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D Incentive Compatibility of Contract when Timing

is Reversed

In the core model, noise 7; precedes the action a; in each period. This section shows that,
if the timing is reversed, the optimal contract in Theorem 1 still induces the target path
of actions, although we can no longer prove that it is incentive compatible. For brevity,
we consider T' = 1.

The agent chooses

a* € argmng [u(v(c(a+n)—gla)),

where 7 is now unknown. With the proposed contract v(c(r)) = ¢ (a*)r + K, so the

maximization problem is:
a” € argmaxE[u (g (a") a — g (a) + ¢’ (a*) )]

This is maximized pointwise by maximizing ¢’ (a*) a — g (a) over a, i.e. for a = a*.
However, we can no longer prove that the contract in Theorem 1 is optimal. In general,

results from Holmstrom (1979) indicate that it is not optimal with that “reversed” timing.

E Multidimensional Signal and Action

While the core model involves a single signal and action, this section shows that our
contract is robust to a setting of multidimensional signals and actions. For brevity, we
only analyze the discrete-time one-period case, since the continuous time extension is
similar. The agent now takes a multidimensional action a € A, which is a compact subset
of R! for some integer I. (Note that in this section, bold font has a different usage than

in the proof of Theorem 1.) The signal is also multidimensional:

r=b(a)+mn,
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where i3, € R, and b: A € R’ —R®. The signal and action can be of different dimensions.
In the core model, S = I =1 and b(a) = a. As before, the contract is ¢ (r) and the indirect

felicity function is V' (r) = v (¢ (r)). The following Proposition states the optimal contract.

Proposition 3 (Optimal contract, discrete time, multidimensional signal and action).

Define the I x S matriz L =b' (a*)" i.e. explicitly L;; = B (qr,...,a}), and assume that

da;
there is a vector 6 € RS such that
Lo =4 (a"), (60)

i.e., explicitly:

S
VZ = 1[,2 a—a/j (Cll, ...,aI) 91 = a—a (al, ...,GI).
=1 i )

The optimal contract is given by:
c(r)=v"" (fr + K (r)), (61)

i.e., explicitly, c(r) = v7! (Zle 01 —|—K(r1,...,rn)), where the function K (-) is the

solution of the following optimization problem:

III(l%I)lE K (b(a®) +m)] subject to

vr, LK' (r) =0 (62)

Efu(f(b(@") +n)+ K (b(a") +n1) —g(a")] > u

Proof. Here we derive the first-order condition; the remainder of the proof is as in

Theorem 1 of the main paper. Incentive compatibility requires that, for all
a* € argmaxV (b(a)+mn) —g(a),
a

and so:

V' (b(a") +n)b’(a") — ¢'(a") =0, (63)
where V' is a S—dimensional vector, b’ (a*) is a S x I matrix, and ¢’ (a*) is a / —dimensional
vector. Integrating equation (63) gives: V (r) = 6r + K (r), where Or :Zle 0;r;, and
LK’ (r) = 0.

Note that K (r) is now a function and so determined by solving an optimization prob-

lem. Previously, K was a constant and determined by solving an equality. m
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We now analyze two specific applications of this extension.

Two signals. The agent takes a single action, but there are two signals of performance:
T1:a+€1, r2:a+€2.

In this case, L = (1 1). Therefore, with 6 = (0;,6,) € R? | (60) becomes: 0; + 0, = ¢’ (a*).
For example, we can take 0 = 0 = ¢’ (a*) /2. Next, (62) becomes: 0K /0r1+ 0K /0ry = 0.
It is well known that this can be integrated into: K (ry,rs) = k (11 — ro) for a function k.

Hence, the optimal contract can be written:

c= vt (g' (a*) <” ;”) k(- rg)) ,

where the function k() is chosen to minimize the cost of the contract subject to the

participation constraint. As in Holmstrom (1979), all informative signals should be used

to determine the agent’s compensation.

Relative performance evaluation. Again, there is a single action and two signals, but

the second signal is independent of the agent’s action, as in Holmstrom (1982):
T =a+ €, T9g = &9

In this case, L = (1 0). Therefore, with § = (6;,6,) € R? | (60) becomes: 0; = ¢’ (a*).
Next, (62) becomes: 0K/0ry = 0, so that K (r1,72) = k (rg) for a function k. Hence, the

optimal contract can be written:
c=v"1 (g (a") i+ k(r2)).

The second signal enters the contract even though it is unaffected by the agent’s action,

since it may be correlated with the noise in the first signal.

F Proofs of Mathematical Lemmas

This section contains proofs of some of the mathematical lemmas featured in the appen-

dices of the main paper.

Proof of Lemma 4 We thank Chris Evans for suggesting the proof strategy for this

Lemma. We assume a < b.
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We first prove the Lemma when j(x) = 0V z. For a positive integer n, define
k, = (b — a) /n, and the function r,(x) as

o (z) =
Oforxe [a,a—l—kn).

We have for x € (a,b], liminf,, 7, (z) > liminf, o (m)*s(:v—s) > 0.

Define I,, = f rn () dx. As f + h is nondecreasing and k is C?, f@)=f@—kn) iix kn) >
o) thzkn) > — SUD[, 4 h (). Therefore, 7, () > min (0, —supy,y I (x )) V 2. Hence we

n

can apply Fatou’s lemma, which shows:

n—oo n—oo n—oo

b b
liminf 7,, = lim inf/ o (2) de > / liminfr, (z) dz > 0.

Next, observe that [, = [ b S@=f@mka) gy consists of telescoping sums, so:

a+kn kn
b a+k
f(z) / " f (=)
I, = dz — E
" b—kn, kn v a kn !

b at+k
) —f(z ") - fla
—rw - f - [ IO, IO Ty ) ) - - A
b—kn n a n
We first minorize A,. From condition (ii) of the Lemma, for any £ > 0, there is an
n > 0, such that for x € [a,a+ 7|, f(z) — f(a) > —e. For n large enough such that

fen <,
a+kn f(:l?) _ f(a) a+kn —c
An = / k—dl' Z / k—dl' = —¢,

and so liminf, . A, > 0.

We next minorize B,. Since f’ (b) > 0 for every € > 0, there exists a § > 0 s.t. for
x € [b—=20,b], (f(b)— f(z))/(b—1x) > —e. Therefore, for n sufficiently large so that
kn S 57

drx = —e—,

5 - [ f<b>—f<x)d$2/” (—a)lib—x) k2

by Fn
and so liminf, .. B, > 0.
Finally, since f (b) — f (a) = I, + A,, + B,,, we have

f () — f(a) =liminf (I, + A, + B,) > liminf I,, + liminf A, + liminf B,, > 0.

n—oo n—oo n—oo n—oo

We now prove the general case. Define F (z) — [7j(t)dt. Then, F' (z) > 0.
By the above result, F'(b) — F (a) > 0.
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Proof of Lemma 5

Let (y,) T = be a sequence such that

[ @)= f )

ynTlx T — UYn

We can further assume that lim,,_, f(y,) exists (if not, then we can choose a subse-
quence yp, such that lim,, .. f(yn,) exists and replace y, by vy, ) -
If lim, oo f(yn) = f(x), Then,

(ho f) (x) = liminf Lo/ @) =he /W)

ylz r—y
< i B0 S @ = ho f (1)
ynlx T — yn

_hmhof(x) o f(yn) f(z) = f(yn)
iz f(z) = f(yn) T — Yn

= h(f (@) [~ (2).

Iflim, oo f(yn) < f(z), then f’ (x) = oo, since b’ (f (z)) > 0, we still have (h o f)" (z) <
WA(f(x)) fL ().
Iflim, o0 f(yn) > f(2), then (ho f)" (z) < limy, 1, %ﬁ;zﬂy”) = —00, hence (h o f)L () <
WA(f () f ().
On the other hand, suppose (7,) T = be a sequence such that
o (o) — i S @) =0 1 ()

Inlx Xr — yTL

and that lim,, . f(9,) exists. If lim,, o f(yn) = f(x), Then,

(ho f). (x) = lim

Gnlz T — UYp
:hmhof<x)_hof@n)f<) f(yn)
gnte f(z) = f(Gn) T = Jn
o hof @) —ho f () . f(@) = (i)
mie @) = fn) stz =g
:h/(f(l‘) lim f(x)_]f(yn)g)

hof(z)—=hof(gn)

Note that the existence of limy, 1, F@—fGn) - guarantees the

flz)— f(yn)

T—0n

hof(z)—hof(gn) ;
T and llmgnTx

existence of limy, 1,
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If limy, oo f(Gn) < f(2),
If limy, oo f(9n) > f(2),
fore, (ho f)_ (x) =1 (f (x)) f (x).

then (ko ). (5) =202 (5 (o),
then f" (z) < limﬁnmw _

T—Yn

< (ho f)" (z). There-

Proof of Lemma 6

We use

(f+ 1) (@) = limint L D FRE@ =7 @) =1 () :hminf(f(x)_f(y) + h<x>_h(y))

ylx r—y yTx r—y r—Yy
> lim inf J@) =71 () = f ) + lim inf hiz) = h(y) () = (y) =f(x)+h (2).
ylz r—y ylz r—y
When h is differentiable at z,
@)= fy) . h(z)—h(y)
h) (z) = liminf === 4] = f R
(1) (@) = timing L0 4 pon 2 7 () 1 (2)

Proof of Lemma 7
We wish to prove that E [h (X)] > E[h (Y)] for any concave function h. Define I () =
Eh(X +6(Y — X))] for 6 € [0,1], so that

I'"®)=E[R"(X+5(Y-X) (Y -X)] <0

T
o) =B 0 - )] = w00 ([ vaz )],
0
where v, = 8 — oy, and ; > 0 almost surely. We wish to prove I (1) < I(0). Since [ is
concave, it is sufficient to prove that I’ (0) < 0.

We next use some basic results from Malliavin calculus (see, e.g., Di Nunno, Oksendal

and Proske (2008)). The integration by parts formula for Malliavin calculus yields:

I'0)=E [h/ (X) ( /0 ' %dZtﬂ . [ /0 D (X)) %dt} |

where D;h' (X) is the Malliavin derivative of A’ (X) at time ¢. Since (av),c(o 7 is deter-

ministic. Therefore, the calculation of D;h’ (X) is straightforward:

T T
Dh' (X) = D (/ Ozsts> =h (/ Ozsts> ap=h"(X) o
0 0
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Hence, we have:

I'0)=E { /0 ' (D, (X)) %dt} B { /0 Y (X) at%dt} .

Since " (X)) < 0 (because h is concave), and oy and +y; are nonnegative, we have h” (X) apyy <
0. Therefore, I' (0) < 0 as required.

Proof of Lemma 8

We commence the proof with a Lemma.

Lemma 9 Consider a differentiable function f, two continuously differentiable random
variables X andY (not necessarily independent), two constants a and b such that E[f (X + a)] =
E[f (Y 4+0b)], and an interval I such that (i) f'(z) > 0V x € I and (ii) almost surely,
X+4+aandY +b arein I. Then,

sup; '

<
o= bl < {F 7

E[|X -Y]]. (64)

The Lemma implies that when X and Y are “close”, then a and b are also close.
Proof. By redefining if necessary Y’/ = Y + b, X’ = X + b, it is sufficient to consider
the case b = 0. Define H = X — Y + a. From the Intermediate Value Theorem, for any
Y, H, there is a value 6 (Y, H) such that f (Y + H)— f(Y)=f (Y +0(Y,H)H)H. In
addition, Y + 6 (Y, H) H € I almost surely. Hence,

0=E[fY)]-E[f(X+a]=E[f(YV)-E[fY +H)]=E[f (Y +0(,H)H) (X -Y +a)]
=E[f'(Y+0(Y,H)H)(X -Y)|+aE[f (Y +60(Y,H)H)].
Thus,

_ B+ H)H) (X —Y)]| _ (sup, f)BE[IX — Y]
E[f'(Y+0(Y,H)H)] - inf; f/

lal

n
We now turn to the main proof. Consider contract A that implements action A (n),

and contract B that implements B (1). Define

X = /n"g%A(x))da:, v = /g (B (x)) de,

and k, k' such that
u=E[u(X+k)]=E[uY+k). (65)

53



From Proposition 3, the felicity of contract A is X + k + g (A (n)), and the felicity of
contract Bis Y + k' 4+ g (B (n)).

We prove the Lemma by demonstrating a sequence of three inequalities.

1). Inequality regarding |k — K'|. Since 0 < X < (7 — ﬂ) ¢’ (a), we have

u(k) <u=Eu(X+k)]<u(k+@—n)d (a)
Tw-{-n)d @ <k<u(u).

We therefore have o < k + X < 3, where
a=u'(w)-(M-n)g @) and f=u""(u)+ (T—1n)d (a). (66)

By the same reasoning, o < k' +Y < 3.

Applying Lemma 9 to equation (65), function u and interval [« 3], we obtain: |k — k/| <
SUPq 5] ¥/

YA E|X — Y. Since u is concave, this yields the inequality:

o v (e) 3
k=K < G BIX =Y. (67)

2). Inequality regarding E|X —Y|. We have:

E|IX - YV|=E / (¢ (A(2) — ¢ (B(x)) da

< (supg")E /U\A(:U)—B(x)\dx] = (supg”)E /H\A(a:)— (z)] 1p<mdx
(sup ¢” / ()| E [1,<5] dz
= (supg”) |A(m)—B( )| F (x) dx, defining F (z) = P (n > 1)

= (su "7 x) — xﬁ(x)xx

= (wwg’) [ 14~ B i )

< up /) (sup ?) [ 146 = 8@ £ )45 = Gupg’) (w0 %) E L4 - B@),

f
yielding the inequality

5)E|A<m—3<m|. (68)

E|X - Y| < (supg”) (Sup 7
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3). Inequality regarding the difference in costs. We can now compare the costs of the

two contracts, which we denote C4, and Cg. We find:

Ca—Cpl = [E[v™ (X +k+g(Am)) —v (¥ +k+g(B®))|
<( s (W))EIX +k+g(A®m) — Y+ K +g(Bm)

[a+inf g,54-sup g]

<DEIX-Y|+|k—K|+E[g(A(n) —g(B(n))]), defining D = (v=!) (8 + g (a))

<D (1 + Z: Eg;) E|X — Y|+ Dg (@) E|A(n) — B (n)|, by equation (67)

Define

A= (1429 g (sw0 )+ @] ) B Ho@). 09

where «, 3 are given in equation (66), and F (z) = P (n > x). Using equation (68) yields:

|Ca—Cs| <AE[A(n) — B (),

as required.
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