (t;) < 0 and equals 0 otherwise.

1.3 The Utility Function

Suppose that the consumer observes the value of the investment portfolio only at discretely-
spaced points in time g, %1, ?2,.... At observation date ¢;, after observing the value of the

investment portfolio, lifetime utility is

I B ZOO —p(bibrits
Etj {/ 1 _acz‘ e p(t t])dt_ A(t”/]—l)e p(tz+ % t])}7 (6)
1=

tj

where ¢; is consumption at time ¢, 0 < «a #* 1 measures risk aversion, the rate of time

preference, p > 0, is large enough so that

e "B, {[R(t;m;)] %} < 1for 7; > 0 and all ¢; € [0,1], (7)

transaction.

5Duffie and Sun (1990) assume that on each observation date the consumer pays a portfolio management
fee that is proportional to total wealth. In their model, optimal behavior implies that X = 0 on each
observation date, so the fixed transaction cost Ox X + 055 is simply 05S; hence, they do not need to
explicitly specify the value of 0x.



and A (t;,7;) is the utility cost of observing the investment portfolio at time ¢; + 7;, given
that the preceding observation was at date ;.

We scale the utility cost of an observation, and its associated information processing
and decision making, to be a stationary fraction of the consumer’s utility from consumption
over the interval of time between observations. This property prevents the information cost
from asymptotically becoming prohibitively large or vanishingly small when measured in

consumption-equivalent units.'® In particular,
. L+
Altis7) = 5B (7) / et gy, (8)
t;

where b (1;) > 0for; > 0,and k > 0. We want A (¢;, 7;) to capture the notion that it is costly
to increase the frequency of observation and infinitely costly to observe continuously. We
also want this function to be well-behaved for arbitrarily short or long inattention intervals.
Therefore, we require, for any path ¢, > 0, t; <t < t; + 7;, and fti#ﬂ' ci e Pt dt < oo,
that A (¢;,7;) has the following three properties

0< lim A(t;, ;) < 00 (9a)
Ti~>0
lim e A (t;,7) =0 (9b)
T;—» 00
eipTiA (tl, TZ‘) + eip(TiJrTHI)A (ti+1, Ti+1) > 67’0(Ti+Ti+l)A (tl, T; + Ti+1) . (QC)

Equation (9a) states that as the interval of time between consecutive observations vanishes,
the utility cost per observation approaches a finite positive value. Therefore, the cost of
continuous observation is infinite, and hence it is not optimal to observe the value of the
investment portfolio continuously. Equation (9b) states that as the length of time until
the next observation grows without bound, the discounted value of the utility cost of that
observation goes to zero; equivalently, the information cost does not grow faster than the rate
of time preference. Finally, the left hand side of equation (9c¢) is the discounted (to time ¢;)
utility cost of observing the investment portfolio twice during the interval (¢;,t; + 7; + Ti11]:
once at time ¢; + 7; and once at time t; +7; + 7;41.  The right hand side of equation (9¢c) is

the discounted (to time t;) utility cost of observing the investment portfolio only once during

16This property is reminiscent of the specification in King, Plosser, and Rebelo (1988) in which the disutility
of labor is a stationary fraction of the utility from consumption, with the implication that hours of labor

can be stationary even though consumption is nonstationary.

10



this interval, at the end of the interval. The inequality in (9¢) states that for a given interval
of time, two observations are more costly than one observation. Equations (9a), (9b), and
(9¢) imply restrictions on the function b(7;). Rather than work directly with the function

b (7;), it will be more convenient to work with the function b (7;) defined as
b(r)=e"b(r). (10)

Multiplying both sides of equation (8) by e *" and using the definition of b () from equation
(10) yields

ti+Ti
e PTA(t;, ;) = kb (TZ)/ cimeem Pttt (11)
ti
The following Lemma presents some necessary properties of b(7).

Lemma 1 Suppose that A (t;,7;) satisfies equation (11) and has the properties in equations
(9a), (9b), and (9c). Then

1. b(7) is non-increasing.

2. 0 < lim,_,o7b (1) < 00, which implies lim, ,ob (1) = oo and lim,_, % = —1.

3. lim, o b(7) =0, if lim, o ft_”LT el e Pt dt > 0 is finite.

Finally, we adopt the normalization b(1) = 1. As an illustration of the function b (7),
suppose that A (;,7;) is proportional to the average rate at which (discounted) utility from
consumption is accrued over the interval (¢;,t; + 7). Thus, b(7;) in equation (8) is propor-

tional to T%_, and normalizing b (1) = ¢~*7b (1) so that b(1) = 1, we have

1
b(r) = e*W*U;. (12)

It is straightforward to verify that b(7) in equation (12) satisfies conditions (1) to (3) in
Lemma 1. In the numerical example in Section 4, we use the specification of b(7) in
equation (12), but everywhere else in the paper we allow any b(7) > 0 that satisfies the
properties in statements (1) to (3) in Lemma 1.

Substitute the discounted information cost from equation (11) into the lifetime utility

function in expression (6) to obtain

1 o0 o ti+T; o it
—F, {;e Pt [ — (1 —a) nb(n)]/ti cimeerlt mdt}. (13)
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Since the consumer will not observe any new information between times ¢; and ¢;44, she
can, at time ¢;, plan the entire path of consumption from time t;r to time ¢;41. Let C (t;,7;)
be the present value, discounted at rate r, of the (deterministic) flow of consumption over

the interval of time from t;’ until the next observation date, ¢;;1 = t; + 7;. Specifically,

tj+1
C(tj, 1) = / coe Lt s, (14)
i
where the path of consumption ¢y, t;r < s < t;11, is chosen to maximize the discounted value
of utility over the interval from ¢ to ;.. Let

ti+1

1 1—a ,—p(s—t;)
U(C(tj,7j)) = max ——c, “e PN, (15)
t

v Jqr 1l—a®
{ea} 20 I

J
subject to a given value of C (¢;,7;) in equation (14). It is straightforward to show that!”

1

U(Clty 7)) = 7= [h(5)]* [C 1, 7)) (16)
where
. 1—e X5
h(1;) E/ e ds = ——— (17)
0 X
and we assume that .
= % -0 (18)

Since consumption during the interval of time from t;’ to tj41 is financed from the trans-

actions account, which earns an instantaneous riskless rate of return r, we have

Xy =€ (Xﬁ - C(%’Jﬂ) : (19)

"During the interval of time from tj to tj4+1 the (deterministic) Euler equation implies that optimal values

of consumption satisfy N
P=TL
g = e Ak (o] )ct?., for £ < s <tjp1. *)

Substituting ¢, from equation (*) into equation (14) in the text yields
C (tj,75) = h(m5) ¢4, (**)
where h (7;) is defined in equation (17) in the text. Equations (*) and (**) imply that
s =[h(m)) e = (ty,m),  for tF <s<tj. (%)
Substituting equation (***) into equation (15), and using the definition of & (7;) in equation (17) yields
U(C(tj,15)) = = [ (7)]"[C (tj,Tj)]l_a, which, along with equation (**), implies that U’ (C (t;,7;)) =

—
c X
t
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Use equation (16) and the expression for lifetime utility in (13) to obtain the value
function'® at observation date ¢;, immediately after observing the value of the investment
portfolio at date ¢,

V (X, 8,) = max [1— (1 —a)rb(7)]U(C(L,;)) (20)

C(t,m5).y0 ()95 (t5),05,7
+e P E, {V <er”j <Xt+ = C(ty, Tj)) R (t,7)) St*)} ’
J J

where the maximization in equation (20) is subject to equations (4) and (5) and the inequality
constraints C (t;,7;) < X+, 0 < ¢; <1, 4°(t;) >0, and y* (¢;) < 0.
J
The value function in equation (20) is homogeneous of degree 1 — « in X;, and Sy, and

consequently it can be written as

1 11—
V (th, Stj> = 1_ aSt], v (.th> s (21)
where v (z;) is strictly increasing in z; and
Xy
_ At 29
Lt 3, (22)

is the ratio of the transactions account to the investment portfolio. The optimal length of

time between consecutive observation dates ¢; and ¢;1, 75, is a function of z;,.

2 Trigger and Return Values of z

Xt . . . . . .
The value of z;;, = 5~ on an observation date ¢; determines whether, in which direction,
j

and what amounts of assets the consumer transfers between the investment portfolio and
the transactions account. There are two trigger values of xy;, wy and wy, that determine
whether the consumer transfers assets, and there are two values of z, m and w9, that help
characterize the return value of Tt immediately after a transfer.

To define and characterize the trigger values, w; and w», first define the restricted value
function V (Xt]., St].) at observation date ¢; as the maximized expected value of utility over

the infinite future, subject to the restriction that the consumer does not transfer any assets

BIf @ > 1, then [1 — (1 —a)kb(r;)] > 0 for all 7 > 0; as we show in the online Appendix, optimality
implies that 7 will be large enough so that [1 — (1 — «) kb (7;)] is positive even when a < 1. Equation (16)
1 tiv1 1—a

gives the maximized value of — [,"" ¢, e~P(t=t)dt in equation (13) subject to equation (14). Since

[1—(1—a)kb(m)] > 0, we can substitute equation (15) into the continuous-time optimization problem in

equation (13) to obtain the discrete-time problem in equation (20).
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between the transactions account and the investment portfolio at time t; (but optimally
transfers assets between the transactions account and the investment portfolio at all future
observation dates). Formally,
V (Xt]., St].) = max [1—(1—a)kb(r)]U(C (tj,7;)) (23)
C(t5,75)5¢557)

+ e_ijEtj {V (erLTj (th —C (tj, Tj)) ) R (tjy’rj) Stj)} ’

subject to C (t;,7;) < th and 0 < ¢; < 1. For the remainder of this section, we will suppress
the time subscripts, with the understanding that the results apply at any observation date.
Like the value function, the restricted value function is homogeneous of degree 1 — o and
can be written as

V(X,58) = 5107 (), (24)

11—«
where ﬁﬂ (x) is strictly increasing in z. On any observation date, 1% (X,9) <V (X,9),
with equality only if the optimal values of y* and y* are both zero.

Define

wy =infz >0:7(z) =v(x) (25)

and
wy=supx >0:0(z) =v(x). (26)

The proposition below shows that w; and ws are trigger values for = in the sense that if x
is less than w; on an observation date, the consumer will transfer assets to the transactions
account, and if x exceeds w, on an observation date, the consumer will transfer assets to the
investment portfolio. To ensure that ws is finite, we assume that x and 6x are small enough
that a consumer who holds all of her wealth in the transactions account on an observation
date will not be deterred from transferring some assets from the transactions account to the

investment portfolio. Specifically, we assume

and < ) rp— TL(l o
__ ox -1
R OICTOED) h
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where T = — X 1n [(1 + X ) HX} > 0. We also define

X rE—TL

1 = sup

{ a:ZO:VzG(O,lf‘zS], (1) V(2S,8) >V (xS — (1 =) 2,5+ 2) }
and (2) V (25,5) >V (25 — (1 — ) 2,5 + 2)
(29)
and

= inf r>0:V2€ (0,5, (1) V(xS,S) >V (xS+ 1+ zS—=2) (30)
2T and (2) V (25,8) >V (xS + (1+1)zS—2) [

The proposition below shows that if z < wy, the consumer will transfer enough assets from the
investment portfolio to the transactions account to increase x to at least ;. Alternatively,
if x > wo, the consumer will use the transactions account to buy enough assets in the

investment portfolio to decrease x to a value no larger than ms.
Proposition 1 Assume that k < & and 0x < Ox. Then

1. 0<w; <7 <7y <wy < 0.

2. Ifx,, < wi, then (a)y*(t;) <0, (b) Tpp 2, (c)m () =

(1-0x)ze,+(1-05)(1—s) | 17
(d) v (z,) = [(l—ax)wljﬂL(l—GS)(l—%)] vler)

VS(Xij’Sfj) — 1-0
sy = (- e 5

Vx (th,Stj

Vs (X5t

)
Vix (thﬁstj)

(14 v) 1=,

3. Ifxy; > wy, then (a) y°(t;) >0, (b) xr <9, (c)m (xtj)

(1—0x)we;+(1—05) (1+1) | 17
(d)v <$tj) - [(179x)w;+(1795)(1+wb)] v (w2) -

Proposition 1 is proved in the online Appendix. Here we use the indifference curves in
Figure 1 to illustrate this proposition and the properties of the trigger and return points.
For simplicity, Figure 1 is drawn for the case in which 6x = 5. The indifference curve of the
value function V' (X, S) passes through points A, B, C, D, E, and F, and the indifference
curve of the restricted value function V (X, S) passes through points K, B, C, D, E, and J.
In Regions II, III, and IV, the two indifference curves are identical, reflecting the fact that
V(X,9) = V (X, S). Therefore, Regions II, III, and IV represent the “inaction region”
in which the consumer can attain V (X,S) without transferring any assets between the
investment portfolio and the transactions account.

The consumer will transfer assets if V (X, 5) > 1% (X, S), which is the case in Regions I

and V. For instance, in Region [, the indifference curve of the restricted value function passes
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lope = o,

slope = -(1-y,)

Figure 1: Indifference Curve of the Value Function When 0y = 0g.

through point B and lies above the indifference curve of the value function that also passes
through point B, thereby implying that V (X, S) > V (X, S) in this region.? In order to
attain the maximized value of expected lifetime utility, the consumer must transfer assets
between the investment portfolio and the transactions account. As shown in statement
2a of Proposition 1, y* < 0 so the consumer sells assets from the investment portfolio to
increase the amount of liquid assets in the transactions account. Similarly, according to
statement 3a, if the consumer is in Region V on an observation date, the optimal policy is
to use some of the liquid assets in the transactions account to purchase additional assets in
the investment portfolio.

Now consider the return value of Tyt which is equal to m; in Figure 1. We proceed in

two steps. First, assume that the consumer has already paid the fixed component of the

1970 see that V (X, S) > V (X, S) in Region I, use the fact that V (X, ) is strictly increasing in X and
S to obtain VE > VA = VB = VB = VK where V' is the value of V (X, S) at point i and V7 is the value
of V (X,S) at point j in the figure.
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transfer cost 65 (X +.5), where 65 is the common value of fx = fg, and that the consumer
is choosing the size of the asset transfer from the investment portfolio to the transactions
account. In the second step, we consider the impact of the fixed component, 0y (X + 5), of
the transactions cost on the optimal transfer.

Suppose that, after paying the fixed cost 6y (X + 5), the consumer is located somewhere
to the right of point C' along the dashed line through point C' with slope — (1 — ;). For
instance, suppose that the consumer is at point A’. Having already paid the fixed cost,
the consumer can move instantaneously to any point up and to the left of point A’ along
the dashed line with slope — (1 — 1)) by reducing S by —y® > 0 dollars and increasing
X by (1 =) (—y®) dollars. The consumer will sell assets from the investment portfolio,
until (X, S) reaches point C', where the dashed line with slope — (1 — 1),) is tangent to the
indifference curve, which is essentially a smooth-pasting condition. At point C', the ratio of
X to S, i.e., x, is equal to mq, as indicated by the line through points O, C', and G, which
has slope equal to 7.

Now consider the impact of the fixed cost 0y (X 4 S) on the optimal transfer of assets.
If #3 > 0, the consumer cannot move from point A’ to point C'. To see the impact of 6, > 0,
consider the line through points G, B, and A, which is parallel to the line through points C,
B’, and A’, and hence has slope — (1 — 1)5). Point G lies on the half-line through the origin
with slope m; and is located so that the length of OC is 1 — 6, times the length of OG. The
properties of similar triangles imply that the length of OB’ is 1 — 6, times the length of OB
and that the length of OA’ is 1 — 6 times the length of OA.

Now suppose that the consumer starts at point A and transfers —y® > 0 dollars from the
investment portfolio, thereby incurring a cost of 6, (X +.5) — ¢5y® dollars. The fixed cost
of 05 (X + 5) dollars reduces both X and S by the fraction #s and can be represented by
the movement from point A to point A’; the transfer of —y* > 0 dollars from the investment
portfolio can be represented by a movement from point A’ upward and leftward along the
dashed line through points C', B’, and A’. The consumer will be willing to move from A to
point C only if doing so increases (or at least does not lower) the value of the value function.
That is, the gain in value from moving to an improved allocation between X and S must
outweigh the fixed cost 65 (X + S) represented by the movement downward and leftward
from the line through points GG, B, and A to the line through points C', B’, and A’. For a
large change in the ratio x, such as the change in moving from point A to point C, the net
gain in value is positive. For a small change in z, the change is not worthwhile. At point

B, the gain from the improved allocation between X and S is exactly offset by the cost of
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moving from the line through points G, B, and A to the line through points C, B’, and A'.

For points along the segment G B, the change in the value of z is small enough that the
improved allocation between X and S is outweighed by the fixed cost 65 (X + S). Therefore,
the consumer will not transfer assets from any points along this segment. The fact that the
consumer will not move from points along segment GB to point C' is illustrated by the fact
that these points lie above the indifference curve of the value function that passes through
point C. Alternatively, for points below and to the right of point B along the line through
points A and B, the improved asset allocation made possible by moving to point C, and the
associated increase in value, are large enough to compensate for the fixed transfer cost, and
the consumer will move from any of these points to C' (statements 2a and 2b). Since the
consumer ends up at the same point, namely point C, from any point below and to the right
of point B, all of these points have the same value. Thus, all of these points lie on the same
indifference curve (statement 2d), so that indifference curve has slope equal to — (1 — ;)
below and to the right of point B, which is statement 2c in Proposition 1.2

We have used Figure 1 to illustrate the trigger point w; and the return point 7, when the
consumer chooses to transfer assets from investment portfolio to the transactions account.
A similar set of arguments can explain the trigger point ws and the return point 7w when
the consumer chooses to transfer assets from the transactions account to the investment
portfolio.

We conclude this section with the following corollary to Proposition 1.
Corollary 1 w; < z,+ < ws.
J

The value of z; immediately following any observation date ¢; (and following any optimal
asset transfers at that date) is confined to the closed interval [wy,ws]. This result will be

useful when we analyze the dynamic behavior of asset holdings in the next section.

20Tf we relax the assumption that fx = g, then statement 2c of Proposition 1 implies that the slope of

the linear portion of the indifference curve through points B and A is — (1 — 1)5) 11:3 < while the slope of the

dashed line through points C, B’, and A’ remains — (1 — ;). The horizontal intercept of the indifference
curve, S, is ﬁ
B’, and A’ because starting from (X, S) = (0,5) the fixed transaction cost moves the allocation (X, S) to

(0, (1- 95)?) = (O,?). Therefore, even if x > fg, so that the linear portion of the indifference curve

> 1 times as large as S, the horizontal intercept of the dashed line through points C,

slopes downward more steeply than the dashed line, the linear portion of the indifference curve will not cross

the dashed line for any non-negative values of X. Also, statement 3c of Proposition 1 implies that the

1-6s
1-0x "

indifference curve is ﬁ > 1 times as large as the vertical intercept of the dashed line through point D

slope of the indifference curve through points E and F' is — (1 + ) The vertical intercept of the

and thus the indifference curve does not cross this dashed line for non-negative values of S.
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3 Dynamic Behavior

We have shown that the direction of the optimal transfer on an observation date depends on
the value of x;,. In this section, we examine the dynamic behavior of the stochastic process
for x;;. If the value of Xy is positive on an observation date, then, depending on the
outcome of the stochastic process for S, the value of z;; could be in any of the five regions
in Figure 1. However, the stochastic process for z;; will eventually be absorbed at z;, =0

provided that #g is sufficiently small.

Proposition 2 There exists g > 0, such that for any non-negative 0s < g, if x;; < w; on

observation date t;, then x,, =0 on all subsequent observation dates t;, > t;.

The proof of Proposition 2 is in the online Appendix. Here we provide an intuitive
argument. First, consider the case in which 0x = 65 = 0. If z;, < w; on observation date ¢;,
the optimal transfer is from the investment portfolio to the transactions account. Since each
additional dollar that is transferred from the investment portfolio to the transactions account
incurs a transactions cost 14, and since the transactions account earns a lower riskless rate
of return than the riskless rate of return on bonds in the investment portfolio, the consumer
would never transfer more assets from the investment portfolio than are needed to finance
consumption until the next observation date. Thus, the consumer will arrive at the next
observation date with zero liquid assets, so that x;, , will be zero. Since z;, , =0 < wy, the
process will repeat itself ad infinitum with z;, = 0 on every observation date t; > t;.

If fs is positive, then we need to consider the possibility that the consumer would want
to arrive at the next observation date with enough liquid assets in the transactions account
to avoid transferring assets from the investment portfolio and thus avoid paying the fixed

component of the transactions cost at that date.?!

As the proof of Proposition 2 shows, if fg
is small enough, the consumer will still optimally choose to arrive at the next observation date
with a zero balance in the transactions account, even though this action necessitates payment
of the fixed component of the transaction cost at the next observation date. Alternatively,
if 05 is large, the consumer may choose to arrive at observation dates with a positive balance

in the transactions account; holding a positive transactions balance gives the consumer the

21We do not need to be concerned that a positive value of x will induce the consumer to want to hold
additional liquid assets on the next observation date to avoid having to make a transfer at that time. In
fact, since fx effectively acts as a tax on the transactions account if the consumer turns out to want to make
a transfer on that date, a positive value of fx provides an incentive to reduce the transactions account on
the next observation date.
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option to avoid paying a transaction cost if w; < x4,,, < ws on observation date t;;; and
this option becomes valuable when the fixed cost of transactions is large.
The following lemma together with Proposition 2 allows us to prove that the stochastic

process for zy; is eventually absorbed at zero, if g is sufficiently small.
Lemma 2 FEventually, x;; < wi on an observation date.

The proof of Lemma 2 is in the online Appendix. Here we provide an intuitive argument.
Because the expected rate of return on equity, p, exceeds the riskless rate of return, r¢, on
bonds in the investment portfolio, the optimal share of equity, ¢;, is positive. Therefore,
during any given inattention interval, there is a chance that R (¢;7;) will be sufficiently
1 (X -Cltym))

R, 75,1

high that =y, , = will be less than wy. After sufficiently many spells of

J
inattention, eventually this event will occur.

Proposition 3 There exists 0s > 0, such that for any non-negative 05 < s, eventually the
stochastic process for xy; is absorbed at zero and the time between consecutive observations
becomes constant.

Proposition 3 implies that, in the long run, optimal asset holdings have a Baumol-Tobin
flavor, if 85 > 0 is sufficiently small. Specifically, the consumer will arrive at each observation
date having just exhausted the liquid assets in the transactions account and will liquidate just
enough assets from the investment portfolio to finance consumption until the next observation
date. Observations and transfers are perfectly synchronized and a constant amount of time
elapses between asset transfers.?> We will refer to this situation as the long run.

Up to this point, we have assumed that transfers between the investment portfolio and the
transactions account can occur only on observation dates. For the remainder of this section
only, we consider the impact of allowing transactions to take place between observation
dates.?? The essence of inattention is that between observation dates, the consumer does
not observe the realization of random returns and does not change consumption in response

to information that was not available at the time of the most recent observation. Formally,

22The model in Duffie and Sun (1990) shares this property because it assumes that the consumer starts
with x; = 0.

23In a price-setting framework, Bonomo, Carvalho, and Garcia (2010) analyze “uninformed adjustments,”
which are price adjustments that occur between observation dates. These uninformed adjustments are
analogous to our “automatic” transactions in the consumer’s allocation of assets.
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consumption between observation dates t; and ¢;,; must be Fy, — measurable. Because
the consumer would not know in advance the proceeds of any transfer that depends on the
stock price at some time after the most recent observation, she would not be able to use
the proceeds of such a transfer to finance consumption between ¢; and t;,1. Accordingly,
there would be no reason for the consumer to transfer assets during this interval of time
from stocks to the transactions account, which pays a lower riskless rate than the riskless
rate paid on bonds in the investment portfolio. In general, the size of any optimal transfer
from the investment portfolio to the transactions account between ¢; and t;; must be
F;, — measurable, and thus must be a transfer from the riskless bond in the investment
portfolio to the transactions account. Specifically, the consumer may consider asset transfers
at times between observation dates ¢; and ¢, as long as (1) the amounts and timing of the
transfers are Iy, — measurable and (2) X; > 0 and Sy > 0 for all £. Because these transfers
are determined at time ¢; and are executed after that date, we refer to them as “automatic
transfers.”

We will show that the major result of this paper—that for sufficiently small 65 > 0,
optimal behavior eventually endogenously evolves to a time-dependent rule, with a constant
interval of time between observations—can arise even in the presence of automatic transfers.
To keep the argument uncluttered, we will confine attention to the case with 0y = g = 0.
In this case, it will never be optimal to transfer assets from the investment portfolio to
the transactions account when the transactions account has a positive balance because the
consumer can earn more interest by keeping assets in the riskless bond earning r than in
the transactions account earning 77, (Lemma 7 in the online appendix). However, once the
transactions account reaches a zero balance at some date #, it will remain zero forever (Lemma
8 in the online appendix), and the consumer will use continuous automatic transfers of assets
from the investment portfolio to the transactions account between consecutive observation
dates t; and ¢;1; at a rate just sufficient to purchase the contemporaneous flow associated
with the consumption plan made at time ¢;. With X; = 0 for all ¢ > ¢, we have z;, = 0 for
all tx > t. Since optimal 73 is simply a function of z;, , the optimal time between observations
will be constant for all ¢, > t. Proposition 5 in the online appendix states that eventually X,
will reach zero so that the time-dependent rule, characterized by a constant interval of time
between observations, will emerge. Even though x; will eventually be absorbed at 0, which
leads to a time-dependent rule, that absorption need not take place immediately (Lemma

10 in the online appendix) and so the time-dependent rule need not emerge immediately.
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4 Long-Run Behavior

Table 1 presents the optimal time between consecutive observation dates in the long run
for the case in which 0y = 05 = 05, there are no automatic transfers, and the parameter
values are given in the table’s caption. For these numerical exercises, we specify b(7) as
in equation (12), so that the utility cost A (¢;,7;) is proportional to the average discounted
utility of consumption accrued over the inattention interval. This formulation allows us to
present both the information cost and the fixed component of the transactions cost in terms
of dollars.?* For all the numerical calculations we assume that the consumer has $1 million
in the investment portfolio on an observation date. The information cost in Column (1)
is the dollar equivalent of the reduction in utility associated with the information cost. In
the baseline case, the gathering, processing, and use of information on each observation date
costs $2.30. Column (2) reports the optimal time between consecutive observations when
0y = 0 so that fixed cost parameters 0y and fg are both zero. The time between observations
is measured in years, so in the baseline case, the optimal time between observations is slightly
longer than one month. Column (3) reports 6, which is the largest value of fx = 0s = 6
such that the time between consecutive observations eventually becomes constant. For values
of O0x = 0 = 0, larger than 63, the optimal rule remains state dependent indefinitely and
the frequency of observations will exceed the frequency of transactions indefinitely. The
values reported in column (3) are actually 65 x 10° so that, for instance, in the baseline case,
the fixed component of the transactions cost is $6.60 for a millionaire. Finally, column (4)
reports the time between consecutive observations when 6, = 05.

Table 1 allows us to draw two broad conclusions. First, even tiny information costs

24In order to obtain the equivalent dollar cost, we use the fact that the utility cost of an observation is

A(t;, 1) = KeP x% :J;ﬁTj i e Pt-tdt = (1—a) /iepTijU (C(tj,75)). Inthelong run, C (t;,7;) = X+,

so the utility cost of an observation is (1 — «) ke %U (X t;). We want to compute the reduction in the
transactions balance at time tj that would cause the same loss in utility over the interval (t;,t; + 7;] as

would the observation cost. Writing the reduction in the transactions balance as AX,+, we find the value
J

of A such that U (Xﬁ) -U ((1 -\ Xﬁ) =(1—a)ke’ LU (Xﬁ)- Since U () is homogeneous of degree
j j k) i
a1
1—a, wehave 1 — (1-X)"% = (1—-0) He”%, which implies A = 1 — [1 —(1-a) e’ . On any
Xt
observation date in the long run, X;;, = 0. Let 7* = 5 be the return value for z;,,,. Equations (4)
'

and (5), using the fact that X;, = 0 and y®(¢;) = 0, imply S,+ = LY (1 -4y) St,; so that we have

1—s+m*
X+ =7" L% (1—0g) St,. Therefore, for a consumer who has wealth of 10° dollars on an observation
J N

1—tpstm*

date, the observation cost is Ar* 1711;1{’:#* (1 — 05)10° dollars. (Although the length of the optimal inattention

interval is invariant to 14, the dollar-equivalent observation cost depends on 9. For this calculation, we
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(1) (2) (3) (4)

Information cost 7,605 =0 03 x 10° T, 0y = 0;

(dollar equivalent) (years) (dollar equivalent) (years)
Baseline 2.3 0.097 6.5 0.190
k= 0.001 23.1 0.309 63.6 0.593
p=0.02 2.6 0.098 7.8 0.198
a=3 24 0.092 5.9 0.174
r, =0 2.3 0.080 11.3 0.194
ry=10.03 2.8 0.084 27.3 0.281
w=0.07 2.7 0.089 6.1 0.161
oc=0.2 2.1 0.097 8.1 0.218

Table 1: 603 is the largest value of 2 = 6x = 0g that leads to constant optimal inattention spans.
Baseline Parameters: o =4,p = 0.01,r, = 0.01,7; = 0.02, u = 0.06,0 = 0.16, x = 0.0001.

can lead to substantial inattention intervals. Column (2) shows that even when the fixed
component of transactions costs is zero (fx = 05 = 0), a consumer who has one million dollars
in her investment portfolio, and incurs an information cost equivalent to about two dollars,
will observe her portfolio at approximately a monthly frequency, which is the empirical
frequency reported by Alvarez, Guiso, and Lippi (2010). Second, the fixed component
of transaction costs can significantly magnify the effect of information costs to produce
even larger inattention spans. The inattention spans in column (4) are about twice as
large as the inattention spans in column (2). Intuitively, when the fixed component of
transaction costs is not too large compared to the information cost, the consumer will find
it optimal to transact on every observation date, in order to avoid “wasting” information
costs without using the obtained information to undertake a transaction. Because of this
synchronization, the optimal inattention interval is determined as if the fixed component
of transaction costs and information costs are bundled together, effectively magnifying the
impact of the information cost. For instance, with an information cost of $2.30, the inclusion
of a fixed component of transactions costs with 6y = 05 approximately doubles the optimal
time between observations to more than two months. The calculations reported in Table 1
are invariant to the proportional transaction cost parameters v, and 1,. The irrelevance
of 1y, results from the fact that in the long run the consumer does not ever transfer any
assets from the transactions account to the investment portfolio and thus never incurs any
cost 1py°. On any observation date in the long run, all of the consumer’s wealth is in the

investment portfolio. In order to consume any of this wealth the consumer effectively must

have set ¢ = 0.01.)
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pay a tax at rate 1, to transfer the wealth to the transactions account. Thus 1), is a pure
consumption tax and hence reduces the path of consumption by a fraction v while leaving
the timing of transfers unchanged. This result is formalized in Proposition 6 in the online
Appendix.

Proposition 3 implies that in the long run the consumer will transfer assets in the same
direction (from the investment portfolio to the transactions account) on every observation
date. Therefore, if the consumer is sufficiently risk averse® so that optimal ¢; is interior to

0,1], then an Euler equation, described in the following proposition, holds in the long run.?

Proposition 4 There exists 0s > 0, such that if 03 < 05, and o > “;;"f, then in the long

_ P, .
run By, et (5 — e ) = 0.
tit b5

The Euler equation in Proposition 4, which is proved in the online Appendix, resembles a

standard Euler equation, but it is important to note that here the Euler equation applies
only to intervals of time that begin and end on dates at which observations and transactions
occur. 'This implication of the model is consistent with the evidence reported in Jagannathan
and Wang (2007), where they find that the consumption Euler equation is empirically more

successful on dates and at frequencies where decisions are likely to be made.

5 Concluding Remarks

Rules governing infrequent adjustment are typically categorized as time dependent or state
dependent. Time-dependent rules depend only on calendar time and can optimally result
from costs of gathering and processing information. State-dependent rules depend on the
value of some state variable, typically reaching some trigger threshold, and can be the op-
timal response to a transactions cost. Our model combines costly information and costly
transactions. In general, on any observation date, the consumer chooses the length of time
until the next date at which to gather information and re-optimize, but that length of time
may be state dependent. Moreover, conditional on the information observed at that future
date, the agent’s action (or lack thereof) may also be state dependent. Thus, in general, the

model has elements of both state- and time-dependent rules.

25Tt is worth noting that “sufficiently risk-averse” need not require a very high value of o. For instance,
if the expected equity premium is @ — ry = 0.04 and the standard deviation of the rate of return on equity

is 0 = 0.16, then any value of « greater than 1.5625 will be sufficiently risk averse.
26Eberly (1994) shows that a version of the consumption Euler equation also holds in a model with a fixed

cost of adjusting the stock of durables, by considering consumption at consecutive adjustment dates.
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If the fixed component of the transactions cost is sufficiently small, the optimal behavior
converges to a rule that is time dependent. Once the consumer arrives at an observation date
with a sufficiently small balance in the transactions account, she will optimally choose to
arrive at all subsequent observation dates with zero liquid assets in the transactions account.
In our model, this behavior results from the facts that (1) the consumer can save on costs by
synchronizing observation and transactions dates and (2) the consumer would prefer to hold
as little as possible of her wealth in the liquid asset because the return on the transactions
account is dominated by the return on riskless bonds in the investment portfolio.

The eventual endogenous emergence of a time-dependent rule is a novel feature of our
model. However, there are forces that could prevent this situation from arising, even within
the model. As we have pointed out, if the fixed component of the transactions cost is
large, the consumer may choose to arrive at observation dates with a positive balance in the
transactions account. And if the consumer arrives at an observation date with a positive
amount of liquid assets, then the state variable z; could potentially take on any positive
value, so that a time-dependent rule would not be optimal, even in the long run. Outside
the model, one might consider allowing for the arrival of labor income in the transactions
account or the occurrence of attention-grabbing events that occur when the consumer is
not at a planned observation date.?” We offer a more general view of time dependence by
thinking of the distribution of the length of inattention intervals. With a sufficiently small
fixed component of transactions costs, the long run is characterized by a constant length of
inattention intervals and thus the distribution is degenerate. More generally, even if the
model is configured or amended so that time dependence does not eventually emerge, the
value of x;; will frequently be below the lower trigger value. Whenever x;; is lower than
the lower trigger value, the length of time until the next observation date will be the same
regardless of the value of z;,. Therefore, the distribution of inattention intervals will have
a mass at that length of time.2® This mass point in the distribution of inattention intervals
can be viewed as a generalization of the eventual emergence of a time-dependent rule that

we have analyzed in this paper.

2TRecent work by Yu (2008) has documented that investors appear to react to news that the stock market

has reached a new peak.
28 A similar argument applies to the inattention interval associated with optimal behavior for x; . above

the upper trigger value.
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A Online Appendix

Proof of Lemma 1. Since e P% A (t;,7;) = kb (7;) ttiﬁn ci e Pt dt, we have

—PTi A (t:. T

) ) e T,

lim 7;b (1) = lim —— (i, 7i) .

7;—0 Ti—0 £ fh i Ctl_ae—p(t—ti)dt
T 1

(A1)

Equation (9a) states that the numerator on the right hand side of equation (A.1) has a positive
finite limit as 7; — 0. The limit of the denominator is lim,_,o 2 féﬁn cf e Pttt = RC;O‘,
which is positive and finite since we are confining attention to cases with positive (and finite) con-
sumption. Therefore, statement 2 holds.?? Statement 3 follows from the fact that e *7i A (t;, ;) =
kb (13) ti#n ¢~ e~ Pt dt and equation (9b) along with the assumptions that x > 0 and ¢; > 0.

Equation (11) and > 0 can be used to rewrite equation (9c) as

ti+Ti i1 +Tist
b (TZ) / C,}iae_p(t_ti)dt + e PTip (TZ-Jrl) / c%*ae—p(t—ti+1)dt

t; titr1
L+ Ti+Tit1
> b (Ti + Ti—f—l) / Ctl_aei’o(titi)dt. (AQ)
123

To see the implications of equation (A.2) for b(7;), we first state the following lemma.

Lemma 3 Suppose q1b(21) + q2b (22) > (q1 + q2) b (21 + 22) for all positive q; and z;, i = 1,2, and
that b(z) > 0 for all z > 0. Then b(z) is non-increasing.

Proof of Lemma 3. The assumption that ¢i1b(z1) + g2b(22) > (q1 + ¢2) b(z1 + 22) for all
positive ¢; and z;, ¢ = 1,2, implies that q; [b(21) — b (21 + 22)] + g2 [b(22) — b (21 + 22)] > 0 for all
positive ¢; and z;, ¢ = 1,2. Suppose that, contrary to what is to be proved, for some positive
z1 and zg, b(z1) < b(z1+22). Then for any q; > —QQ%, q1[b(z1) —b(z1 + 22)] +
g2 [b(z2) — b(z1 + 22)] <0, which is a contradiction. Therefore, b(z1) > b (21 + 22) for any positive
z1and z5. W

Applying Lemma 3 to equation (A.2) while setting z1 = 7;, 20 = Tiy1, (1 = ;’_ﬁn clmeePt=t g,
tir1+Tiv1

N cl=@e=P(=t) gt implies that b (7) is non-increasing, which is statement 1 in
141

and go=e~ "
Lemmal. m

Proof of Proposition 1. We start by proving the following Lemma.

Lemma 4 Optimal behavior requires y*y® = 0. If the optimal asset transfer increases x, then

y® < 0. If the optimal transfer decreases x, then y® > 0.

PLet v = lim,o7b(7) = lim,_o %, which, by L’Hopital’s Rule, implies v = ﬁ, or
v M7 =0 7312
. b'(r) 1 . (1) _ 1 Th(T)b' (1) __ . . b’ (1) o
hmTHOW = —y7 1 Then hmraom = lim,_0 B = [lim, o 7b (7)) hm‘r%OW =
(=71 =1L



Proof of Lemma 4. To prove that y*y® = 0, suppose y*y® # 0, which implies that y* < 0
and y® > 0. Now consider reducing y® by ¢ > 0 and increasing y* by ¢ > 0, which will have
no effect on the value of S relative to the original transfer but will increase X by (15 + ¥p)e > 0
relative to the original transfer by reducing the amount of proportional transactions cost incurred.
Therefore, it could not have been optimal for y%y? # 0. Hence, y*y® = 0.

The value function V' (X, .S) is strictly increasing in X and S, so an optimal transfer will never
decrease both X and S. Therefore, if the optimal transfer increases x = %, then the optimal
transfer cannot decrease X and must decrease S, which implies that y® = 0 and y* < 0. Similarly,
if the optimal transfer decreases = = %, then the optimal transfer cannot decrease S and must
decrease X, which implies that y* =0 and y* > 0. m

Proof of statement 2a. Suppose that z < w;. The definition of w; in equation (25) implies
that v (x) # v (x). The optimal asset transfer will change the value of = to some value z for which
v(z) = v(z). The definition of wy implies that such a z cannot be less than wq, so the optimal
transfer increases x. Lemma 4 implies that y* < 0. =

Proof of statement 2b. Suppose that on an observation date, normalized to be t = 0, Xy <
w1Sp. Statement 2a implies that y* < 0. Let (X*, S*) be the value of (X¢+, Sp+) resulting from the
optimal value of y°. Define P = {(X,5) : X =X*"+ (1 —1¢5)z and S = 5* — z for z € (0,5%)}.
Because (X*, 5*) is the result of an optimal transfer of assets from the investment portfolio to the
transactions account (and the fixed costs 6x X¢ and 055y have already been paid to reach (X*, S*)),
there is no (X**, **) € P such that V (z**S**, S**) > V (2*5*,5*) and V (z**5**, S**) > 1% (x*S*,5%).
[If there were such a (X™**, $*), then either (a) V (x**5**, S**) > V (2*5*,5%) or (b) V (z*5**, 5*) =
V (z*S*,5*). If (a) holds, then (X*,S5*) is not optimal. If (b) holds, then V (z*S*,S5*) >
V (z*S*,5*) and hence it cannot be optimal to remain at (X*, S*).] Now suppose that z* < 7.
Then consider (X*** §***) € P for which z*** = % is between z* and m;. The definition
of 7y implies that V (%8 §**) > V (z*5*, §*) and V (2***S*** §**) > V (2*S*, §*), which
contradicts the statement that there is no (X**,5**) € P such that V (z**S** §**) > V (z*S*, S*)
and V (25, $*) > V (2*S*,5*). Hence, z* < m is not optimal. m

Proof of statement 2c. Consider the point (X, So) with zy = )g—g = wj and define D as the
set of (X, 9) for which x < w; and from which the consumer can instantaneously move to (Xo, Sp)

by transferring assets from the investment portfolio to the transactions account. Specifically,

(X,S) with X < w;S: (A3)
Jy* < 0 for which (1 —0x)X — (1 =)y =Xpand (1 —05)S+y* =5y |~ '

Define F as the set of (X,.S) for which # > w; and to which the consumer can instantaneously
move from any point in D by transferring assets from the investment portfolio to the transactions
account. Specifically,

Fe (X,S) with X > wS: (A4)
| 3y* <0 for which X = X — (1 — ) y*and S=Sg+9°*>0 [~ ’



Consider two arbitrary points (X1, S51) and (X3, S2) in set D. Since x1 < wy and x93 < wy, the
optimal value of y* will be strictly negative starting from either point. Moreover, y* must be large
enough in absolute value so that the post-transfer value of (X, S) satisfies x = % > w; because
it is always optimal to transfer assets from the investment portfolio to the transactions account
from any point in set D. Therefore, the post-transfer value of (X,.S) will be an element of set F'.
Thus, regardless of whether the consumer starts from point (Xi,S57) or (X2, S52), the consumer’s
choice of asset transfer can be described as choosing (X, ST) € F to maximize the value function.
Therefore, V (X1,S51) = V (X2, 52), so all of the points in set D lie on the same indifference curve

of V (X,S). The slope of this indifference curve is % = g;i ‘gg = — (1 —1)y) %, which proves

statement 2c. =
Proof of statement 2d. We have shown that if 2 < wy, then m () = (1 — ¢s) %. The

expression for V' (th , St].) in equation (21) can be used to rewrite the marginal rate of substitution,
VS(th,Stj) (l—a)v(zrt].)

m (mt].) = V(X 050,) as m (xtj) = @) — xt;, so that
(1—a)v(zx) 1—0g
—r=(1- -2 < .
) x=(1 ws)l_ex,for0_$<w1, (A.5)

which implies

(1—0x)z+(1—05)(1—1) 1
(1 — Qx)wl + (1 — 95) (1 —1/}5)

v(x) = v(wy), for 0 <z < ws. (A.6)

]
Proof of statement 1. We start by proving the following Lemma.

Lemma 5 For sufficiently small T > 0, =7 (z) < ﬁfu () for all x € (0,7).

’ l—a

Proof of Lemma 5. Substitute the expression for U (C (¢}, 7;)) from equation (16) into the
restricted value function in equation (23) to obtain

- 1
X ) = 1—(1-— )| ——
V (X, ;) C(tﬁlﬂ%‘:’;ﬂj[ (1 —a) kb (7))] -

+ €7ijEtj {V (eTLTj (th -C (tj’ Tj)) R (tj’Tj) Stf)} )

(B (I [C (5, 7)) (A7)

Equation (**) in footnote 17 states that C'(¢;,7;) = h(7;) ¢+, so that
J

T B C ) " = o 1= (= ) b ()] A (m) el (A

[1— (1= a) wb (7)) .= —

Substitute equation (A.8) into equation (A.7) to obtain

v (th ) Stj) = max

Cltym)pym 1 —a 1= (L= a)sb ()] h(ry) e e By, {V (™7 (Xi, = C(ty,m)) , R(t;75) S1,) }-

(A.9)



Because the choice of C' (t;, 7;) must satisfy the constraint X;, —C' (t;,7;) > 0, the partial derivative
with respect to C (t;,7;) of the maximand on the right hand side of (A.7) must be non-negative.
Therefore, differentiation of this maximand with respect to C (t;,7;) yields

[1— (1 —a)rb(m)] [h ()] [C (tj, )] “—e B, {Vx (e (X, — C (tj,75)) . R (t;,75) St;) } > 0.
0)

J
(A1
Since Vi () > 0, [h(1;)]* [C (tj,7;)]"® > 0, and e~(»~7L)7 > 0, equation (A.10) implies that

1—(1—a)rb(r}) >0, (A.11)

where 77 is the value of 7; that maximizes the restricted value function. Equation (A.11) implies
that we can confine attention to value of 7; that are greater than7 = inf {7 > 0: k(1 — ) b(7) < 1}.
If o > 1, then 1 — k(1 —a)b(rj) > 0 for any positive value of 7; so 7 = 0. However, if o < 1,
Lemma 1 implies 7 > 0.

Now we consider the cases in which @ < 1 and a > 1 separately.

CaseI: a<1. Whena<1,7*>7>0. Since C(t;,7;) = h(75) ¢+,
J

Clt;, 1 X,
¢ = h((]73> < h(;j)’ (A.12)

J

where the inequality follows from the constraint C' (tj, 7'}‘) < Xi, and the facts that h (7;) is strictly
increasing in 7; and 77 > 7. Equation (A.12) implies limy, ¢ = 0. Therefore, taking the
J

limits of both sides of equation (A.9) as X;; — 0, and using the facts that 0 < C (tj,T;‘) < Xy
and 77 > 7 > 0 implies

S . —pr¥ " . —pr w71 1
hmOV(th,Stj) :Xltljrgoe P15 By, {v (O,R(tjjj)Stj)} = lim e " By, {[R (tjﬂ'j)] a}

Xt].—> th —0 1 — X
(A.13)
Use equation (7) and the fact that 7% > 7 to obtain
: 17 1 l1-«
XItI]IgO \%4 (th 5 Stj) < mstj v (0) =V (07 Stj) . (A14)

Case II: o > 1. We start by showing that optimal y° (¢;) < 0, when z;;, = 0 . Suppose,
contrary to what is to be proved, that it is optimal to set y*(¢;) = 0 when z; = 0, which
implies that ¢; = 0 for all t; € [tj,t;41] and 4,,, = 0. In turn, x4, = 0 implies ¢; = 0 for
all t; € [tj41,tj42] and so on ad infinitum. Accordingly, 2=v(0) is —oo when o > 1. Clearly,
L-0/(0) is smaller than the value associated with the policy of setting y° (t;) = — (1 — g) St
so that X o= (1 —%s) (1 —0s)St; and then consuming optimally from the transactions account

over the infinite future, never incurring any information costs or transactions costs. As we show in

11—«
tj

v (0).



equation (A.26), the value of such a policy is given by 1 X*O‘thg @ which is finite. Accordingly,
J
the policy of setting y*® (t;) = 0 whenever x;; = 0 cannot be optimal .

We show next that limg, _, v (z1,) > Lv(0).Let x:j denote the optimal value of = i asso-

i

ciated with the optimal transfer y° (¢;) when x;; = 0. Value matching implies that v (0) Stlj*a =

ﬁv (:1:2;) Sjj *. Now we will compute the size of the transfer y® that changes x; from arbitrary
3 .

J

7y, at time ¢; to Tyt at time t;r. When y° = 0, equations (4) and (5) imply that

(1—0x) e, — (1 — ) g—

Lpr = y* -
J (1—95)4-?
J

. i .
Solving for 5 gives

s (I=0x)ay —(1—bs)a},

Yy _ ;
St]- xrj +1—1s
St+ s (1795)I:+ 1 ’L/}
_ - v P —ts
Furthermore, When .’L'tj = 0, S_t]J = (1 — 95) + z = (1 — 95) — :B:TI—IZS = (1 — 95) m, and
accordingly ’ ’
-
0 1-—
O (1-10,) T;ﬁsd} (A.15)
v <x:+) Tt s
j
. (1—0)()f:‘—(l—@s)x;‘'+
Now take € > 0 and suppose that z;, = ¢. For sufficiently small € > 0, set ngj = ERE T L
J
which will be negative as € approaches zero. By construction, this feasible transfer implies that
St‘+ (179)()57(1795)CE:+ 1 d)
Ty = x:j Moreover, ﬁ =(1-105) + 1 L = (1-6y) 7“3:++1in + (1-0x) 735}5_%.
J J J
Accordingly,
11—
1 1 — s € 1
* 1-60y)——+(1—-0x) ——— < A.16
J J

Using (A.15) to solve for v (mz;) , substituting the resulting expression inside (A.16), and
J
taking limits on both sides of (A.16) as ¢ = z;, — 0 implies limg, v (z,) > 250 (0).

Next we show that limg, _,,v (z1;) = v (0). The proof proceeds by contradiction. Indeed, sup-

1
l—«a

X, 80 that Xij+1 = 0. [To see why, suppose otherwise. If it were optimal to set Xtj+1 =0, then con-

pose that limg, _, v (z4,) > v (0). Then for any ¢; it cannot be optimal to set C (¢;,7;) =

sider the following deviation: Reduce C' (t;,7;) by an arbitrarily small ¢ > 0, so that X, 11 = " Te.
This deviation is feasible for sufficiently small € > 0, because C (t;,7;) = 0 can never be optimal



when a > 1. The deviation changes the value of the program by A(e) = [1 — (1 — ) kb (7)]
x [U(C (tj,75) —e) = U (C(tj, 7)) + e P Ey, {[V (e"FTe,8,,,) —V (0,8,,,)]}. For given Xy,
and 7, lim.0 [1 — (1 —a) kb (7;)] x [U (C (tj,75) —€) = U (C (t;,75))] =0, so that lim. oA (¢) =
e—pT]' T 1

= lime 0 Fy; {Stlz(f {v (esrfi —v (0)] } Since the function ﬁv(azt) is increasing in i,

and a > 1, it follows that v(% JE) is increasing as e decreases to zero. Therefore, the mono-
Sty

tone convergence theorem, along with the supposition that lim;,;tjﬁO ﬁv (l‘t].) > ﬁv (0), implies

that lim. o A (¢) = e =7 1,1aEtj (St o |:1im5—>0 v (%) —v (0)]) > (. Accordingly, there always

exists small enough € > 0, so that the deviation dominates the supposed optimal path, a contra-

diction.]

Next we show that for any 6 > 0, there exists a 2z € (0,9) such that if z;; = 2 on obser-
vation date t;, then y®(¢t;) < 0. The proof proceeds by contradiction. Suppose otherwise, i.e.,
suppose that there exists a 6 > 0, such that it is optimal to set y° = 0 for all zy; € (0,6).
Now fix T'" > 0, and take x;; < J. Let t;;; denote the last observation date before t; + T. We
will show next that under this (counterfactual) supposition, the discounted sum of the observation
costs Z e Pe=1) (1 — o) kb (11,) U (C (tg, 7)) approaches infinity with probability approach-

te€lty tj41]
ing one as zy; — 0.

To start, we note that because o« > 1, it must be the case that ctj+ > 0. [Otherwise utility would
be negatively infinite between t;r and t;r +7j, and that would make the value function unboundedly
negative.] Since C' (Xy;) = ct+h (15) < Xy, this implies that limg, o h (1) = 0, or equivalently

hmxt —0 7j = 0. Now note that zs; 1 < x4, ) so that hmm Lo Pr (azt 1> (5) =0.

J R(t
More generally, for any ¢ € (0,9), as long as (i) 7;; < ¢ and (ii) 2y, Xmaxg e, 11 %
tiG[tj,tk}
. TLTi
e, it follows that max, €[t 1] Tt < Ty, X max, €[t 5] m < e. Next we show that

ti€[tj,tk]

the probability that max xy, < € approaches one as z; approaches zero. Indeed, since

tke[t Eig1]
H R t“T < ¢ implies that maX, iy 7. ,] Tt < €, we obtain
t e[tjvtk]

.I‘tj X Hlathe tj,tj

H eTLTi
Pr max xy >€| <Pr|ax;, max — >
tkE[tj,szrl] k J tke[tjij]tié[tj,tk]R(ti’Ti)

=Pr| max Z (rpmi —log R (ti, 7)) > loge —logxy, | . (A.17)
th[t]',t]'] tie[tj,tk}

Pryyr;

Before proceeding we make a few observations. We start by noting that R (¢;,7;) = ¢;—5—+ b,

(1—¢)em = qbie(“ 14 (1 —¢) e, where ABy,,, = By4r, — By, denotes the

increments of the Brownian motion B; between t; + 7; and ;. Since pu — ”—22 > ry, it follows that

2
7%>Ti+O'ABt



R (ti, ) > ¢i€rfTi+UABii+1 +(1 — ¢;) €747 = s [gﬁie"ABiwl +(1- gbz)] . Therefore, letting g (y) =
log [pie? + (1 — ¢;)], we obtain log R (t;, ;) > r¢7 + g (UABtiH) ,
(rp —r§) 7 — g (0ABy,,,). Letting z,,, = (rp, —ry) 7 — g (cABy

so that rp7; — log R (t;,7;) <

i+1) » it follows that

Pr| max Z (rp7i —log R (ti,7;)) > loge —logay, | <Pr| max Z > loge — log z;

s — z+l
€[t t] g, et €lts ] 4, )
(A.18)
7 7 Y(1— 7 .
We next observe that g( ) =10, (y) = (Mﬁi(ely) <1,4"(y) = % > 0. Therefore, if
y > 0, then g (y) f "(y)dy < y. By a similar logic, if y < 0, g (y) > y. Accordingly,

y2 > g2 (y), and also E ( ?) > E (¢* (y)) . Finally, since ¢” (y) > 0, Jensen’s inequality implies that
E(g(y)) = g(E(y)). Accordingly,

E (Zti+1) =(rp—rf)7i — ( (UABterl)) (re—rg)7i [E (UABtiH)] = (rp—rp) 7 <0,
(A.19
where the last equality in (A.19) follows from E (AB,,,) = 0 and g(0) = 0. Now let Z, , =
Z (zti o — By, (ztl. +1)). By construction Z,, , is a martingale, and Jensen’s inequality implies
t; <t;<t;
that | Zy,,, | is a non-negative submartingale®. Equation (A.19) implies that max, cp 7] Z Zhi <
ti€lt; tr]

max Zty < max, cr;. 71 |Ztk+1‘ , and therefore

tp€ [tj ,Ej]

5, %]
Pr| max Z 2t > loge —logay, | <Pr ( max |Ztk+1‘ > loge — logmt],) < b |7 .
tke[tj,tj] ti€[t; 1] tke[tj,tj] (log € — log J}t].)
(A.20)
where the last inequality follows from Doob’s inequality for submartingales applied to the process
|Ztl+1 ‘ Since Zy,,, is a martingale,

Ey; [ZEQHJ = Ey; Z (Zti+1 - By, (Zti+1))2 = Ey; Z Ey; {9 (UABti+1) - E, [9 (UABti+1)] }2

ti€[t; k5] ti€[t; k5]

= Ei; Z By, [g (UABti+1)]2 - Z [Et.g (UABtiH)}Q

ti €[ty ;] ti€[t; 1]
S Et]‘ Z Eti [g (O'ABtH-l)]Q S Etj Z (O-ABI‘/H—l)2 S UQT’ (A21)
ti€lt; ] ti€[t; 1]
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where the next to last inequality follows from g2 (y) < y? for any y. Equations (A.17), (A.18),
(A.20) and (A.21) imply limg, _, Pr (maxtke[t]ﬁHl

(0,0) , it can be chosen arbitrarily close to zero. In turn this implies that for any ¢; € [tj, fjﬂ] ) Ty,

[Tt > €)= 0. Since € is an arbitrary number in

approaches zero with probability one as x;; becomes arbitrarily small. Accordingly, the lengths 7%

of all the inattention intervals between ¢; and t;,1 approach zero with probability approaching one.

Using this result together with equation (8) and assumption (9a) implies that the discounted sum

of the observation costs Z e Pte=1) (1 — ) kb (73,) U (C (t1, 7)) approaches infinity with
t€[ts tj11]

probability approaching one.?! Accordingly, there cannot exist a § > 0, such that y° = 0 for all

xy; < 0.

This finding implies that for any § > 0 (however small), there exists a z € (0,d) such that
if z;, = 2 on observation date t;, then optimal y°(t;) < 0. Accordingly, it is possible to find
a set of positive values X' = [:1:(1),:1:(2), ...] with the properties that (i) infzex X =0, and (ii) if
ry; € X on observation date t;, then y° (t;) < 0. Now take some (™ € X. By definition, if on
observation date t¢;, xy, = 2™ then it is optimal to transfer funds from the investment to the
transactions account by setting y° (tj) < 0. Let (™) denote the associated post-transfer value of

S + (l—ax)$tj—(1—as)$*+
ince —L_gl-a _ 1 gl-a 91— Y — (™ and
Tyt Since 17aStj v (l‘tj) 1faSt;_F v ($tj)v 5 (1—-0g)+ EES e o, = ™ an
Tt = (™) we have that
J
(n) o (n) _ _ (n*) 11—«
v (2()) 2 41—,

As we have established at the beginning of the proof, it is always optimal to set 4° < 0, whenever
zy; = 0 on an observation date. Let zj denote the optimal post-transfer value of z,+ when x;, = 0.
J

Since the consumer can choose any y° < 0, optimality of ,+ requires that
J

0 (0) = 750 @) (“‘95)1_7%)1_63 L @) <<1_es>x1—7¢s>l‘°‘

1—«a x5+ 1 — s 11—« + 11—y
(A.23)
for any x > 0. However, dividing equation (A.15) by equation (A.22) implies that
l1-a
* _ 1%
20 ey (0= 7R (A20)
v (@)~ o (o) (7 gy 4 At (ogulaty '
6] « —Ug + I(n*)Jrl*’l/}s

Since infyex X =0, it is possible to take the limit as 2™ — 0 on both sides of (A.24). Using the

31'We note that it would be impossible to set c; arbitrarily close to infinity for almost all values between
t; and #;41, since this would violate the constraint X, > ttj”l e et e ds.



supposition that im )_,q ﬁv (:L‘(”)) > ﬁfu (0) and noting that o > 1 gives

11—«
* — i
. o) (=09 52

=
x(n)) ﬁ” (x(n*)) ((1 —0s) ﬁ)l_a'

1 (0) 1
1< lim —=— =
(") =0 m’l)

(A.25)

—~| <

1—
The fact that o > 1 along with equation (A.25) imply that v (z) ((1 —0s) %) © <
0 S

" -«
v (z()) ((1 —0s) ﬁm) , which contradicts (A.23). Accordingly, lim,, 0 20 (2,) =
v (0).

1
-«
The continuity of the function v in a positive neighborhood of zero, together with the theorem

of the maximum imply the continuity of ¥ in a positive neighborhood of zero. Moreover, noting
that y* <0 when z¢; = 0 implies that =0 (0) = limg, 0 ] (z,) < v (0). =

Proof of w; > 0. Since Lemma 5 implies that limxtjﬁo ﬁﬁ (xtj) < ﬁv (0), there 3T >0
st. 70 (2) < 750 (0) < $-v (z) Vo € [0,7]. Therefore,w; >Z>0. m

l1-o
Proof of wy > m;. To prove that my > w1, suppose the contrary, i.e., that m > w9,

and consider three points (X4,S54), (Xp,Sp), and (X, S¢), where X4 = mS4, (XB,SB) =

(m1S4 — (1 — ) 2%, 54 + 2*) where 2* = W;{IEMSA, which implies Xp = mSp, (X¢,Sc) =

(maSp + (1 + p) 2**, Sp — 2**) where 2** = WL{L’ZM S, which implies X = mS¢. The definition

of 7 implies that V (X 4,S4) > V (Xp,Sp) and the definition of my implies that V (Xp, Sp) >

V (X¢,Sc) sothat V (X 4,54) >V (Xe,Sc). But Sg = Sp—2** = Sp— ﬂIrJlrIjr?ﬁbSB = :?i%iiiSB

= Eﬂiﬁi Z;ﬂ:ﬁz Sy = <(,r1(ﬂlfb§?ﬁ§ﬁﬂbs) + 1) Sa > Sa, since 95 + ¢y > 0. Therefore, since
Xo = mSc and X4 = 754, we have X > X4.  Hence, since V (X, 5) is strictly increasing
in X and S, we have V (X¢c,Sc) > V (Xa,S54), which contradicts the earlier statement that
V(XA,SA) > V(Xc,Sc). |

Proof of w; < m;. We will prove this statement using a geometric argument to show that

w1y > 7 leads to a contradiction. We consider three cases: fg < 0x, 0s > 0x, and g = 0.
Suppose that w; > 7 and consider the case in which g < fx, so that in Figure 2(a) the line
through points B, C, and E, which has slope — (1 — ) %, is steeper than the line through
points C' and D, which has slope — (1 —)s). Statement 2c¢ of Proposition 1 implies that for
values of z = % less than wy, indifference curves of the value function are straight lines with slope
— (1 — 1) 11:3)5;. Therefore, V (B) = V (C) = V (E), where the notation V (J) indicates the
value of the value function evaluated at point J. The definition of m; implies that V (C') > V (D).
Therefore, V (E) > V (D), which contradicts strict monotonicity of the value function since both

X and S are larger at point D than at point E. Therefore, w; < m if g < 0x.

Suppose that w; > 7 and consider the case in which g > 0x, so that in Figure 2(b) the
line through points D and E, which has slope — (1 — ;) %, is less steep than the line through
points C' and E, which has slope — (1 —15). Statement 2c¢ of Proposition 1 implies that the line
from point D through point E is an indifference curve and all points on this indifference curve are
preferred to all points below and to the left of the indifference curve for which x < w;. In particular,



93<9X GS>9X

(1-6;)
1-6

X

slope = —(1-vy)

—_
~—

slope = -(1-y,)

Figure 2: Proof of w; < m

point F is preferred to all points below point E along the line through points £ and C. Since the
value of x at point F is higher than 7y, the fact that the value function evaluated at point F is
greater than the value function, and hence greater than the restricted value function, evaluated at
all points below point E with slope — (1 — 1)) contradicts the definition of 7. Therefore, w; < m
if g > 0x.

Suppose that w; > 71 and consider the case in which g = fx, so that in Figure 2(c) the slope
of the line through points C' and E is — (1 — 1)) % = — (1 —1)s). Statement 2c of Proposition
1 implies that for values of x = % < w1, indifference curves of the value function are straight lines
with slope — (1 — 1)) 11:3)5; so points £ and C are on the same indifference curve. Indeed, point £
yields the same value of the value function as all points below point £ on the line through points

10



FE and C. That is, for any point J below point E along the line through points £ and C with
X >0,V (E)=V(J). Since z < w; at point J, the definition of w; implies that V (J) > V (J).
Therefore, V (E) = V (J) > V (J). Since & > m at point E, the facts that for arbitrary point J
we have V (E) = V (J) and V (E) > V (J) contradict the definition of 7. Therefore, w; < m if
fs = Ox.

Putting together the cases in which 0g < 0x, s > 0x, and 0g = 6x, we have proved that
wy < . [ ]

Proof of wy> my. Use a set of arguments similar to the proof that w; < 7. =

Proof of wy< co.  We will prove that ws is finite by showing that if the investment portfolio has
zero value on an observation date, the consumer will use some of the liquid assets in the transactions
account to buy assets for the investment portfolio. ~We use proof by contradiction. That is,
suppose that time 0 is an observation date, and that at this observation date, the transactions
account has a balance Xy > 0 and the investment portfolio has a zero balance so that Sy = 0 and
x¢ is infinite. Suppose that whenever the investment portfolio has zero value on an observation
date, the consumer does not transfer any assets to the investment portfolio. Then the consumer
will simply consume from the transactions account over the infinite future, never incurring any
information costs or transactions costs. In this case, with the values of the variables denoted with
asterisks, cf, = % = xXo, ¢f =exp (—E7Et) ¢ = x X[, so X; = exp (—£Et) Xo. Equation
(16) implies that lifetime utility is

1

U* =
l1—a

o —a 1 — —a
[h (o))" X4~ = ———x Xy, (A.26)

Now consider an alternative feasible path that sets ¢; = ¢f for 0 < t < T and at time 0"
transfers to the investment portfolio any liquid assets in the transactions account that will not be
needed to finance consumption until time 7. Under this alternative policy, the present value of
consumption up to date 7" is h (T') cj+ = h (1) xXo, so

X0+ =h (T) XX(]. (AQ?)
The consumer uses (1 — 0x — xh (T)) Xy liquid assets to purchase assets in the investment port-

folio. After paying the transactions cost,

_1-0x —xh(T)

So+ = Xo. A28
o =X (A.29)

Suppose that the consumer invests the investment portfolio entirely in the riskless bond. At

time 7', the transactions account has a zero balance, and the investment portfolio is worth Sp =

1-0x—xh(T)
1+

account, so that after paying the transactions costs, the balance in the transactions account is

exp (r¢T') Xo. The consumer transfers the entire investment portfolio to the transactions

Xr+ = (1-0s) 1 ;ZZ exp (rT) [1 = 0x — xh (T)] Xo. (A.29)

11



Define P = )§(TT+ as the ratio of the transactions account balance at time 7" under this alternative
policy to the transactions account balance under the initial policy. Use equation (A.29) and
X5 =exp (—2LT) Xo, along with x = p=(=A)L ¢4 ohtain

o «

XT+ 1-— ¢s
P= —(1-6 F(T), A.30
= (=) T F (D) (A.30)
where
F(T)=exp|(ry—r)T][1 —0xexp (xT)]. (A.31)
Equation (A.30) and X} = exp (—2LT) X, implies
1 1 — s _PTTL
Xpe = (1= 05) 7 2F (T)exp ( - T> Xo (A.32)

Now choose T' to maximize F' (T'). Differentiate F' (T') and set the derivative equal to zero to obtain

exp (—Xf> = (1 X ) Ox <1, (A.33)
ry—TL

where T is the optimal value of T and the inequality follows from the assumption that x < fx
and the fact that —X— > 0.2 Use equation (A.33) to evaluate F (f) to obtain

Tf— L

TFTTL

R -1-L = _'r‘f—'r‘L
F (T) - (1 4y X > X g T (A.34)
Tf — T Tf — T

Use equation (A.33) and the definition of h (T") to obtain

xh (:F) —1- <1 to X m) Ox. (A.35)

The present value of lifetime utility under the alternative plan is

! [h (f)r [Xo+ ] + exp (—pf)

11—«

]1701

U= [1 —(1—a)kb (f)] [ (00))® [X~

11—« T

(A.36)

Substitute equations (A.27) and (A.32) into equation (A.36) and use the fact that h (oc0) = %
to obtain

U= [1 —(1—a)kb (f)} %h (T) [ X0l (A.37)
+ exp (—pf) 1 i aX*O‘ [(1 ) 1 1:/2217 (*f) exp <_P ;TLf> Xo} La.

X
32From equation (27), Ox = [(1 —0s) };ib Tf*?LJrX} = T;i;ZiX’ which implies (1 + rffm) v =

[(1 —0s) ﬂ¢} T < 1 because (1 — g

s s X X
e ————— <1 > 0, and hence < 1.

1—1ps
) 1+ Porp—rTL rE—rL+x

12



Now divide the utility under the alternative plan in equation (A.37) by the utility under the
initial plan in equation (A.26) and use the definition of x and the fact that xh (T') = 1 —exp (—x7")
to obtain

o= -0 (@] [-ew ()] o (1) [0 153

v F (f)} T Asy)

and then rearrange to obtain

pemre ([a-00 5 r ()] - [ 000 (7) (o () - 1)] ) o (7).
(A.39)

If @ < 1, utility under the alternative plan, U, will exceed U* if % > 1; if a > 1, utility

under the alternative plan, U, will exceed U* if % < 1. A sufficient condition for U to exceed U*,

regardless of whether « is less than or greater than one, is33

=09 1) P (7) > 1+ -0 () (e () -1)] 7. (a0)

Multiply both sides of equation (A.34) by (1 — fg) Lﬁrﬁi to obtain

TFTTL vy,

1 — 1)y N [ 1 —1)s X TfTL X X
[(1—95) 1+Q/)JF(T) _ [(1 HS)l‘f‘waf_?”L‘FX} (Tf_THX) 0 (A.41)

Use the definition of fx in equation (27) and the assumption that fx < fx to write equation

(A.41) as
Tf*TL

[(1—9@112{2]}”(?) - <Z:§> s (A.42)

Substitute equation (A.42) into equation (A.40) to obtain the following sufficient condition for U

to exceed U™

(Z) 7 = [ra-am(f) (on (@) -1)] (A.43)

33If o > 1, then k£ must be less than K = -1~ ————1 50 that the right hand side of equation

@=L b(T)(exp(xT)-1)

0x

-1
L (1-a)
(A.40) is defined. Since we assume that x <  in equation (28) and & = ll - (9:’() * ] R > R,

we have k < K.
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Regardless of whether « is larger or smaller than one, the condition in equation (A.43) is satisfied
if 0x < Ox and k < ®, where

(A.44)

Since fx < fx and k < R, the original plan, in which the consumer does not buy any assets in the
investment portfolio, is not optimal. m

The proof of statement 1 is now complete. =

Proof of statement 3. The proof of statement 3 follows the proof of statement 2. m

The proof of Proposition 1 is now complete. m

To prepare for the proof of Proposition 2, we state and prove the following Lemma.

Lemma 6 If C (t;,7;) < Xy, then, for sufficiently small 05 > 0, y* (t;) = 0.

Proof of Lemma 6. Consider some path for ¢;, Xy, Si, y*(t), and y°(t), t € [t;tj41], and
let ¢, X?, 89, y*0(t), and y>O(t) denote the values of these variables along this path. Suppose
that C (tj, ) < Xg, and (contrary to what is to be proved) that y*%(¢;) < 0, so that Lemma
6 implies that ¥ (¢;) = 0. Consider a deviation from y*° (¢;) < 0 that reduces —y* (¢;) to zero
so that th changes by y*° (t;) (1 — ¥s) + HXX?], and Stj increases by —y*° (¢;) + 955?]_. Since
under the deviation, th = Xy, = X?j > C(tj,75), it is feasible to maintain ¢; = ¢ for t; <
t < tj;1 and we suppose that the consumer does so. Also suppose that the consumer invests
the additional assets in the investment portfolio in the riskless bond, which pays a rate of return
ry. Thus, at the next observation date ¢;;1, the transactions account will have changed by

AX = [ysvo (t;) (1 =)+ 6 XXg_ e"t7i and the investment portfolio will have increased by A® =

[—ys’o (t;) + 4955%] e"f7i > 0, relative to the original path. The deviation at time ¢;1 depends on
the direction of the transfer along the original path at time ;4.

(1) If y*O (tj11) < 0, increase —y® (tj11) by (1 — 0s)A® | which makes the value of the invest-
ment portfolio under the deviation equal to the value under the original path. Compared to the orig-
inal path, the transactions account at time t;’H changes by £ = (1 — 0x) A% + (1 — 1b,) (1 — 65) A5,
Using the definitions of A% and A¥X implies

5 _ [_ys,O (tj)} (1 _ ws) [(1 _ 95) eTij _ (1 _ gX) 6rm'j]+(1 _ gX) QXX,%CTLT']‘—’_(:[ _ djs) (1 _ 95) 9358.6”777

which in turn implies that limgs 0 & = [~y (t;)] (1 — ¢5) [e77 — (1 — Ox) "7 ]+(1 — Ox) Ox X 727 >
0.
(2) If the consumer would not have transferred assets in either direction between the investment

portfolio and the transactions account at time ¢;1, then w; < x(t)j ., S wa. We will begin by showing

0 0 0 0 0
St'+1 St'+1 Xt-+1 X 1 Xt-+1 0 . .
that o = %o ~0 <ot | = ~0 rg 18 bounded above by a quantity that is
tj ti+1 tj tj ti+1 tj

14



finite and Ft]. — measurable. First, the fact that wq < x?j — < wo implies that $01 < w%’ which
tj+1

is finite since w; > 0. Second, X?j+1 = [(1 - OX)XtOj — (1 =) y*° (tj)] et — C (tj 1) €T so

X 0 (L)) O e

that <5+ = |(1 = Ox) — (1 —¢s) S | "7 — =2 €"F7, which is finite and F}, —measurable.
t; t; t;

0

0

X
Third, since —y*° (¢;) > 0, we know that S?j > ﬁ [—y®0(t;)] > 0, which implies that x?j = ot

=57
S92 X9
is finite; it is also Fy; — measurable. Therefore, ;ZJ L = xol < ;(JJ 1> x?j is bounded above by
tj i+l tj
X9
L [ 2+ ) 29 | which is the product of three quantities that are finite and F,, — measurable.
w1 th tj J
For sufficiently small §s > 0, the alternative path sets y*(¢;41) equal to — (1 —fg) AS +
50(¢; . Sy o .
955?].+1 :—ng {(1 —0s) [—ys—é”} eI + 0g [(1 —0s) eTfTJ—SJTJ;] } , which is negative because
s,0(+ . SO.
¥ ) 5 0 and ZU#L is bounded above by an Fy; — measurable quantity. With y® (t;;1)= —

SO SO
tj tj

(1—65)AS+ OSS?], ., the value of the investment portfolio on the alternative path equals the value
on the hypothesized optimal path. Compared to the hypothesized optimal path, the transactions

account at time t;r+1 changes by & = (1 — 0x) AX — HXXtOj+1 — (1 —s) [— (1—65) A5 + 955’&rl
Use the definitions of A and A% to obtain & = (1 — 1) [—y*° (¢;)] [(1 — 0g) €777 — (1 — Ox) "7 +
Ox [(1—0x) XD eremi — Xg.“} + (1= ) (1— 05) 0D €7 — (1 — 1by) 05SY .

Now use the fact that X,?j+1 = [(1 —0x) Xg— (1 — 1) y*° (tj)} e'tTi — C (tj15) €L to obtain
(1—-6x) Xg e — Xt0j+1 = (1 —1s) y*Y (t;) €™ + C (t;7j) €', substitute this expression into
the expression for &, and factor out Sg. to obtain

—ys0 (¢ _ _ C (tj. v . Sy,
&2 :S?j {(1 —s) { yso( ’)} [(1—0g)e™fTi —e™LTi] +60x (SJO’ J)e’“m +(1—1s) (1 —05)0ge™ ™ — (1 —1hs) 05 SJO“ )
tj tj tj

SO
ti+1
S9.

J
sy {(1 — 1) [L;g(t]’ )] (77 — €] HX—C(EaTj)e"LTf} > 0.
t]' .

Since is bounded above by a quantity that is Fy, — measurable and finite, limpy_g &2 =

tj

(3) If y*0(¢j41) > 0, the deviation depends on whether (1 —fs)A® is larger or smaller than
Y0 (Lir1). (3a) If (1—05)A%> yP0(tj41), set y® (tj41) = — (1 —05) A% + "0 (tj11) < 0 and
set y° (tj+1) = 0, so that the value of the investment portfolio at time t;—+1 is the same for the
deviation and for the original path. Compared to the original path, the transactions account at
time ¢, ; changes by & = (1 —0x) A% + (1 — o) [(1 = 05) A% — >0 (t551)] + (1 + ) y*O (tj11)
= (1 —0x) AX + (1 — tbs) (1 — 0g) A + (b5 + 1) ¥*° (tj41). Using the definitions of AX and A®,
rewrite &3 as &g = (1 —bs) [—y®0 (¢;)] [(1 — Os) €™ — (1 — Ox) e"2T] + (1 — fx) HXXtOje’”LTj +
(1= ) (1= 05) 8552 €75 + (s + 1) y*O (t541). Therefore,

Jim €= (1= 1) [=5° ()] (€777 = (1= 0x0) ™7+ (1 = ) Ox XL + (s +0) " (t501) > 0.
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(3b) If (1 - 05) A< y"0 (tj41), set y° (tj41) = y™° (tj41) — (1 — 05)A% > 0 and set y* (tj11) = 0
so that the value of the investment portfolio at time t;r+1 is the same for the deviation and for the
original path. Compared to the original path, the transactions account at time t;r+1 changes
by & = (1—0x)AX + (14+4) (1 —0s)AS.  Using the definitions of AX and A®, rewrite
Gas & = [0 ()] [(1+n) (1= 6s) €T — (1= Ox) (1 — 1h,) €7 + (1 — Ox) Ox X €7 +
(1+4) (1 = 0s) B5Sp,€"7™ . Therefore, limgg 0 & = [—y*° (;)] [(1 +p) €77 — (1 - ex)( — 1)) €L+
(1 — 9)() QxXg_erLTj > 0.

(3c) If (1 — 05)A% = y0 (t;41), set y° (tj11) = y* (tj+1) = 0. Compared to the original path,
the deviation increases St]tl by AS + QSS?]-H— y?0 (tj+1) :955?].“—# O AS =055, > 0. Com-
pared to the original path, the transactions account at time t;r_H changes by & = AX + HXX?]. at
(1+ ) 20 (tj11) = AX + c9XXt0+1 (14 1) (1 — 0s) AS. Using the definitions of AX and A%,
rewrite &5 as & = [—y*0 (¢)] [(1 + ) (1 — Og) ™7™ — (1 — 1) "L —H9XXge”LTj + c9XX,9jJr1 +
(I+s) (1 —0s) 055% "7, Therefore, limgg_0& = [—y*0 (¢;)] [(1 + p) €77 — (1 — b5) €7L77]
+9XX?je7’LTf + HXX?].+l > 0.

To summarize, we have shown that along all possible branches, the deviation leads to an un-
changed or increased value of S+ o and an increased value of X, o (because &,i =1,2,3,4,5 have
positive limits for Og approaches 0) for sufficiently small g > 0. Therefore, the hypothesized
optimal path could not have been optimal. Therefore, the optimal value of y* (¢;) =0. =

Proof of Proposition 2.  Consider some path for ¢;, Xy, St, y*(t), and y°(t), t € [t;tj41]
and let 2, X, SY. 4%0(t), and y>°(t) denote the values of these variables along this path. Sup-
pose that xy, < w; and (contrary to what is to be proved) XtOjJr]L > 0. Since k > 0, the
consumer will not continuously observe the value of the investment portfolio. That is, 7; > 0.
If z;; < w; on an observation date ¢;, then Proposition 1 implies that optimal y* (tj) < 0.

Since Xto,+ = Xtoj — (L —hs) y®O (¢ i) — HXXt , we have —y*" (tj) = ﬁ [Xto.* o Xtoj +0XX?J’ -
- 1/1 |:Xt0+ — C (t, 7)) + C (tj, 75) _Xtoj +9XXt0j]- Then use the fact that e TLTJXt(]+1 = Xtoj+ _
C (tj, ;) and Lemma 6 (which implies that since y*°(t;) < 0, C (tj,7) > X}) to deduce that

0 (t) = i [eEnXD L, (Cltym) = XD) +0xXD | > Aoeinx) L > 0. We wil

show that there exists a deviation from this choice that will increase the consumer’s expected

lifetime utility, and hence Xtoj ., > 0 cannot be optimal.

X;_—C(t]'ﬂ'j) B B_TLTjX?j+1
1—s - 1=

invests this amount in the riskless bond in the investment portfolio. ~With this deviation, the

and

Consider a deviation in which the consumer reduces —y°® (t;) by

value of the investment portfolio at time ¢;,1 will exceed its value under the original policy by

%e(rf ~7L)7% and the transactions account will have a zero balance at time Lyt

The deviation from the original path at time ¢;,; depends on whether, and in which direction,
the consumer would transfer assets between the transactions account and the investment portfolio
under the original path at that time. First, consider the case in which y®° (¢;41) < 0 so that the
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consumer transfers assets from the investment portfolio to the transactions account at time ;4.

In this case, the consumer can increase —y° (t;41) by (1 —6s) 5 ﬁle(’"f L)% which leaves the
value of the investment portfolio at time tj +1 equal to its value on the original path. Compared
to the original path, this deviation will change the balance in the transactions account at time
thy by —(1=0x) X2, + (1—0s) XD 07700 = [(1—0g) el 0)7 — (1 —0x)] XP |, which
is positive for sufficiently small g > 0. Therefore, the deviation dominates the original path in
this case when 6g > 0 is sufficiently small.

Second, consider the case in which the consumer would not make any transfers between the
investment portfolio and the transactions account at time t;1 under the original policy. Since
the consumer does not make any transfers at time t;,1, if the original path were optimal, Propo-

XO, OA
sition 1 implies that 0 < wy < —gtL < wo, which implies that S?j+1 < % In this case,
ti+1

X0
under the deviation, the consumer sets —y* (¢;11) = (1 — 0g) IZZ: elrs =T — HSS?],H. Therefore,
—y° (tjs1) > “:—fﬁe(’”f*”)fj —fj—f] Xtoj+1, which is positive for sufficiently small §g > 0. (Proposition
1 states that wy > 0 for all admissible values of 05 > 0, including 65 = 0, so that limg,_0 f}—f =0.)
With this transfer, the value of assets in the investment portfolio at time ¢ i+ will be the same under

the deviation as under the original path. Compared to the original path, this deviation will increase

the balance in the transactions account at time t3+1 by — t+1 — (I =s)y® (tj+1) = XOJ+1
(1-6s) X7, elrs=r)m — (1 — ¥s) 055y, = [(1—6s)e (rp=re)mi — 1] XP . = (1=45)0sSp,, >
((1 —0g) e(’"f LT — 1 — (1 — ) ff;) X +1> Which is positive for sufficiently small g > 0. There-

fore, the deviation dominates the original path in this case when 6g > 0 is sufficiently small.
Third, consider the case in which y*° (¢;41) > 0 so that the consumer transfers assets from the

transactions account to the investment portfolio at time ;1. Ify*° (¢;41) > (1 — fs) T 7“ (Tf*’”L)Tj,
0

X0
the deviation reduces y” (¢;41) by (1 — 0s) %Izsle(”f_”)ﬁ and sets y° (tj41) = 0, which will leave
the value of the investment portfolio at time t;_l under the deviation equal to its value on

the original path. Compared to the original path, this deviation will increase the balance in
O

Taby —(1—0x) XD+ (1+4) (1 —6s) a+1 orr—rL)T —
i(l —0s) ifi’i elrs =) — (1- HX)] XtOjH, which is positive for sufficiently small 05 > 0. There-

fore, the deviation dominates the original path in this case when fg > 0 is sufficiently small.
X0
If y*0(tj11) < (1—0g) IZZ: elrs=TL)T | the deviation sets 4’ (tj11) = 0 and sets —y° (tj41) =
0
(1—-10s) 12 ]+1 e(rs=ro)m — 400 (tj+1) > 0, which will leave the value of the investment portfo-

the transactions account at time ¢

lio at time t] 41 under the deviation equal to its value on the original path.  Compared to
the original path, this deviation will increase the balance in the transactions account at time

Je1 by = (1= 0x) XD+ (1 +0n) 30 (t11) + (1= ) | (1= Os) ’“ el — b0 (t40) | =

[(1—6g)elrr1)7 — (1 - fx)] X?Hl + (¥ + s) y*0 (¢j41), which is positive for sufficiently small
fs > 0. Therefore, the deviation dominates the original path in this case when fg is sufficiently

t
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0

X
small. Finally, if y*0 (t;11) = (1 — 0g) a+1 el"s=TL)7 | the deviation sets y° (tj41) = y° (tj41) = 0.

X0
Compared to the original path, the deviation changes St+ by %;jle(rffmm +055 " —y?0(tj41)

X0
= lt_]zzgl e(rr—rL)m 4 HSS?jJrl - (1 95’) J+1 elrs=ro)Tj = HSSt +1

+ 05172 J+1 ers=r)% > 0. Com-
pared to the original path, the deviation changes Xt, by — + GXXtO + (1 + 1) y*0 (tj41)
0

—(1—0x) X +(1+ ) (1—0s) J“ elrs =TT = [(1 — ) TEelrs =) — (1 - 6x)| X,

ti+17

t+1

which is positive for sufficiently small g 2 0.
We have shown that the deviation path dominates the original path, and hence it cannot be

optimal for X;, , to be positive. Since the optimal value of X¢, , = 0, we have x4, = 0 < wy,

.
which implies ;‘t]. +» = 0 and so on, ad infinitum. =

Proof of Lemma 2. Lemma 11 states that the optimal value of ¢; is positive.  Since
7; > 0 as a consequence of the information cost, there exists some J > 0 such that between any
two consecutive observation dates, t; and ;41 =t;+7;, Pr {e_”LTjR (tjm) > Z—f} > 6. Therefore,

X +—C(tj,7j X
Since " Xt N e"LTj i;’ ( ]77'J) < e"LTj i . xt;— < W (
tivr = St R(t;,75) S+ R(t;,75) 5,+ e "LTiR(tj ;) — e "LTiR(t;75)
J J

where the

final inequality follows from Corollary 1), Pr {xtj o < wl} > 0. Let t;, > t; be the first observation
date at which x;, < wi. Then by Williams3* (1991), p. 233, Pr{ty < oo} = 1 and E {t;} < oo.
]

Proof of Proposition 3. Lemma 2 states that eventually z;; < w; on an observation date.
Proposition 2 implies that when this event occurs, x¢, , = 0 on the next observation date and on
all subsequent observation dates, provided that fg > 0 is sufficiently small. Since the optimal

value of 7; is simply a function of z¢,, 7; will be constant when x;; becomes constant. =

Proposition 5 Let T% (t;,t) = ftt] dY* (t) < 0 denote the cumulative transfer process from the in-
vestment portfolio to the transactions account from time t; to time t € [t;,tj 1], and let T® (t;,t) =
fti dY? (t) > 0 denote the cumulative transfer process from the transactions account to the invest-
ment portfolio from time t; to timet € [t;,t;11]. We define automatic transfers as Fy, —measurable
functions T (t;,t) and T®(t;,t) that satisfy three requirements: (1) T*°(t;,t) is non-increasing
in t; (2) T®(tj,t) is non-decreasing in t; and (3) given T°(t;,t) and T°(t;,t), along with the
Fi; — measurable path of consumption from t; to tj11, Xy > 0 and Sy > 0 for any path of Py. If
the consumer can utilize automatic transfers and 0x = g = 0, then the stochastic process for xy,
1s eventually absorbed at zero and the time between consecutive observations is constant.

To prepare for the proof of Proposition 5, we first introduce some notation and then prove three
ancillary Lemmas.
Define F* (t,z;r) to be the (negative of the) future value, as of time z, of transfers from the in-

vestment portfolio to the transactions account from time ¢ until, but not including, time z. The fu-

34D. Williams (1991): “Probability Theory with Martingales,” Cambridge Mathematical Textbooks, Cam-
bridge University Press.
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ture value is computed using the discount rate r. Formally, F** (¢, z;7) = lim,, », tx er@=v)dys (v),
where dY® (v) < 0 denotes the increments of the cumulative transfer from the investment portfolio
to the transactions account (so that F* (t,z;0) = T (t,z)). We use the notation F* (¢,t";r) to
capture potential lump-sum transfers at time ¢t (F* (¢,t";7) = lim,~ 4 F® (¢, z; ), which equals y* (t)
using the notation in the baseline version of the model with transfers confined to observation dates).
Similarly, F? (t,z,r) is the future value, as of time z, of transfers from the transactions account to
the investment portfolio from time ¢ until, but not including, time z (so that F® (¢, 2;0) = T® (¢, 2)).
FP(t,t+;r) captures lump-sum transfers from the transactions account to the investment account
at time ¢t. Finally, FVC (t,z) = ftz e, F=V) dy is the future value, as of time z, of consumption
from time ¢ to z, compounded at the rate 7.

We next prove the three ancillary lemmas.

Lemma 7 Along an optimal path that includes the possibility of automatic transfers, if 0x = 0s =0
and if Xy > 0 for allt € [tj,tj11], then F* (tj,tj41,71) = 0.

Proof of Lemma 7. Assume otherwise, i.e., suppose that for an optimal path X > 0 for
all t € [tj,t;+1], and yet F*O0(¢;,t;11,71) < 0. Now consider the following deviation: Do not
transfer any assets from the investment portfolio to the transactions account until the next ob-
servation time, ¢;;1, or until the transactions account under this deviation reaches a non-positive
balance, whichever comes first. Formally, denote this time as t* = min {th,inf {t : )NQ < 0}},

where )NQ is the balance in the transactions account under this deviation. We next argue that

t* # t; and hence that t* > t;. We proceed by contradiction. Suppose, contrary to what is

to be proved, that t* = t;, so that 0 > )Nfﬁ. Since (1) Xt+ =Xy — (1 —@bs)ﬁv’s (tj,t;r;rL> —
J J

(1+¢b) FP0 (tj>t;r;TL)> (2) th > 0, and (3) j:v‘s (t]7t+

} ,TL> cannot be positive under any cir-

cumstance, Xﬁ can be nonpositive only if F®0 (tj,t;r;m> > 0. But if the original path is
J
optimal, then F?0 (tj,tj;r];) > 0 and Lemma 4 imply that F*9 (tj,tj;r];> = 0. Since Xto+ =
j
X, — (1 =) Fs0 (tj,tj;m> — (1 + afy) FOO (tj,t;—; TL), the fact that F*° (tj,tj;r,;) = 0 implies
that 0 < Xt(]+ = Xy, — (L + ) Fb0 (tj, tj; TL> < )?tj’ which contradicts 0 > )A(/t;r above. Therefore,
J

t* > tj.

Also, by construction, t* < t;; and F®0 (¢;,t*,r) < 0.3> To complete the construction of
the deviation, suppose that between ¢; and ¢t* the consumer invests the funds she would have

35To show that F*0(t;,t*,r) < 0, we proceed in steps: First, we show that F*0 (¢;,t*T,r;) < 0, by
distinguishing two cases (i) if t* = t;41, then F*0(¢;,¢*,ry) < 0 by assumption and (ii) if ¢* < ¢;11, then
X,.+ < 0. Note that if F*° (tj,t**,rL) were zero, and hence equal to Fs (tj,t**,rr) under the deviation,
then X0 = X, for all t € [t;,t*t]. But X? > 0 for all ¢ € [t;,t;41], which is inconsistent with X,.+ < 0.
Having established that F*° (¢;,t*T,ry) < 0, we next show that F*9 (t;,t*,r1) < 0. Suppose otherwise, i.e.
suppose that F*0 (t;,t*,r) = 0 so that F*9 (¢t;,t*T rp) = F*0 (¢t*,¢*T,rp). Since F*° (¢;,t*T,ry) <0, it
follows that F'*0 (£, ¢+ ) < 0. But then F&0 (t*, £+ 1) = 0 50 Xper = Xp» — (1 — thy) F (£*, 6" Fyr) —
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transferred into the transactions account in riskless bonds in the investment portfolio. At time ¢*
the consumer sets F* (t*,¢*F, rp) = Fo0 (¢* t*+ ) + F50 (tj,t*,7) < 0. From t*T to tj41, the
consumer simply follows the same transfer and consumption policies she would have followed under
the original path.

Under this deviation, the consumption process does not change between ¢; and ¢t* nor between
t**T and ¢,41, so that consumption is unchanged in [t;,¢;41]. Moreover, at time ¢**, the investment
portfolio has the same value as under the original path and since the consumer follows the same
transfer policies from t* onwards, the investment portfolio at ¢,1 is the same under the deviation
as under the original path. The transactions account changes by (1 — 1) [F*0 (t;,t*,rp) — F*0 (t;,t*,7f)] >
0 at t*T. Since the consumer follows the same transfer policies from t** onwards, the deviation in-
creases the transactions account at time ¢;,1 relative to the original path by (1 — ;) e"” (tir1=t7)
[FS’O (tj,t",rL) — Fs0 (tj,t*, rf)] > 0. Hence, the original path could not have been optimal. m

Lemma 8 Along an optimal path that includes the possibility of automatic transfers, let t = inf{t >
tj: X¢ =0} If 0x =05 =0, then X; =0 for allt >1.

Proof of Lemma 8. Suppose that there are no transactions costs (s = ¢, = 0). In that
case, the consumer can move freely and instantaneously between the investment portfolio and
the transactions account. The allocation between the investment portfolio and the transactions
account is part of an asset allocation problem with three assets: risky equity, riskless bonds paying
rf, and riskless liquid assets paying 7, < ry. In the absence of the requirement X; > 0, there
would be an arbitrage opportunity that would send the holding of riskless bonds in the investment
portfolio to infinity and the holding of the liquid assets in the transactions account to minus infinity.
Given the requirement X; > 0 and the ability to undertake costless transfers between X; and S,
the consumer would set immediately X; = 0, and then would keep X; at zero forever by setting
Fb(t,00) =0, and [ dT® = — [” cods so that F*(t,z,r) = —FVC(t,2) for any z > t; in words,
the consumer would transfer infinitesimal amounts from S; to X, as needed to finance instantaneous
consumption. Any allocation to riskless bonds would take place exclusively inside the investment
portfolio, and on observation dates the consumer would simply adjust the consumption rate.

Now introduce transactions costs so that ¥ 4+ 1, > 0. We will prove that, also in this case, it
is optimal to keep X; = 0 for ¢t > ¢. Let ¢;*, X;*, and S;* denote values of ¢;, X;, and S; along
an optimal path for ¥ +1, > 0 and t > t. Now consider the case with ¥s = ¢, = 0 and let ¢},
FVC* (), F** (), and F" () denote the values of ¢;, FVC (), F*(), and F°() in this case. In this

case, setting cf = 1_1 7a cf* is feasible. To see this, simply set ¢f = 1_1 s ¢;* and keep the observation

dates, the allocations within the investment portfolio, and the transfers between the investment
portfolio and the transactions account unchanged. Clearly the path of S; does not change. So, to
show feasibility it suffices to show that the path of X;' is non-negative. To that end, note that for

(14 1) PO (5,85 F ) = Xpo — (1 —ahy) F5 (85,6 5r) — (1+ ) FOO (8 tFyrp) > Xp = X9 > 0. So
under the deviation, X is positive both at time t* and +*T which contradicts the definition of t*.
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arbitrary 1, and 1, and any feasible consumption and transfer policies, the dynamics of X; for
t >t are characterized by

X;=—FVC (L,t) — (L —s) F* (,t57) — (1 + ) FP (E,57n) - (A.45)
For the optimal path associated with s 4 1, > 0, we have
X{* = —FVC*™ (L,t) — (1 — ) F™ (Ltsrr) — (1 + ) F™ (L t577) . (A.46)

For the alternative path, which has ¢, = ¥, = 0, we have FVC* (t,t) = ﬁFVC’** (%,1),
Fs* (¢,t;rp) = F* (§,t;r), and F** (T,t;r,) = F** (£,¢;71), which implies

1
1_1/)3

X;=- FVC*™ (i,t) — F** (L,t;rp) — F* (L,tirr) . (A.47)

Dividing equation (A.46) by 1 — v, recognizing that }J_rzi’ > 1 when 9, 4+ 1 > 0, and then using
equation (A.47) yields

1 ok 1 Kk (T _pskx (T4, o 1+Q/)b bxkx (T 4.
1_7%& =1 FVC** (t,t) — F** (,t;7L) T wSF (t.t;rr) (A.48)
< - _1 FVC*™ (t,t) — F¥* (t,t;r) — F™* (8,7 (A.49)
=X/ (A.50)

Since the original path was feasible with X;* > 0, equation (A.48) implies that X, > 17—1wth* *>0
for all t. Therefore, it is feasible to set ¢; = I%wgcf * when s = 9, = 0. Accordingly, letting V{(w‘g’w”)
denote the time- value function of the consumer when the transactions costs parameters are 15 and

1, we obtain WV{(%’%) < VE(O’O), or equivalently Vz(ws’wb) < (1 =yt VE(O’O). In words,

(1 -yt V{(O’O) provides an upper bound to Vz(ws’wb). Next observe that when v, + 1, > 0,
the policy that sets ¢f* = (1 —1s)cf, FO** (§,t;rp) = 0, and F** (¢, t;r) = F** (Lt;ry) =
—FVC**(t,t1) for all t > t keeps X; = 0 for all ¢ > ¢, is feasible, and delivers welfare equal to
(11—t VE(O’O). That is, for ¥, + ¥, > 0, this policy attains the upper bound (1 — ;)™ VE(O’O),
and hence is optimal. m

Lemma 9 Along an optimal path that includes the possibility of automatic transfers, if 0x = g =
0, and if F** (tj,tj11;7L) <0, then optimal Xy, , = 0.

Proof of Lemma 9. Lemma 7 implies that if F* (t;,¢;11;77) <0, then ¢ = inf{t > ¢; : X; =
0} < tj41. Then, Lemma 8 implies that X; = 0 for all ¢ > %, so that in particular, Xij+1=0. =

Proof of Proposition 5. The arguments of Lemma 2, appropriately adjusted for automatic
transfers, imply that if along an optimal path z;, becomes smaller than some number €2; > 0 on
some observation date t;, then C (t;,t;41) > Xy;, which requires F'* (¢;,t;11;7) < 0. Accordingly
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Lemma 9 implies Xy, , = 0, which implies z; = 0 for all # > ¢; 1 (by Lemma 8) so that in particular
i =0 for all £ > 1.
Next we argue that eventually there will exist some k > 1, such that z;; , < ;. We start

€Tt

by observing that in the presence of automatic transfers Xy, , is Fy, — measurable.?® Lemmas 7
and 8 imply that as long as Xy, , > 0, it follows that F'** (t;,t;41;71) = 0, which, together with
the fact that consumption and transfers from the transactions account to the investment account

are both non-negative, implies that X, < ™%Xy, and S;,,, > Sy, R(tj,7;). Accordingly,

o th+l eTLTth,
xthrl - Sij+1 — Sth(tj,Tj
Taking expectations as of time t; gives, Fy, logzy,,, < logxs, + 7 — Ey, log R (t5,7;) . We next

5 = xtj%. Taking logs gives logzy,,, <logxy; + 7 —log R (t;,75) .

observe that —Ey; log R (t;,7;) < maxy. e[o,1] {—Etj log R (t;, Tj)} = —r7;.37 Accordingly, log Ty is
bounded above by a random walk with drift r;, —ry, which is strictly negative. Since a random walk
with negative drift eventually becomes smaller than any finite number (and in particular log ;)
with probability one, there will exist a k, such that z;,_, < €2;. Therefore, as discussed above,
kan = 0 for all n > 1.

Since the optimal value of 7; is simply a function of x;, and z;; eventually becomes constant

Tt

(namely, zero), the inattention intervals 7; will eventually become constant. m
The following lemma proves that although x; is eventually absorbed at zero, this absorption
need not occur immediately.

Lemma 10 Suppose that we allow automatic transfers, Ox = 05 =0, and xy; is sufficiently large.
Then optimal X+ > 0 so that xy is not immediately absorbed at zero.
J

Proof of Lemma 10. Let X} be the value of X; along the hypothesized optimal path, and
suppose, contrary to what is to be proved, that Xf+ = 0, which implies that F0 (tj,tj,m> =

J
0

X . . *
sz and F*0(t;,t,ry) = —%&Z’t) for t > t;. Define 7* such that %e(”_”)T = 1 and

note that for 0 < 7% < 7% any dollar transferred from the transactions account to the in-
vestment portfolio at time ¢; and invested in the riskless bond and then transferred back to
the transactions account at time t; 4+ 7% will be worth less at time ¢; + 7* than a dollar sim-
ply left in the transactions account from ¢; to t; + 7**.  Now let 7°** be a positive number
less than min {t;1 —t;,7*} that is small enough that e "7 FVC (t;,t; + ") < Xg. Con-

. : b o+ XP e LT RV Ot A )
sider an alternative path that sets F' (tj,tj ,TL) = > 0 and does

1+

36Since any transfers from the investment portfolio must be F;, —measurable, and feasible, these transfers
will not be financed from the risky holdings in the investment portfolio.
92 [7Etj log R(t; ,Tj)]
(96;)*

2
Ey, {W]ﬁ) [P;;—: —erf‘rj:| } > 0. Hence the maximum value of —FE; log R (t;,7;) for ¢; € [0,1] is

3"Note that —FE; logR(t;,7;) is a convex function of ¢;, since

attained either when ¢; = 0, or when ¢; = 1. When ¢; = 0, — Ej, log R (tj,7;) = —rs7;, whereas when
¢; =1, =B, log R(tj,7j) = — (u — "—;) 7j. Given the maintained assumption (u — "—;) > ry, it follows
that maxg e[o,1) {—Ei,logR(tj, 1)} = —rs7;.

22



not change any other transfers from the transactions account to the investment portfolio so that

FP(t;,t,0) = F*0(¢;,¢,0) — e Fﬁi(:j’tﬁrm) for t > tj. In addition, the alternative path
sets F* (tj,t; + 7%, ) = 0 and then maintains F* (t; + 7% t,r) = F*0 (t; + 7% t,rp) for all

t € (tj+ 7", tj11). Suppose that any changes in the size of the investment portfolio affect only

the amount invested in riskless bonds. Relative to the originally hypothesized optimal path, the
alternative path changes Sy« by A5 = —eTfT***e_”LT***%W — F*0 (t,t; + 77, 1),
where the first term reflects the reduction in Sthr.,*** arising from the reduced transfer into the
investment portfolio at time ¢; and the second term reflects the fact that the consumer does not
need to transfer assets from the investment portfolio to the transactions account to finance the

original path of consumption until ¢; + 7°**.  Relative to the originally hypothesized optimal

path, the alternative path changes X i+ by AX = (1+1y) [GTLT Fvc(tj’thrT***)] et 4

1+
(1 —1ps) 59 (tj,t; + 7%, r1), where the first term reflects the increase in Xy 4 -+ arising from
the reduction in the transfer out of the transactions account at time ¢; and the second term re-
flects the reduction in transfers into the transactions account between t; and t; + 7.  Use
the fact that —F*0(t;,t; + 7% rp) > —F%0 (t;,t; + 7%, rp) = %ﬁjf) to obtain AS >
e L) VG D) [ qoe )7 | LVt > psinee
b —YPs

e e T+ =0
T > 7% Observe that AX = FVC (tj,t; + 7)) + (1 — ) F*0 (¢;,¢; + 7***,r) = 0. Since

A% >0 and AX =0, the original path could not be optimal. Therefore, optimal X 4 >0 =
J

Proposition 6 DefineV (0, St 1/)5) as the value function, for a given value of the transactions cost
parameter g, on observation date t; when (Xt].,St].) = (O,Stj), and define m (1s) as the optimal
return value of x,+ for xy, <wi. Suppose that Og is sufficiently small that for any admissible value

of s, if x; <wi "on observation date tj, then on all subsequent observation dates xy; , = 0. Then
1.V (0,5,5s) = (1= 4s) "V (0,530 .
2. The optimal observation dates t, =t; + (k — j) 7", for k > j, are invariant to 1.

3. m (1/15) = (1 - 1/15) US| (0) .

Proof of Proposition 6. Suppose that s = 0 and let {Sf}ifjo be the path of the Sy
under the optimal policy starting from observation date t; when the consumer observes X;, = 0 and
St; = S;"j. Let 7* be the constant optimal interval of time between consecutive observations so that
observation date t, = t; + (k — j) 7", for k > j. For any observation date t; > ¢;, the transactions
account balance will be X;, = 0, and immediately after each observation date the transactions
account balance will be th = Xt*g = 1 (0) St*Z Since 0 = X7, = e (X:;: -C (tk,r*)), we
have C' (tg, 7%) = Xt}

Now let 1 take an arbitrary admissible value and suppose that the consumer continues to
observe the value of the investment portfolio on dates t;, =t; 4 (k — j) 7%, for £ > j, and maintains

the same path of Sy, i.e., that Sy = S} for ¢t > ¢;. Since the consumer will make the same transfers
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out of the investment portfolio as in the initial case with 1, = 0, a feasible path of the transaction
account balance immediately after each observation date would be th+ = (1 —1s) X:Z” which
supports a feasible path of consumption of C (¢, 7*) = (1 — 1) Xt*j Therefore, V (0, Stj;l/)s) >
(1= ) "V (0,8;0).

A similar argument starting with an arbitrary admissible value of 1, less than one implies
V (0,8,;0) > (Tgbs)lfav(o,stj;ws). Therefore, V (0, S,;¢55) > (1—1,) "V (0,5,,;0) >
V (0, Sy,3%5), which implies V (0, Sy,315) = (1 —5)'"*V (0,5;,;0) (statement 1). We showed
that by maintaining the same observation dates when v is positive as when 1, = 0 allows a path
of consumption that achieves V' (07 Stj;l/Js) >(1- @bs)l*a \% (O, Stj;O) =V (07 Stj;l/}s). Similarly,
by maintaining the same observation dates when s = 0 as when 5 is positive allows a path

-«
of consumption that achieves V' (07 Stj;O) > ﬁ \% (O,Stj;¢s) =V (07 Stj;O). Therefore,
we have proven statement 2. For any observation date t;, > t;, Tpp = T (s).  Therefore,
X4 (=)Xry
T (Ys) = 5% = ——= = (1 = ¥s) m1 (0), which proves statement 3. m
tk t;l’
Proof of Proposition 4. At each observation date t; the consumer chooses the share

¢; of the investment portfolio to allocate to equity to maximize E, {V (Xt]. 105t +1)} subject to
the constraints 0 < ¢; < 1. Using equations (2) and (3), we can write the Lagrangian for this

constrained maximization as
Pt' TET
Ej:Etj {V (Xtﬂl,gbjﬁst;r + (1 —¢;)e JSt;r>} + (5]'Stj+§bj + VjStj (1—9y) (A.51)
J

where 0;5,+ > 0 is the Lagrange multiplier on the constraint ¢; > 0 and v;S5,+ > 0 is the Lagrange
J
multiplier on the constraint ¢; < 1. Differentiating the Lagrangian in equation (A.51) with respect
to ¢;, setting the derivative equal to zero, and then dividing both sides by S,+ yields
J

P, .
Ey, {VS (th+1aStj+1) (% - 6rfT]>} = vj — 0j. (A.52)

t
Next, we prove the following lemma.
Lemma 11 ¢; > 0 and §; = 0.

Proof. of Lemma 11.  We will proceed by contradiction. Suppose that ¢; = 0, which

implies that v; = 0 and that Sy, is known at time ¢;.  Therefore, equation (A.52) can be

P,.
written as Vg (th+1,Stj+1) Ey, {(;;Tj — eﬁ”’a‘)} = —0; < 0, which is a contradiction because

Vs (th+175tj+1)

P,
> 0 and, by assumption, the expected equity premium, {(;;—:r — eTfTJ') }, is
positive. Therefore, ¢; must be positive, which implies /; =0. m ’

To replace the marginal valuation of the investment portfolio, Vg (th 10 St +1), by a function
of the marginal utility of consumption, first use the definition of the marginal rate of substitution
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m (l‘t]._H) to obtain
Vs (th+1,Stj+1) =m (33tj+1) Vx (th+1vstj+1) : (A.53)

Then use the envelope theorem to obtain

Vi (X015 S500) = [1= (Lyoynym0)  Twrteonen ) 0x| (L= (1= @) kb (701)) U’ (C (t41,7541))
(A.54)
which implies that Vx (th 1105t +1), the increase in expected lifetime utility made possible by a
one-dollar increase in Xy, ,, equals the increase in utility that would accompany an increase of
1-— (l{yb(t]‘+1)>0} + 1{ys(tj+1)<0}> Ox dollars in C (tj11,7j41). That is, if the consumer transfers
assets between the investment portfolio and the transactions account at time ¢;;1, a one-dollar
increase in Xy, , would allow C (41, 7;41) to increase by 1 —60x dollars; otherwise, C (t;j41,7j41)
can increase by one dollar. Differentiate equation (16) with respect to C' (¢, 7;) and use equation
(**) in footnote 17 to obtain
U'(C (tj, 7)) = . (A.55)
J

Substitute equation (A.54) into equation (A.53) and use equation (A.55) to obtain

Vs (th+1’Stj+1) =m (33tj+1) [1 - (l{yb(tj+1)>0} + l{ys(tj+1)<0}> QX} (1= (1 —a)rb(7j41)) Ct_;rjl

(A.56)

Substituting the right hand side of equation (A.56) for Vs (Xy,,,,S,.,) in equation (A.52) and

using Lemma 11 to set J; = 0 yields

J+10 Pt

o (B _
Etj {m ($tj+l) |:1 — (1{yb(tj+1)>0} + 1{ys(tj+1)<0}> 0){] (1 — (1 — a) Kb (Tj+1)) ct;_jl <ﬁ _ 67"ng> } =vj.
(A.57)
In standard models without information costs and transfer costs, and without the constraints

0 < ¢; <1, the corresponding Euler equation, which is widely used in financial economics, is

E, {cso‘ <E - erf(St)>} =0 for s >t. (A.58)
Py

In general, the Euler equation in the presence of information costs and transactions costs in
equation (A.57) differs from the standard Euler equation in equation (A.58) in five ways: (1)
the Euler equation in equation (A.57) contains the Lagrange multiplier on the constraint ¢; <
1 but this Lagrange multiplier does not appear in the standard Euler equation; (2) the Euler
equation in equation (A.57) contains the marginal rate of substitution m (l‘tj +1)7 which is a random
variable, but this marginal rate of substitution is absent (or implicitly equal to a constant) in
the standard Euler equation;®® (3) the Euler equation in equation (A.57) contains the term 1 —
(1 {0 (t;11)>0} + Lyys(t;41)<0} ) Ox, which reflects the additional fixed transfer cost associated with

381f assets could be transferred without any resource costs (i.e., if x = s = ¥s = 1 = 0), then
m (z4,) =1 at all observation dates, and hence can be eliminated from equation (A.57).

25



having an additional dollar in the transactions account; (4) the Euler equation in equation (A.57)
contains the term 1 — (1 — «) kb (7j41), which reflects the utility cost of the next observation; and
(5) in the presence of information costs, the Euler equation holds only for rates of return between
observation dates, whereas the Euler equation in the standard case holds for rates of return between
any arbitrary pair of dates because all dates are observation dates in the standard case. We show
that in the long run in an interesting special case, the first four of these differences disappear.
Before showing this result, we prove the following lemma.

Lemma 12 Suppose that 0g is sufficiently small, in the sense described in the proof of Proposition
2. Ifxy; <wi, then (i) ¢; <1 if a > L and (i3) ¢; =1 if a < ”;;f.

o2

Proof of Lemma 12. Proposition 2 implies that if z;; < 7, then z;; , = 0. The
optimal value of ¢;, 0 < ¢; < 1, maximizes E, {V (XtHl,Sth)} = mEt] {St]+1 (0 )}, which

Pt+7’

l1-o
is equivalent to maximizing ¢ (¢;; ) = 1 ~E [qu + (1 —¢5) eTij] } Define o* such

that argmaxg; ¢ (¢;;a*) = 1 and note that ¢ ( ;) = 0.
Differentiating the definition of ¢ (¢;; ) with respect to ¢; and setting ¢; = 1 yields

P\ 0 | Piry)
" (1: = F,. — —e"fTi E, _ g .
? (L) tj{( P, ) ‘ K < P,

Use the fact that Tj is lognormal to obtain
J

¢ (1;a) = exp [(1 —a) <u — %a02> TJ} — "7 exp [—a (u - % (—a—1) 02> TJ} .

Further rearrangement yields

¢ (1;a) = exp K—au +rp— %a (1-a) 02) Tj] x [exp ((u — 1) 73) — exp (a0’7;)]

which implies that
/(1. < > ok __ 2
¢ (La)zs0asaza” =(u—ry)/o
Differentiate ¢ (¢;; ) twice with respect to ¢; to obtain

" t]+7—] reT —od Ptj-f—T]' e 2
¢ (dj50) = —aky; 4 ¢ +(1—¢;)em -5 ¢ <0,
j t;

which implies that ¢ (¢;; @) is concave. If a > a*, then ¢’ (1;a) < 0, so the concavity of ¢ (¢;; @)

implies that the optimal value of ¢; is less than one and the Lagrange multiplier on the constraint
¢; <lisv; =0. If a < a* then ¢'(1;a) > 0, so the concavity of ¢ (¢;;c) implies that the
optimal value of ¢; equals one. If o < o, the Lagrange multiplier on the constraint ¢; < 1 is
v;>0. =
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Suppose that g is sufficiently small so that in the long run, the stochastic process for xy;

is absorbed at zero. Lemma 12 implies that if the coefficient of relative risk aversion a ex-
£ ;; L then in the long run the constraint ¢; < 1 does not bind, and hence v; = 0. In

this case, the first of the five differences between the Euler equation in equation (A.57) and the
standard Euler equation disappears. In addition, in the long run z;; = 0 on each observation

date t; so (1) m (z,) = (1— 1) % on each observation date, (2) the consumer sells assets

ceeds

from the investment portfolio on each observation date so 1 — <1 { b +1 Ox =
yt].+1>0} {y§j+1<0}

1 — 0x on each observation date, and (3) the time between consecutive observations is constant so
1 — (1 — ) kb(Tj41) is constant. Using the fact that v; = 0 and dividing both sides of equation
(A.57) by (1 —1s) (1 —0s) (1 — (1 —a)kb(7j41)), proves proposition 4. =
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