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A. Mathematical Preliminaries

This section derives some mathematical results that we use for the main proofs. This is a

technical section that can be skipped.

A.1. Dispersion of Random Variables

We repeatedly use the “dispersive order” for random variables to show that IC constraints bind.
Shaked and Shanthikumar (2007, Section 3.B) provide an excellent summary of known facts
about this concept. This section provides a self-contained guide of the relevant results for our
paper, as well as proving some new results. We extend results from Landsberger and Meilijson
(1994), who use relative dispersion in another economic setting.

We commence by defining the notion of relative dispersion. Let X and Y denote two random
variables with cumulative distribution functions F' and G and corresponding right continuous
inverses F'~! and G™'. X is said to be less dispersed than Y if and only if F~!(8) — F! (a) <
G71(B) — G7! (a) whenever 0 < a < 3 < 1. This concept is location-free: X is less dispersed
than Y if and only if it is less dispersed than Y + z, for any real constant z.

A basic property is the following result (Shaked and Shanthikumar (2007), p.151):

Lemma 2 Let X be a random variable and f, h be functions such that 0 < f(y) — f(z) <
h(y) — h(x) whenever x <vy. Then f(X) is less dispersed than h (X).

This result is intuitive: h magnifies differences to a greater extent than f, leading to more

dispersion. We will also use the next two comparison lemmas.

Lemma 3 Assume that X is less dispersed than'Y and let f denote a weakly increasing func-

tion, h a weakly increasing concave function, and ¢ a weakly increasing convex function. Then:

Proof. The first statement comes directly from Shaked and Shanthikumar (2007), Theorem
3.B.2, which itself is taken from Landsberger and Meilijson (1994). The second statement is
derived from the first, applied to X = —X, Y = Y, ]?(x) =—f(—x),h(z)=—¢(—x). It can
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be verified directly (or via consulting Shaked and Shanthikumar (2007), Theorem 3.B.6) that
X is less dispersed than Y. In addition, E [f ()A()} > E [f (?)] Thus, E [h (f ()?))] >
E[h(f(?)ﬂ.SM%ﬁnmmgh(f(X)>z—wﬂfLXDymMsELﬂﬁU(X»]ZEH—¢U%Y»]
[ |

Lemma 3 is intuitive: if E[f (X)] > (<)E[f (Y)], applying a concave (convex) function
should maintain the inequality. In addition, if E [X] = E [Y], Lemma 3 implies that X second-
order stochastically dominates Y. Hence, relative dispersion is a stronger concept than second-
order stochastic dominance.

Lemma 3 allows us to prove Lemma 4 below, which states that the NIARA property of a

utility function is preserved by adding a log-concave random variable to its argument.

Lemma 4 Let u denote a utility function with NIARA and Y a log-concave random variable.
Then, the utility function u defined by u (x) = E[u (z +Y')| exhibits NIARA.

Proof. Consider two constants a < b and a lottery Z independent from Y. Let C, and C} be
the certainty equivalents of Z with respect to utility function u and evaluated at points a and
b respectively, i.e. defined by

Ga+C)=Eu(a+2)], ab+C)=Eub+2).

u exhibits NIARA if and only if C, < (), i.e. the certainty equivalent increases with
wealth. To prove that C, < C}, we make three observations. First, since u exhibits NIARA,
there exists an increasing concave function h such that u(a+x) = h(u(b+ x)) for all x.
Second, because Y is log-concave, Y + (), is less dispersed than Y + Z by Theorem 3.B.7 of
Shaked and Shanthikumar (2007). Third, by definition of C}, and the independence of Y and
Z,wehave E[u(b+Y + C,)] =E[u(b+Y + Z)]. Hence, we can apply Lemma 3, which yields
Eh(u(®+Y +Cy)] > ER(ub+Y + 2)), ie.

Eula+Y +Cy)] >E[u(a+Y +2Z)]=Eu(a+Y + C,)] by definition of C,.
Thus we have C, > C, as required. m

A.2. Subderivatives

Since we cannot assume that the optimal contract is differentiable, we use the notion of subderiv-
atives to allow for quasi first-order conditions in all cases. This concept is related to Krishna

and Maenner’s (2001) use of the subgradient, although the applications are quite different.

Definition 1 For a point x and function f defined in a left neighborhood of x, we define the
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subderivative of f at x as:

d , (@) = ()
—f = =1 f——r =
g = /- (@) = liminf == —
This notion will prove useful since f’ (x) is well-defined for all functions f (with perhaps
infinite values). We take limits “from below,” as we will often apply the subderivative at the
highest feasible effort level a. If f is left-differentiable at x, then f’ (z) = f (z).

We use the following Lemma to allow us to integrate inequalities with subderivatives.

Lemma 5 Assume that, over an interval I: (i) f' (z) > j(x) Y z, for an continuous function

j (z) and (ii) there is a C' function h such that f + h is nondecreasing. Then, for two points
a<binl, f(b)— f(a)> ['](z)da.

Proof. We thank Chris Evans for suggesting the proof strategy for this Lemma. We assume
a < b.
We first prove the Lemma when j(x) = 0V z. For a positive integer n, define k, =

(b — a) /n, and the function r,(x) as

f@=fazkn) g1 7 € la + k., b]
() = kn
0 for x € [a,a + ky,).

We have for = € (a,b], liminf, . 7, (x) > liminf, |, M > 0.

Define I,, = fab T, (z) dx. As f+h isnondecreasing and k is C", f(w)_i(m_k'L) > “h@th(a—kn)

n n

—supy, I (). Therefore, 7, (z) > min (0, —supy, ; &' (x)) V 2. Hence we can apply Fatou’s

lemma, which shows:

b b
liminf /,, = lim inf/ rn (x) de > / liminf r, (z)dx > 0.

n—oo n—oo n—oo

Next, observe that I, = fab+k F@=f@=kn) g0 consists of telescoping sums, so:

kn
b a+k
f () / " f(z)
I, = —dx — —
n T dx ) e dx

PR VR g (U (0

o x=f(b)— f(a) — B, — A,.

= f(b) = f(a) -

b_k?n kn

We first minorize A,. From condition (ii) of the Lemma, for any ¢ > 0, there is an 7 > 0,
such that for = € [a,a + 7], f () — f (a) > —e. For n large enough such that k,, <,

a+kn _ atkn __
e [T ey
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and so liminf, .. A, > 0.
We next minorize B,. Since f’ (b) > 0 for every ¢ > 0, there exists a § > 0 s.t. for
x €[b—20,b, (f(b)— f(x))/(b—x)> —e. Therefore, for n sufficiently large so that k, <9,

T = —c—,

5 - [ f(b)—f(x)dxz/b (—8)éb—x)d /,;

b—knp, kn

and so liminf, .. B, > 0.
—f

B
Finally, since f (b) (a) = I, + A, + B, we have

f ) — f(a) =liminf (I, + A, + B,) > liminf I,, + liminf A, + liminf B,, > 0.
We now prove the general case. Define F (z) = f(x) — [ j(t)dt. Then, F’ (z) > 0. By
the above result, F'(b) — F'(a) > 0. =
Condition (ii) prevents f (z) from exhibiting discontinuous downwards jumps, which would
prevent integration.?

The following Lemma is the chain rule for subderivatives.

Lemma 6 Let x be a real number and f be a function defined in a left neighborhood of x.
Suppose that function h is differentiable at f (x), with b’ (f (x)) > 0. Then, (ho f) (z) =
W (f () f2 ().

Proof. Let (y,) T = be a sequence such that

We can further assume that lim,, ., f(y,) exists (if not, then we can choose a subsequence
Yn,. such that limp, oo f(yn,) exists and replace yn by yn, ).
If lim,, o f(yn) = f(z), then,

ho f(x)—ho f(y)

(ho f) (x) = liminf

ylz r—y
< limhof(x)_hof(yn)
ynlz T — Yn

f(x)=hof(ys) f(x) = f(yn)
iz f(z) = [(yn) T = Yn

If lim,, o0 f(yn) < f(z), then f’ () = oo, since I’ (f (x)) > 0, we still have (ho f) (z) <
WS () 2 ().

WFor example, f (z) = 1{z < 0} satisfies condition (i) as f’ () = 0 V x, but violates both condition (ii)
and the conclusion of the Lemma, as f(—1) > f (1).
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Iflim,, oo f(yn) > f(2), then (ho f) (x) < limy, 1, hofw)=hojlun) — _ 6, hence (ho f) (z) <

T—Yn
W (f (@) fL ().
On the other hand, suppose (3,) T = be a sequence such that

by hof(x) —ho f(da)
(o f)- () =lim T~ Gn ’

and that lim,, . f(9,) exists. If lim,, .o f(9,) = f(x), Then,

(ho f) (x) = tim 12 S @) =10 J ()

nlx T — Yn

— lim ho f(x)—ho f(§s) f(x) = f(§n)
gnie  f(x) = f(gn) T = in

— lim hof(l’)—hof(g]n) lim f(l')_f(ﬁn)
gie  f(@) = f(gn)  Gule T —n

hof(z)—hof(gn)

I—Qn

hof(z)—hof(gn)

F@—F(om) guarantees the ex-

Note that the existence of limg, 1,
istence of limy, 1, %ﬁiy”)

If limy, oo f () < f(), then (ho f)_ (z) = 00 > I (f (x)) f_ ().

If lim,, oo f(Un) > f(z), then f () < limy, 1, %ﬁ’") = —00 < (ho f)" (x). Therefore,
(ho /)_(z) =h'(f (2)) f. (2). w

In general, subderivatives typically follow the usual rules of calculus, with inequalities in-

and hmgn 1z

stead of equalities. One example is below.

Lemma 7 Letx be a real number and f, h be functions defined in a left neighborhood of x. Then
(f +h) (x)> f (x)+h" (x). When h is differentiable at x, then (f + h)" (x) = f (z)+h' (z).

Proof. We use

(F+ 1) (2) = timing LB A = F W) —h () :hminf<f(fﬂ)—f(y) +h(l’)—h(y)>

ylz T—y ylz r—y r—vy
> liming L) = W) + lim ing ) =P W) _ fl(x) +h_(x).
ylz =y ylz r—y
When h is differentiable at x,
/ o f(x)_f(y) . h(x)_h(y) / /
h =1 fe——">—= 41 = h
(F +1) (o) = timyint HO Lty 2 g @) 41 ()
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B. Proofs

Throughout these proofs, we use tildes to denote random variables. For example, 77 is the
noise viewed as a random variable and 7 is a particular noise realization. E [f (77)] denotes the

expectation over all realizations of 77 and E [f(?])} denotes the expectation over all realizations

of both x and a stochastic function ]7

Proof of Theorem 1

Roadmap. We divide the proof in three parts. The first part shows that messages are
redundant, so that we can restrict the analysis to contracts without messages. The second part
proves the theorem considering only deterministic contracts and assuming that aj < @ V ¢. This
case requires weaker assumptions (see Remark 1). The third part, which is significantly more
complex, rules out randomized contracts and allows for the target effort to be the maximum a.

Both these extensions require the concepts of subderivatives and dispersion from Appendix A.

1). Redundancy of Messages

In general, the contract can depend not only on the observed signals, but also messages
M; sent by the agent to the principal regarding the noise. The contract is now given by
c(ry,...,rp, My, ..., Mr), and the agent’s policy is now (a, M) = (aq, ...,ar, My, ..., Mr). Let r
denote the vector (rq, ..., 7r) and define 7 and a analogously. Define g (a) = g (a1) +...+¢ (ar).
Let Vi (rm) = v (¢(r,n)) denote the felicity given by a message-dependent contract if the
agent reports 1 and the realized signals are r. Under the revelation principle, we can restrict
the analysis to mechanisms that induce the agent to truthfully report the noise 7. The incentive

compatibility (IC) constraint is that the agent exerts effort a and reports n = n:
v v Ya, B lu (Ve n+a@)—g@)| <Elu(Vum+asm-g@)] 63

The principal’s problem is to minimize expected pay E [v_l (VM (n + a*, ﬁ))}, subject to
the IC constraint (33), and the agent’s individual rationality (IR) constraint

B [u (T/M (7 +a",7) —g(a*))] > u. (34)

Since r = r* = a*+n on the equilibrium path, the message-dependent contract is equivalent
to Vi (r,r — a*). We consider replacing this with a new contract V' (r), which only depends on
the realized signal and not on any messages, and yields the same felicity as the corresponding

message-dependent contract. Thus, the felicity it gives is defined by:

V(r)="Vy(r,r—a"). (35)
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The IC and IR constraints for the new contract are given by:

v, Va, E [u (v (r) - g(a))} <E [u (V (r*) —g(a*))} , (36)
Blu(V@)-g@))] >u (37)

If the agent reports 7 # m, he must take action a such that p+a =n+a*. Substituting
n = m+a—a* into (33) and (34) indeed yields (36) and (37) above. Thus, the IC and IR
constraints of the new contract are satisfied. Moreover, the new contract costs exactly the
same as the old contract, since it yields the same felicity by (35). Hence, the new contract
1% (r) induces incentive compatibility and participation at the same cost as the initial contract
17M (r,m) with messages, and so messages are not useful. The intuition is that a* is always

exerted, so the principal can already infer n from the signal r without requiring messages.

2). Deterministic Contracts, in the case af <a V¥ t

We will prove the Theorem by induction on 7.

2a). Case T = 1. Dropping the time subscript for brevity, the incentive compatibility (IC)

constraint is:

vn,Va: Via+n)—g(a) <V(a" +n)—g(a’) (38)
Fix a* € (a,a) and r € (a* +n,a" + ﬁ), and consider some 7’. We pick a,a’,n,n’ such that:
r=a"+n r=a+n
r=d+n r=a+1

i.e., pick
n=r—a" a=a"+1r —r
n/:r/_a* a =a" +r—1r
This implies n € (n,7). Also, by continuity of the function ' + (a,a’,7’), there is a
e > 0 such that V' € (r —¢,7 +¢), a,a’ € (a,a) and 1’ € (n,7). From now on, consider only
" € (r—e,r+¢). We can apply equation (38) to (a,n) and then to (a’,7’). This gives

V(') —gla”+r' —r) <V (r) —g(a’)

and then
V(r)=g@ +r—7r)<V(')—g(a).

Hence,
gl@)—g@ +r'=r) <V () -V (@) <gla+r—r)—g(a). (39)
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We first consider r > /. Dividing through by r — 7’ yields:

gl@)—gla+7—1) _ V)=V _ gl +7—1)—g(a)
r—r - r—r - r—r '

(40)

Taking the limit ' T r, the first and third terms of (40) converge to ¢’ (a*). Therefore, the left
derivative Vi, (r) exists, and equals ¢’ (a*). Second, consider r < r’. Dividing (39) through by

/

r —r', and taking the limit r* | r shows that the right derivative V; ,,

g (a*). Therefore,

(r) exists, and equals

Vi(r)=4g'(a"). (41)

t21, we can integrate to obtain, for some integration constant K:

Since r has interval suppor
Vir)y=¢(a")r+ K. (42)

2b). If the Theorem holds for T, it holds for T + 1. This part is as in the main text.

Note that the above proof (for deterministic contracts where a; < @) does not require log-
concavity of 7, nor that u satisfies NIJARA. This is because formula (6) is satisfied by all an
incentive contracts for signals (r;),_, , in XI; <Qt +a;,m, + a;‘), i.e. that are almost surely
observed if the agent follows the recommended policy. These assumptions are only required for
the general proof, where other contracts (e.g. randomized ones) are also incentive compatible,

to show that they are costlier than contract (6).

3). General Proof
We no longer restrict a; to be in the interior of A, and allow for randomized contracts. We

wish to prove the following statement > by induction on integer 7

Statement Y. Consider a utility function u with NIARA, independent random variables
T1, ..., where 1o, ..., 77 are log-concave, and a sequence of nonnegative numbers ¢' (a3), ..., g (ak).
Consider the set of (potentially randomized) contracts 1% (r1,...,r7) such that (i) E [u <‘7 (T1yeeny ?ﬂ)] >
w; (i)Yt =1.T,

d (> ~ ~ ~ ~ 1o N Y~ ~ ~ ~ ~
e E [u (V (1, ..., T + £, ...,TT)> | 71, ..,rt} o > g (af) E [u (V (71, ey Ty ...,T’T)> | 71, -, rt}
(43)

and (1)) Vt=1...T, E [u (‘7 (71, .., T, ...,'FT)) | 71, ..,'Ft] is nondecreasing in 7.

In this set, for any increasing and convex cost function ¢, E[¢ (V (71, ...,77))] is minimized
with contract: VO (ry,...,rp) = Zthl g (a7)ry + K, where K is a constant that makes the
participation constraint (i) bind.

Condition (ii) is the local IC constraint, for deviations from below.

2IThe model could be extended to allowing non-interval support: if the domain of r was a union of disjoint
intervals, we would have a different integration constant K for each interval.
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We first consider the case of deterministic contracts, and then show that randomized con-
tracts are costlier. We use the notation E; [-] = E[- | 71, ..., 7¢] to denote the expectation based

on time-t information.

3a). Deterministic Contracts

The key difference from the proof in 1) is that we now must allow for af = a@.

3ai). Proof of Statement X when T = 1.
43) becomes L w (V (r+¢)),_, > ¢ (a¥) ' (V (r)). Applying Lemma 6 to h = u~" yields:
( de — le=0 = 9 (41 ymng Yy

Vi(r) =g (a%). (44)

It is intuitive that (44) should bind, as this minimizes the variability in the agent’s pay
and thus constitutes efficient risk-sharing. We now prove that this is indeed the case; to
simplify exposition, we normalize g (a*) = 0 w.l.o.g.?? If constraint (44) binds, the contract is
VO(r) = ¢ (a*)r + K, where K satisfies E[u (¢’ (a*)r + K)] = u. We wish to show that any
other contract V' (r) that satisfies (44) is weaklier costlier.

By assumption (iii) in Statement 3, V' is nondecreasing. We can therefore apply Lemma 5
to equation (44), where condition (ii) of the Lemma is satisfied by h (r) = 0. This implies that
forr <", V(') =V (r)>g @) —r)=V(")—VO(r). Thus, using Lemma 2, V (7) is
more dispersed than V0 (7).

Since V must also satisfy the participation constraint, we have:

Elu(V ()] 2 u—E[u(V@)]. (45)

1

Applying Lemma 3 to the convex function ¢ o v~ and inequality (45), we have:

E[gbou_lou(V(?’))} EE[gbou_lou(VO(ﬁ)],

ie. E[¢(V (7)) > E[p(V°(r))]. The expected cost of V° is weakly less than for V. Hence,
the contract V? is cost-minimizing.

We note that this last part of the reasoning underpins item 2 in Section 1.3, the extension
to a risk-averse principal. Suppose that the principal wants to minimize E [w (¢)], where w is
an increasing and concave function, rather than E [¢]. Then, the above contract is optimal if
wov tou™!is convex, i.e. uovow™! is concave. This requires w to be “not too concave,” i.e.
the agent to be not too risk-averse.

Finally, we verify that the contract V° satisfies the global IC constraint. The agent’s objec-
tive function becomes u (¢’ (a*) (a +n1) — g (a)). Since g (a) is convex, the argument of wu (-) is

concave. Hence, the first-order condition gives the global optimum.

22Formally, this can be achieved by replacing the utility function u (x) by u™¢ () = u (x — g (a*)) and the
cost function g (a) by ¢"" (a) = g (a) — g (a*), so that u (z — g (a)) = v (z — g"*" (a)).
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3aii). Proof that if Statement Yp holds for T, it holds for T + 1. We define a new utility

function u as follows:
U(z)=E[u(z+d (ah1)Trs1)] - (46)

Since 7741 is log-concave, ¢’ (ai} +1) rr41 is also log-concave. From Lemma 4, u has the same
NIARA property as u.

For each 71, ..., 71, we define k (71, ...,7r) as the solution to equation (47) below:
a(k (?17"'777T)) :ET [u (V (?17'“7?T+1))]' (47)

k represents the expected felicity from contract V' based on all signals up to time 7.

The goal is to show that any other contract V # V° is weakly costlier. To do so, we wish
to apply Statement Y for utility function u and contract k, The first step is to show that, if
Conditions (i)-(iii) hold for utility function u and contract V' at time 7"+ 1, they also hold for
u and k at time T, thus allowing us to apply the Statement for these functions.

Taking expectations of (47) over 771, ..., 7 yields:
Efu(k(ry,....rr))] = E[u(V (11, ... 7r1))] = w, (48)

where the inequality comes from Condition (i) for utility function v and contract V' at time
T + 1. Hence, Condition (i) holds for utility function @ and contract k at time ¢. In addition,
it is immediate that E [u (k (71, ...,77)) | 71, .., 7¢) is nondecreasing in 7. (Condition (iii)). We
thus need to show that Condition (ii) is satisfied. Since equation (43) holds for ¢t =T + 1, we

have

4,
de -

Applying Lemma 6 with function u yields:

(V (?1, ---7?T7?T+1 + 8)) Z g/ (a;ﬂ) Ul [V (?1, ...,?T_H)] .

av

dTT+1 _

(r1yo,rre1) > ¢ (a}ﬂ) . (49)

Hence, using Lemmas 2 and 5, we see that conditional on 7, ...,77, V (¥, ..., Fpr11) is more
dispersed than k (71, ...,77) + ¢’ (a}.,) Tr41. Using (46), we can rewrite (47) as

ET [u (k? (fTVl, ...,?T) + g/ (CL;JA) ?T—&-l)] - ET [U (V (?1, ...,?T_H))] .

Since u exhibits NIARA, —u” (z) /u/ (x) is nonincreasing in z. This is equivalent to u’ o u™*

being weakly convex. We can thus apply Lemma 3 to yield:

Er [U’ ou'o u (V (r1, ---7?T+1))] > Er [Ul oulou (]f (71, .oy T1) + g (@*T+1) 77T+1)] , Le.

Er [ (V (Fry o Tran))] = Er [@ (k (71, o, 7)) (50)
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Applying definition (47) to the LHS of Condition (ii) for 7"+ 1 yields, with ¢t = 1...T,

d S ~ . L I
d_g_ Et [U (k (rlv Tt E, TT))]\E:O = g/ (at) E [ul (V (Th sy Tty ey TTJrl)) | 1y 7ﬂt]
Taking expectations of equation (50) at time ¢ and substituting into the RHS of the above

equation yields:

d

SO - - d - - ~
d_é‘, Et [U/ (k’ (T17 ey Ty —|—€7 ...,TT))] = — Et [U (V (Tl, ey T +€, ...,T’TJrl))]‘s:O

de -
> g (af)E¢ [@ (K (71, ..., 77))] -

Hence the IC constraint holds for contract k (71, ...,77) and utility function u at time T,
and so Condition (ii) of Statement Xr is satisfied. We can therefore apply Statement ¥Xr at T

to contract k (ry, ..., 77), utility function u and cost function gg defined by:

¢ () = E[¢(z + ¢ (ars1) Prea)) - (51)

We observe that the contract V0 = Z;‘F;ll g (af) ry + K satisfies:

E [ﬂ <Zg’(a2‘)n+[(> =E [u <Zg’(a2‘)n+[(>

Therefore, applying Statement X1 to k, u and qg implies:

T+1

(52)

Using equation (51) yields:

Cr =E[¢ (k (71, ... Tr) + ¢ (ar+1) T741)] = Ovo = E

T+1
p (zg' <a:m+K)
t=1

Finally, we compare the cost of contract k (rq,...,77) + ¢’ (ary1) Fre1 to the cost of the

original contract V' (ry,...,rp11). Since equation (47) is satisfied, we can apply Lemma 3 to the

convex function ¢ o u~! and the random variable 77, to yield

E¢lo(V (r1,...,7741))] >
Elp(V (1, ..., T141))] 2

¢ [¢ ('If (71, 77) + ¢ (a*TH) ?T+1)]
(6 (k (Fay s Tr) + ¢ (@1) Fa)] = i = Cro

where the final inequality comes from (52). Hence the cost of contract k is weakly greater than
the cost of contract V°. This concludes the proof for 7"+ 1.
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3b). Optimality of Deterministic Contracts

Consider a randomized contract V (r1,...,rr) and define the “certainty equivalent” contract

V by:

u(V(rl,...,rT)) =Er [u <\7(r1,...,rT)>] . (53)
We wish to apply Statement Y7 (which we have already proven for deterministic contracts) to
contract V, and so must verify that its three conditions are satisfied.

From the above definition, we obtain

E[u(V (7)) =B Ju (V@1 ir)) | 2 0,

i.e., V satisfies the participation constraint (34). Hence, Condition (i) holds. Also, it is clear

that Condition (iii) holds for V, given it holds for V. We thus need to show that Condition

(ii) is also satisfied. Applying Jensen’s inequality to equation (53) and the function u' o u™!

(which is convex since u exhibits NIARA) yields: ' (V (rq,...,r7)) < Er [u’ (‘7 (r1, ...,TT))]
We apply this to r, =7, for t = 1...T and take expectations to obtain

E, [u (v (7, ...,m)} > B, [u (V (7, ...77))] . (54)

Applying definition (53) to the left-hand side of (43) yields:

d o~ o~ ~ - (e~ ~
I E, [u (V (71, ..., T +£,...,TT))L€:O > g (a)) Ey [u <V (rl,...,rt,...,rT)>] )

and using (54) yields:

d — _ _ . — _ _
. E [u(V (7, .7 +e,...,77))] o 2 g (@) E [u (V (71, . Try )]
Condition (ii) of Statement X7 therefore holds for V. We can therefore apply Statement Y

to show that V° has a weakly lower cost than V. We next show that the cost of V is weakly

less than the cost of V. Applying Jensen’s inequality to (53) and the convex function ¢ o u™!

yields: ¢ (V (r1, ...,TT)) < E [qb (XN/ (rl,...,rT))]. We apply this to r, = 7, for t = 1...T and

take expectations over the distribution of 7; to obtain:
Qb (V <’F17 a’FT)) S E |:¢ (‘7 (;Flv 77FT)>:| :

Hence V has a weakly lower cost than V. Therefore, V° has a weakly lower cost than V. This

proves the Statement for randomized contracts.

3c). Main Proof. Having proven Statement Y7, we now turn to the main proof of Theorem
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1. The value of the signal on the equilibrium path is given by 7 = a; 4+ 1;. We define

u(r)=u <x - Zg (aZ)) : (55)

We seek to use Statement Yr applied to function @ and random variable 7;, and thus must
verify that its three conditions are satisfied. Since E [ﬂ (V (r1, ,?T))] > u, Condition (i)
holds.

The IC constraint for time ¢ is:
0 € argmaxE; u (? (@l + M, .,af + e+, ap +nr) —g(af +¢) — Z g(aﬁ)) :

i.e.

0 € argmaxE; u (‘7 (M1, s i+, p) — g (a] +€) — Z g(aZ)) : (56)

s=1...T,s#t

We note that, for a function f (g), 0 € argmax. f (¢) implies that for alle < 0, (f (0) — f (¢)) / (—¢) >

0, hence, taking the liminf,, we obtain % f" (€)le=o = 0. Call X (g) the argument of u in
equation (56). Applying this result to (56), we find: ;% E, u (X (€)= = 0.

e_ -

Using Lemma 6, we find E, [u’ (X (0)) (dgi_X (5)|€:0>} > 0. Using Lemma 7, 2= X (2)__, =

dsi_f/ (71, .oy Tt + €, ..y, T7) — ¢’ (af), hence we obtain:

d ~

E, {u (X (0)) (gvm, Tt ey ) — g (a;;))] > 0.

Using again Lemma 6, this can be rewritten:

d
— E
de_ '

u <?(a,...,ﬁ+a,...,?~T)— g(a;)>

i.e., using the notation (55),

di_ E, [a (17 G ...,?T))} > ¢/ () Ex [a’ (17 GRS ...,?T))} .

e le=0

Therefore, Condition (ii) of Statement X7 holds.
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Finally, we verify Condition (iii). Apply (56) to signal r; and deviation ¢ < 0. We obtain:

u(v(a,...,?ﬁg,...,m— 3 g(a:))]

s=1...T

E

> E; |u <17 (71, s Ty 4+ €y ey T7) — g (0] + ) — Z g(a;‘))]

>E |u <‘7 (r1, e, re + &,y rp) — g (ay) — Z g(a:))] ,

so Condition (iii) holds for contract V and utility function .

We can now apply Statement Y1 to contract V and function u, to prove that any globally
IC contract is weakly costlier than contract V0 = Zle g (a}) r:+ K. Moreover, it is clear that
V0 satisfies the global IC conditions in equation (56). Thus, V' is the cheapest contract that
satisfies the global IC constraint.

Proof of Remark 1

Conditionally on (1),<1,,, we must have:

ary € arg Mmaxu (V (at + 1,y 0y +1041) — g (a74) — Z g (@)) :
t£T+1

Using the proof of Theorem 1 with 7" = 1, this implies that, for rr,; in the interior of the

support of 7741 (given (Tt>th>7 V (r1,...,7r+1) can be written:

V(ry,.,rre1) = Ky (ry, o) + ¢ (ai}ﬂ) rret,

for some function Kr (r1, ...,7r). Next, consider the problem of implementing action af. at time

T'. We require that, for all (1;),<p,

ar € argmax By [u (KT (@} + 1, ooes @+ 0r) + 9 (@py) (i + @y) — g (ar) = > g (@))] :
AT

This can be rewritten

ar € argmaxu (Kr (ai +m, ..., ar +nr) = g (ar)),

where @ (2) = B [u (2 + ¢ (a71) (11 + @31) = Spr 0 (@) |1,
Using the same arguments as above for 7'+ 1, that implies that, for 77 in the interior of the
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support of 7p (given (r;),.p_,) We can write:
KT (7"1, vy T’T) = KT—l (7‘1, ey rT—l) + g' (CL}) rT

for some function Kr_j (71, ...,77 — 1). Proceeding by induction, we see that this implies that

we can write, for (r;),.,,, in the interior of the support of (7)1,

T+1

VT—H (Tl, ceey TT+1) = Zg/ (CL:) Tt + Ko,

t=1

for some constant K. This yields the “necessary” first part of the Proposition.
The converse part of the Proposition is immediate. Given the proposed contract, the agent

faces the decision:

maXE[ (Zg ay) %)—FZQ’(CL:)%)],

(at)r<r —1

which is maximized pointwise when ¢’ (a}) a;—g (a;) is maximized. This in turn requires a; = a;.
Proof of Proposition 1

We shall use the following purely mathematical Lemma.

Lemma 8 Consider a standard Brownian process Z; with filtration F;, a deterministic non-
negative process oy, an F;—adapted process By, T > 0, X = fOT o dZy, and Y = fOT BidZy.
Suppose that almost surely, Vt € [0,T], oy < By. Then X second-order stochastically dominates
Y.

Proof. We wish to prove that E[h(X)] > E[h(Y)] for any concave function h. Define
I(0)=E[R(X+0(Y —X))] for § € [0,1], so that

") =E[R"(X+5(Y-X)(Y-X)?] <0

1) = e 00 0 =0 =8 w0 ([ az)]

where v, = 6y — ay, and v > 0 almost surely. We wish to prove I (1) < I(0). Since [ is
concave, it is sufficient to prove that I’ (0) < 0.
We next use some basic results from Malliavin calculus (see, e.g., Di Nunno, Oksendal and

Proske (2008)). The integration by parts formula for Malliavin calculus yields:
T T
ro) =00 ([ azm)] = e[ [ 00
0 0
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where D;h' (X) is the Malliavin derivative of &’ (X) at time ¢. Since () (o 7y 18 deterministic.
Therefore, the calculation of Dih' (X) is straightforward:

T T
Dth, (X) = Dth, </ OéSdZs> = h” </ OéSdZs> ay = h” (X) .
0 0

Hence, we have:

I'(0)=E { /0 ' (D, (X)) %dt} —E { /0 % (X) @t%dt} .

Since " (X)) < 0 (because h is concave), and a; and 7; are nonnegative, we have h” (X) a7y < 0.
Therefore, I’ (0) < 0 as required. =

Lemma 8 is intuitive: since 3; > a; > 0, it makes sense that Y is more volatile than X.

To derive the IC constraint, we use the methodology introduced by Sannikov (2008). We
observe that the term fOT pedt induces a constant shift, so w.l.o.g. we can assume p; =0V ¢.

For an arbitrary adapted policy function a = (at)te[o,T}» let Q* denote the probability mea-
sures induced by a. Then, Z¢ = fot (drs — asds) /os is a Brownian motion under Q°, and
78 = f(f (dry — a’ds) /o, is a Brownian under Q%", where a* is the policy (a?)cforr -

Recall that, if the agent exerts policy a*, then r, = fot atds + osdZ;. We define vp = v (c).
By the martingale representation theorem (Karatzas and Shreve (1991), p. 182) applied to
process v; = Ey [vr] for t € [0,T], we can write: vy = fOT 0y (dry — ajdt) 4 vo for some constant
vp and a process 0, adapted to the filtration induced by (7).,

We proceed in two steps.

1) We show that policy a* is optimal for the agent if and only if, for almost all t € [0,T):
a; € argmax bra; — g (az) . (57)
at
To prove this claim, consider another action policy (a;), adapted to the filtration induced

by (Zs),<, Consider the value W = vy — fOT g (ay) dt, so that the final utility for the agent
under policy a is u (W). Defining L = fOT [Oiar — g (ar) — Ora; + g (a})] dt, it can be rewritten

T T
W:vo—i-/ Qt(drt—atdt)—/ g (a;)dt+ L.
0 0

Suppose that (57) is not verified on the set 7 of times with positive measure. Then, consider

a policy a such that 6.a; — g (ar) > 6:af — g (a}) for t € 7, and a; = a} on [0,7] \ 7. We thus
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have L > 0. Consider the agent’s utility under policy a

U= B |y (UT—/OTg(at)dt>] _ g {u <UO+/OT9t(drt—atdt)—/OTg(a;:)dHL)]

- T
i 0 0
ay) dt)} since L > 0

- B u (vo—l—/oTGtatdZt“—/ng(
"o )dt)] _ [u (vT—/OTg(a:)dt)] o

T
- B {u (vg +/ Gtatde* —/ g(a
0 0

*. Hence, as U* > U**, the IC condition is violated.

where U%* is the agent’s utility under policy a
We conclude that condition (57) is necessary for the contract to satisfy the IC condition

We next show that condition (57) is also sufficient to satisfy the IC condition. Indeed
consider any adapted policy a. Then, L < 0. So, the above reasoning shows that U¢ < U®".

Policy a* is at least as good as any alternative strategy a
2) We show that cost-minimization entails 0, = ¢’ (a;)

(57) implies 0, = ¢ (a}) if a] € (a,a), and 0, > ¢ (a*) if af = @.

The case where af € (a,a) V t is straightforward. The IC contract must have the form

T T
v(er) = v + / g (a}) (dry — ajdt) = / g (a))dry+ K
0 0

aydt. Cost minimization entails the lowest possible vy.

where K = vy + fo
a for some t is more complex, since the IC constraint is only an

(at) a
The case where a; =
"(a}). We must therefore prove this inequality binds. Consider

T T
X :/ Q;:Utdzt, Y :/ Qtatdzt.
0 0

By reshifting u (z) — u (:c - fOT g(a}) dt) if necessary, we can assume ||

inequality: 0, > 0 = ¢

(a7)dt = 0 to

simplify notation.
We wish to show that a contract vy = Y + Ky, with E[u (Y + Ky)] > u, has a weakly
greater expected cost than a contract v = X + Kx, with E[u (X + Kx)] = u. Lemma 8 implies

that E [u (X + Kx)] > E[u (Y + Kx)], and so

EuY +Kx)] <E[u(X+ Kx)] =
~1 is convex and —v~! is concave. We

Thus, Kx < Ky. Since v is increasing and concave, v
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can therefore apply Lemma 8 to function —v~! to yield:
E[v ' (X+Kx)| <E[p ' (Y +Kx)] <E[v " (Y + Ky)],

where the second inequality follows from Kx < Ky . Therefore, the expected cost of v = X+ Ky
is weakly less that of Y + Ky, and so contract v = X + Kx is cost-minimizing. More explicitly,
that is the contract (22) with K = Ky + fOT g (a}) a;dt.

Proof of Proposition 2

The proof is by induction.

Proof of Proposition 2 for T = 1. We remove time subscripts and let V (7)) = v (C (7))
denote the felicity received by the agent if he announces 77 and signal A (7)) + 7 is revealed.

If the agent reports 7, the principal expects to see signal 77 + A (). Therefore, if the agent
deviates to report 7 # 7, he must take action a such that n+a =N+ A (), i.e. a = A (D) +7—n.
Hence, the truth-telling constraint is: Vn, V7,

Vi) —g(A@+n—n) <V ) —g(An). (58)
Defining

v(m)=Vn)—g(AM),

the truth-telling constraint (58) can be rewritten,

g(AM) —g(A@M+n—n) <¢(n) -+ @). (59)

Rewriting this inequality interchanging n and 7 and combining with the original inequality (59)
yields:

Vi, Vi g (AM) —g(AM) +1—n) <y () =@ <g(Am) +n-1) —g(An). (60)

Consider a point  where A is continuous and take 77 < 1. Dividing (60) by n — 1 > 0 and
taking the limit i T » yields ;. (1) = ¢’ (A(n)). Next, consider 7 > n. Dividing (60) by
n —1 < 0 and taking the limit 7) | 7 yields ¢, ,, (7) = ¢’ (A (n)). Hence,

Y (n) =g (A(n)), (61)

at all points 7 where A is continuous.

Equation (61) holds only almost everywhere, since we have only assumed that A is almost
everywhere continuous. To complete the proof, we require a regularity argument about ¢ (other-
wise 1 might jump, for instance). We will show that 1) is absolutely continuous (see, e.g., Rudin
(1987), p.145). Consider a compact subinterval I, and a; = sup {A (n) +n — 7 | n,7) € I}, which
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is finite because A is assumed to be bounded in any compact subinterval of 1. Then, equation
(60) implies:

[ (n) =& ()] < max{lg (A@) —g(AM+T=n)l,9(AMm) +n-71) —g(AMm)} <n—7nl(supg’);.

This implies that v is absolutely continuous on I. Therefore, by the fundamental theorem

of calculus for almost everywhere differentiable functions (Rudin (1987), p.148), we have that
for any 0,7, ¢ (n) = ¢ (n) + [ ¢’ (z) dz. From (61), ¥ (n) = (n) + [, ¢’ (A (2)) dz, ie.

Vi =g+ [ g (A@)dr+k (62

with & = (Q) This concludes the derivation of the contract when 7" = 1.

“Second-order conditions.” We next show that the contract (62) does implement effort A (n),
iff A(n) 4+ n is nondecreasing: we have verified the first order condition, but we need to show
that (58) holds given the proposed contract, that is, that ® (7) =V () — g (A () + 7 — n) has
a maximum at 7.

Proof that A (n) + n nondecreasing is a sufficient condition for the contract to implement

the action. First, we do this when A (n) is a C* function. Then,

() =V () =g (A +0—n) (A @ +1)
=19 (A@) =g (A +7 -] (A @) +1)

As A" () +1 > 0 and ¢ is convex, we have &' (77) > 0 for 7 < n and ¥’ (i) < 0 for 7 > 7. That
shows that ® (7)) is maximized at 17 = 7.

Second, in the case where A is not necessarily C!, we approximate the weakly increasing
function A (n) 4+ n by a series of C! weakly increasing functions A, (n) +n. (It is well-known
that this is easy to do by convolution: take a random variable ¢ with bounded support and
C! density f, and define A4, (n) +n=E[A(n+2)+n+2] = [(A(x)+2) f(n(z—n))ndx
which increasing in 7 by the first equality, and C* by the second.) Consider the associated
contract V,, — V. We have seen that n € argmaxz; V), () — g (A, () +7 —n), so in the limit,
n € argmaxz V (7)) — g (A (1) + 7 —n).

Proof that A (n)+mn nondecreasing is a necessary condition. Call R (n) = A (n)-+n. Suppose
by contradiction that there are two points 7 < 1’ such that R (n) > R (n’). Those two points
can be taken arbitrarily close (indeed, consider a large N, the points 7, = n + (' —n)i/N,
i = 0...N; there must be an ¢ such that R (7;) > R (9;+1), otherwise we would have R (n) =
R(ny) < R(nn) = R(n')). As domain A of actions is open, that implies that A (n)+n—n" € A.
Applying (58) at point 1 and 7/, we have:

V(' )—g(AMW)+n" =n) <V (n)—g(Amn) and V (n)—g(A(n) +n—n") <V (1)—g (A1) =
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gAM) —g(Am) +n—0) <V @)=V <g(AW)+n —n) —g(A®n))

Callingy = A(n)+n—n' <x=A(n)and h = A(n')+n'—A(n)—n, this writes g (y + h)—g (y) <
g (z+ h) — g (x), and we have a contradiction if ¢ is strictly convex.

Proof that if Proposition 2 holds for T, it holds for T'+ 1. This part of the proof is as the
proof of Theorem 1 in the main text. At ¢ = T + 1, if the agent reports 77,1, he must take
action @ = A (r41) + re1 — Nr41 so that the signal a + 7741 is consistent with declaring 77 .
The IC constraint is therefore:

Nre1 € argmax V (ny, ..., e, firs1) — 9 (A (Aren) + e —nra) — »_g(ap). (63)

Nr+1 —1

Applying the result for T = 1, to induce 771 = 1,1, the contract must be of the form:

Vi, o,nr, irs1) = Wraa (rsr) + k(- 0r) (64)

where Wr.1 (741) = g (A (ﬁT+1)>+f,7ﬁT+l 9' (A(x))dz and k (m1, ..., nr) is the “constant” viewed
from period T + 1. -
In turn, & (71, ...,nr) must be chosen to implement 7, = 1, Vt = 1...T', viewed from time 0,

when the agent’s utility is:

E

u (lf (11 o) + Wria (irsn) = ) g (at))] ~

t=1

Defining
u(z) = Eu(z+Wra ()] (65)

the principal’s problem is to implement 7 = n, V¢t = 1...T', with a contract k (n,...,n7), given
a utility function F [ZZ (k; (M1 ey ) — Z; g (at)ﬂ . Applying the result for T, we see that k

must be:
T

k(ny...,nr) = Zg (Ae (1)) + Z/m g (A¢ (x))dx + K,

t=1

for some constant k.. Combining this with (62), the only incentive compatible contract is:

T+

V0, nr) = Zg (A¢ () +

t=1

T+1 Nt

Z/ g (A, () dz + k..

t=11

The treatment of the second-order conditions (A; (1) + 7 nondecreasing) is as with 7" = 1.

Proof of Lemma 1
Step 1. It is easier to work in terms of Q(n) = ¢ (A(n)), the marginal cost of ef-
fort associated with plan A (n). With a slight abuse of notation, define C'[Q)] as the ex-
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pected cost of implementing plan @ = {Q (n)}. From Proposition 2 with 7" = 1, ¢(n, Q)
vt (go () Q) + [/ Q (z) dz + K), where K is the solution of E [u ([, Q (z) dz + K)]
u. Then, the expected cost is: C'[Q] = E [c(n,Q)].

We first establish that the contract cost C'[Q)] is convex in the plan (). Consider two plans
Q' and Q?, 0,40, = 1 with 0,0, € [0,1], and the plan Q defined by Q () = 0,Q; (n)+02Q2 (n).

Since u is concave,

plo( [ Q@ otisouma) | 2

so the constant K associated with the new plan satisfies K < 01 K7 +6,K,. This shows that the
function K [Q] is convex in Q. Since go (¢') " and v~ are convex, C'[Q] < 6:C [Q1] + 62C [Q1],
i.e., C is convex.

Step 2. Since C is convex, we have:?

_ oc Q] —
C [Q] -ClA< | 550 (Q - Q (n)) dn.
Furthermore, since ¢’ is convex, 5—@ (n) < g¢"(a) (@— A(n)). Defining A (@,n) = max (0, %) ;

we have C [E} —ClAI < [X(@n) (@—a(n))dn.

C. DMultidimensional Signal and Action

While the core model involves a single signal and action, this section shows that our contract
is robust to a setting of multidimensional signals and actions. For brevity, we only analyze the
discrete-time one-period case, since the continuous time extension is similar. The agent now
takes a multidimensional action a € A, which is a compact subset of R! for some integer I.
(Note that in this section, bold font has a different usage than in the proof of Theorem 1.) The
signal is also multidimensional:

r=b(a)+mn,

where n7,r € R®, and b:A € R/ —R®. The signal and action can be of different dimensions.
In the core model, S = I = 1 and b(a) = a. As before, the contract is ¢ (r) and the indirect

felicity function is V' (r) = v (¢(r)). The following Proposition states the optimal contract.

23We use partial derivatives such 9C [Q] /0Q (n). Their meaning is traditional and is as follows. Under
weak conditions, C'[-] is differentiable in @, in the sense that there is a function £ () (unique up to sets
of measure 0) such that, for any {B(n)} such that C'[Q + hB] is well-defined for » > 0 close enough to 0,
lim, o (C[Q+ hB] —C[Q]) /h = [&(n) B(n)dn. Then, we define 9C [Q] /0Q (1) = £(n). As C is convex,
such a derivative exists almost everywhere (otherwise, for the purposes of the inequality, we can just take a
subgradient.). As Q(n) = ¢’ (A4(n)), the chain rule gives the definition: 9C[A4] /0A (n) = 0C[Q]/0Q (n) -

g" (A(n)).
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Proposition 3 (Optimal contract, discrete time, multidimensional signal and action). Define

the I x S matriz L = b’ (a*)" i.e. explicitly Ly = 8%7 (a},...,a}), and assume that there is a

F)
vector 0 € R® such that
Lo =g (a%), (66)

1.e., explicitly:

>, 9b;
Vi = 1...[,]21 3_aj- (a%,...,a})0; = e (af,...,at).
The following contract is optimal. The agent is paid
c(r) = v (0r + K (1)) (67)

i.e., explicitly, c(r) = v} <Zf:1 Oiri + K (r1, ..., Tn)>, where the function K (-) is the solution

of the following optimization problem:

Iir(l%r)lE K (b(a®)+mn)] subject to

Ve, LK' (r) = 0 (68)
Eflu(0(b(a’) +n)+ K (b(a") +n) —g(a")] > u

Proof. Here we derive the first-order condition; the remainder of the proof is as in Theorem 1

of the main paper. Incentive compatibility requires that, for all n
a* € argmaxV (b(a) +n) —g(a),

and so:

Vi(b(a") +n)b'(a") —¢'(a") =0, (69)
where V' is a S—dimensional vector, b’ (a*) is a S x [ matrix, and ¢’ (a*) is a /—dimensional
vector. Integrating (69) gives: V (r) = 0r + K (r), where 0r = Zle 0;r;, and LK’ (r) = 0.

Note that K(r) is now a function and so determined by solving an optimization problem.
In the core model, K is a constant and determined by solving an equality. m

We now analyze two specific applications of this extension.
Two signals. The agent takes a single action, but there are two signals of performance:

r =a-+ ¢, Ty = a + €.
In this case, L = (1 1). Therefore, with § = (6, 0,) € R? | (66) becomes: 0; + 0, = ¢’ (a*). For

example, we can take ¢, = 0y = ¢’ (a*) /2. Next, (68) becomes: 0K /0ri+ 0K /0ry = 0. It is

well known that this can be integrated into: K (r1,79) = k(11 — 7o) for a function k. Hence,
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the optimal contract can be written:

R <g’ (a*) (“ g ”) (= rQ)) ,

where the function k(-) is chosen to minimize the cost of the contract subject to the participation

constraint. As in Holmstrom (1979), all informative signals should be used to determine the

agent’s compensation.

Relative performance evaluation. Again, there is a single action and two signals, but the

second signal is independent of the agent’s action, as in Holmstrom (1982):
T =a-+ €, Ty = &2

In this case, L = (1 0). Therefore, with 0 = (6,0,) € R* , (66) becomes: 0; = ¢’ (a*). Next,
(68) becomes: 0K /Or; = 0, so that K (r1,73) = k (r2) for a function k. Hence, the optimal
contract can be written:

c=v1 (g (a")r1 +k(ry)).

The second signal enters the contract even though it is unaffected by the agent’s action, since

it may be correlated with the noise in the first signal.

D. Extension to Optimal Contract With Noise-Dependent

Actions

D.1. Affine Cost of Effort

While Theorem 2 shows that A(n) = @ is optimal when Proposition 1 is satisfied, we now show
that A(n) can be exactly derived even if Theorem 2 does not hold, if the cost function is linear
—ie. g(a) = fa, where § > 0.2 The optimal effort level is now interior. We use the benefit

function b (a,n) = Sb. (a,n) as in Section 2.2.

Proposition 4 (Optimal contract with linear cost of effort). Let g (a) = Oa, where @ > 0. The
following contract is optimal:

c=v1(0r+K), (70)

where K is a constant that makes the participation constraint bind (E[u(0n+ K)| = u). For

24 Note that the linearity of g(a) is still compatible with u (v (¢) — g (a)) being strictly concave in (c,a). Also,
by a simple change of notation, the results extend to an affine rather than linear g (a).
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each n, the optimal effort A (n) is determined by the following pointwise maximization:

A(n) € argmax Sb, (a,n) —v (0 (a+n) + K). (71)

a<a

When the agent is indifferent between an action a and A (n), we assume that he chooses action

An).

Proof. From Proposition 2, if the agent announces 7, he should receive a felicity of V () =
g(An)) + fn" Odr + K = 0 (A(n)+n) + K. Since r = A(n) + n on the equilibrium path, a
contract ¢ = v~ (fr + K) will implement A (n). To find the optimal action, the principal’s

problem is:

I}ll(%))(E [Sb, (min (A (n),@),n)] —E v (6(A(n) +n) + K)]

which is solved by pointwise maximization, as in (71). =

The main advantage of the above contract is that it can be exactly solved regardless of
S and so it is applicable even for small firms (or rank-and-file employees who affect a small
output). For instance, consider a benefit function b, (a,n) = by + ae”, where by > 0, so that the
marginal productivity of effort is increasing in the noise, and utility function u (In ¢ — fa) with
6 € (0,1). Then, the solution of (71) is:

A (n) = min <¥n+ % (InS — K —1nf6) ,ﬁ) .
The optimal effort level increases linearly with the noise, until it reaches @. The effort level is
also weakly increasing in firm size.

Note that, with a linear rather than strictly convex cost function, the agent is indifferent
between all actions. His decision problem is max, v (¢ (r)) — g (a), i.e. max, 0 (n + a) + K — fa,
which is independent of a and thus has a continuum of solutions. As in, e.g., Grossman and
Hart (1983), Proposition 4 therefore assumes that indeterminacies are resolved by the agent

following the principal’s recommended action, A (7).

D.2. Conditions for Optimality of High Effort
Section 2.2 showed that the condition in Theorem 2,

vn,Va < @,dib(a(n),n) f(n) > X(@n)

required for high effort to be optimal, is satisfied if firm size S is sufficiently large. This extension
considers other cases in which the above condition is satisfied, and shows sufficient conditions
for the function A (a,n).
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By Proposition 2, the optimal contract is:

c(n)=v"(g(a(n)+Ln+K),

where L (7 f g (a(x))dz, 7 is an arbitrary constant in the support of 7. The contract’s

cost is:
ClAl=E[v " (g(a(n)+L(n)+K)].

Then we can take A (@,n) = max (0,0C [A] /0a (1)), where OC [A] /0a (n) is given by the fol-

lowing expression.?

Proposition 5 Assume that sup, f(n) < oo. For an effort profile a(n) + n satisfying the

conditions of Proposition 2, the marginal cost of implementing effort a (n) is:

f(n)+ (72)

1 1E[U’(L(?ﬁ+K) ﬁ>n]}
)] Bl (Lm+K)] |

where the expectation is taken over 1.

The first term in (72), g,((‘cl(zgg f(n), is the “local” compensating differential for inducing
greater effort. Indeed, consider making the agent work da more at point 7. Let dc denote the

additional pay that compensates him purely for the disutility of effort. We require

v(cm) —g(a) =v(cn) +dc) —g(a+da)

and so the additional pay is: ,
oc = —,g (a) da.
v (e(n))
The f (1) term in (72) simply multiplies it by the probability of observing noise 1. The second
term is the effect of a local change on the whole pattern of incentives: if a (1) changes, it will
affect the payment for the other noises ' # 7, as indicated in Proposition 2. This change
in the entire contract increases the agent’s risk. Hence, the two terms capture the standard
effects of implementing a greater effort level: direct disutility, plus inefficient risk-sharing caused

by the sharper incentives required. The second term can be evaluated directly for concrete

25The proof is thus. Note that K satisfies u = E [u (L () + K)]. For simplicity, we assume 7. < n (otherwise,
we can just consider a lower 7). Using 0L () /0a (n) = 1,y>ng” (a(n)), we have:
0K —EW (L()+ K)lys,
B = .[E / L)/ Kn>]]g//(a(77))
a (1) [w (L (') + K)]

which implies (72).
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distributions; in addition, we can establish bounds on it to help verify whether Proposition 1 is

satisfied. For instance, where noise has a finite upper bound 7, we obtain the following bound:

OC[A] _ ¢ (a(n)
da(n) — v'(c(n))

Fo)+ LA p sy

(e (7))

Second, the upper bound for gf([ﬁ)] and thus A (i, 77) is simpler when noise is bounded both

above and below. If suppn = [,7] and g"(x) > 0 for all x. Then

g'@)f(n)+g"(a) F(n)
o (o (0 () + 9@ + (=g ) 73)

AN

=
=
=

Il

In particular, in (27), the function A can be replaced by the function A. We observe that
A (ﬁ, 77) is increasing in @.
The proof of (73) is thus. We observe that

L(n)+ K <u'(w)+ 1 —n)d (a),

for any 7. If it does not hold for some 7, then

n p—
4k = [t ek = L)+ [ gt de 2 Lo K- @ > 07w
70
for all n, and the constraint E [u(L(n) + K)|] = u cannot be satisfied.
Let ¢ = v~ (u™(u) + g(@) 4+ (7 — 1)g’(@)). Then, all on the equilibrium consumptions are

no greater than ¢. Hence, the terms in inequality (72) can be bounded as

fx) <

9"(a(2))E [m1n>x:| <d'(@)E [%177”] =¢'(@) v (2)’

which gives the claimed inequality (73).

IA

In the model of section 2.2, using the notations in (28), equation (73) implies: A (@,n)

A]g(n ) < A (@). Hence, by Theorem 2, highest effort is optimal if for all 1, Soib, (a,n) f (n) >

f(n) A (@), which is verified if S > S, = %.

D.3. [Illustrations for Proposition 3

We now provide explicit conditions to verify the optimality of high effort in the two examples
in Appendix 2.3. We also analyze a third example.
Example 1. Let v(z) = Inz, u(z) = 7/ (1 —~) for v > 0, n ~ N(0,0?) and u =
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u (Inc). The contract specifying target effort a pays ¢(n) = cexp(¢' (a)n+ g (a) — (1 —7) ¢’ (a)

The noise is unbounded here, so we will use equality (72) directly:

aC A / /
3a([:c)] _ el (@0?/2) { g (a) 7@ f () +

§"(a) E [€g< a)nq m} " () (1-0=1*)d @2 [6(1—7)9’(a)n1n>x]}
ce(s@-(1-)g @0%2) {g gy L o (2)+

a)’s?/2 T & (E
@7 o2 0y 0) -0 (2o )]
Observing that
T _a- ")) =@ (L= 6d(a)) =~og TN g€ /2tex/o
@ (Z-(1-9)0d (@) -2 (04 (a) =709 (@)s () e ,
for some £ between (1 — ) o¢’ (a) and ¢’ (a) o, we can obtain

1 90 [A]
f(z) da(z)

IA
1o

e(9@=(1=g'@70/2) o1 () {eg%a)m + 0" (a) e (a)202/2e£x/0}

IA
)

e(9(@)=(1=g'@%%/2) o1 () {eg'<a>x+
70_29// ( ) (a)20'2/2€g’(a) max(z,(1—7v)x) } )
Let A(a,z) denote the last upper bound. By Proposition 3, a** will be the optimum if

inf 01b(a,n,a*) > A (a™,n)

CLS(I**

for all n.

Example 2. Let u(z) = x, v(z) = 27, v € (0,1]. Consider the sub-case of u = 0 and

g (a) = e, As stated in the paper, the obJectlve function is:

B(a) — S E [(Gn + 1)1/7] .

Call a** the solution of this problem. Theorem 3 proves that implementing a** is optimal among

all contracts (which need not implement a**) if

inf B'(a)f(n) > XNa**,n),

a<a**

— 9C[A]
where A(a,n) = max (0, 8a(n)>.
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Inequality (73) establishes the bound

Tay <A@ = 26 (1) + GF () (1+ (- )6) "

By Theorem 3, constant target effort a** will be the optimum among all contracts (not neces-
sarily requesting a constant effort) if

1 * %k F —_
va™, inf B'(a) > ~Ge® N (1 + G sup, %) (1+@—naG)" ",
CL_CL** ,y 77

Ezample 3: HM framework. Consider v (z) =z, g (a) = 1Ga?, u(z) = —e ™" with G,v > 0,
and n ~ N (0,02) as in HM. The cost of the contract is C'[a] = ¢ + g (a) + 74 (a)* 6®/2, and
the same comparative statics with respect to G, ¢ and v hold.

HM have not only a constant target action, but also an additive effect of effort. We can
obtain this result with b (a,7,@) = a+ (a — @) 8 (a,n) as in Examples 1 and 2. The key nuance
in obtaining the HM result is reconciling the linear marginal benefit of effort required for an
additive effect, with the large marginal benefit of effort required for high effort to be optimal.
The two-stage game resolves this tension because the marginal benefit of effort is moderate in
the first stage and very high in the second stage.

Under this formulation for b (a,7,a), the cost of the contract implementing a = @ is
L o Y220
C'[d] :g+§Ga +§G a‘o

and the principal maximizes

1
a—c— §Ga2 — %G2CL2O'2

which yields the result
a=1/[G(1+Gyo?)].

This is the same optimal contract as in HM, but without requiring continuous time.

In terms of verifying Theorem 3, we have

%fb’(ﬁ] =@ 20 (2) + o @) (2 (E+a0d @) —2 (%)),

and

1 0C[A]
[ (x) da(x)
By Theorem 3, a** will be the optimum if

< Ala, ) = ¢ (a) +70°¢ (a) g (a) e @O0,

inf 816 (a, n, CL**) 2 A (CL**, 77)

a<a**
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for all n.

E. Quits and Firings

Our setup can be extended to accommodate quits and firing. We commence with the former.
The agent now has an outside option available in each period t, and so the participation
constraint in each period becomes FE; [Ur| > u,. As before, the principal wishes to implement
(a}),<p, and wishes to deter quitting. This can be achieved simply by increasing the constant
K such that for all t, By [Ur] > u,. Under the conditions of Remark 1, we can see that this
is the only contract that ensures that. Economically, the agent receives rents because of his
credible threat to leave in the interim periods. However, these rents only affect K, not the
form of the contract. As in the core paper, if the benefit of effort is sufficiently high, high effort
remains optimal.

We now turn to firings, considering 7" = 2 for simplicity and then discussing the general-
izability to other T'. Suppose that the principal wishes to fire the agent if r; € Ir and keep
him if r; € I§, where Ir and I& are disjoint intervals. Call 7 their common boundary, i.e.

{r{’} = Ir N I§. The next Proposition describes the contract.

Proposition 6 (Contract with firing, T = 2). Under the conditions of Remark 1 plus the
option to fire, the following contract is optimal: (i) if 1 € Ip, the agent is fired, and receives
a payoff c = v (g (a})r1 + K1), (i) if r1 € IS, the agent remains employed, and receives a
final payoff ¢ = v} (Z?:l g (a7)ry + Kg). The constants K, and Ky are chosen such that the

utility of the agent is continuous at r1 = r¥, the cutoff return that triggers firing.

Proof. (This is a sketch of the proof, as the arguments are similar to those in the main body
of the paper). Define nf" = rf’ — a}, the cutoff noise that divides the regions of firing and not
firing. For n € 1%, (where I is the interior of set I), by the logic of Remark 1, very small
deviations around a? will still keep 1 in IS, and so we require ¢ = v (Zle g (a})r + Knr).
For n; € If,, very small deviations around aj will still keep r; in ]1%, and so we require ¢ =
v (¢ (a}) 1 + Kr) for some other constant. The utility should be continuous at " to preserve
the IC. m

Thus, the contract remains tractable even with the possibility of firing. This is because the
intuition in the core model continues to hold — since the noise is observed before the action, the
contract must provide sufficient incentives state-by-state and so the principal has little freedom
in designing the contract. This contrasts with standard models in which the possibility of firing
changes the contract significantly. The only degree of freedom for the principal is finding the
domain . As is standard, this will depend on the cost of finding another agent at t = 2. For
instance, if the cost of finding a new employee are low, the domain of optimal firing might be

large.
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It is clear that the same logic would apply for 7" > 2. Suppose that the agent’s contract
terminates at (a potentially return-dependent) time 7, with the same “tree” structure: at each
time ¢, there is a monotone function ®, (rq, ...,7;) such that the principal fires the agent if and
only if &, (rq,...,7¢) > 0. Then, the compensation scheme has the following shape: if the agent

works until 7, he receives:
o (St (74
t=1

for some constants K1, ..., Kr.

In addition, we can unify the two extensions of both quits and firings. Consider the firing
model with 7" = 2. Suppose that the principal wishes to fire the agent if r; € Ir, but also
wishes to deter voluntary departures. Then, the contract is the one described in Proposition 6,
but with K7 and K are simply set high enough such that the agent always receives at least his

reservation utility.

F. A Microfoundation for the Principal’s Objective

We offer a microfoundation for the principal’s objective function (26). Suppose that the agent
can take two actions, a “fundamental” action a" € (a, @| and a manipulative action m > 0.
Firm value is a function of a only, i.e. the benefit function is b (aF , 77). The signal is increasing
in both actions: r = a” + m + 7. The agent’s utility is v (¢c) — [¢" (a) + G (m)], where g, G
are increasing and convex, G (0) = 0, and G’ (0) > ¢’ (@). The final assumption means that
manipulation is costlier than fundamental effort.

We define a = a’'+m and the cost function g (a) = min,r y, {gF (a) + G (m) | al"+m = a},
so that g (a) = ¢g*" (a) for a € (a,a] and g (a) = ¢g* (a) + g (m — a) for a > @, which is increasing
and convex. Then, firm value can be written b (min (a, ﬁ) ,ﬁ), as in equation (26).

This framework is consistent with rational expectations. Suppose b (aF , n) = "1 After
observing the signal r, the market forms its expectation P; of the firm value b(aF ,77). The
incentive contract described in Proposition 2 implements a < @, so the agent will not engage
in manipulation. Therefore, the rational expectations price is P, = e”.

In more technical terms, consider the game in which the agent takes action a and the market
sets price P; after observing signal r. It is a Bayesian Nash equilibrium for the agent to choose

A (n) and for the market to set price P, = e".
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