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Devwudfw

Hpslulfdo uhvhdufk rq wkh shupdqhqw lqfrph k|srwkhvlv +SLK, kdv irxqg
wkdw frqvxpswlrq jurzwk lv h{fhvvlyho| vhqvlwlyh wr suhglfwdeoh fkdqjhv lq lq0
frph1 Wklv ?qglqj lv lqwhusuhwhg dv vwurqj hylghqfh djdlqvw wkh SLK1 Zh sur0
srvh dq h{sodqdwlrq iru dssduhqw h{fhvv vhqvlwlylw| wkdw lv edvhg rq d txdq0
wlwdwlyh htxloleulxp yhuvlrq ri Ehfnhu*v +4<98, prgho ri krxvhkrog surgxfwlrq
lq zklfk shupdqhqw lqfrph frqvxphuv uhvsrqg wr vkliwv lq vhfwrudo zdjhv dqg
sulfhv e| vxevwlwxwlqj zrun h>ruw dqg frqvxpswlrq dfurvv krph dqg pdunhw
vhfwruv1 Dowkrxjk wkh SLK lv wuxh/ wklv phfkdqlvp jhqhudwhv dssduhqw h{fhvv
vhqvlwlylw| ehfdxvh pdunhw frqvxpswlrq uhvsrqgv wr suhglfwdeoh lqfrph jurzwk1
Nh|zrugv= shupdqhqw lqfrph k|srwkhvlv> krxvhkrog surgxfwlrq1 +MHO G46/
H43/ H54,1
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Wkh shupdqhqw0lqfrph2olih0f|foh k|srwkhvlv +SLK, kdv frph wr rffxs| d fhqwudo
srvlwlrq lq pdlqvwuhdp pdfurhfrqrplfv vlqfh lwv lqfhswlrq qhduo| iruw| |hduv djr lq
wkh zulwlqjv ri Plowrq Iulhgpdq +4<8:,1 Dowkrxjk wkh SLK lv wdnhq dv d{lrpdwlf lq
pdq| pdfurhfrqrplf lqyhvwljdwlrqv/ wkh txhvwlrq ri lwv hpslulfdo dffxudf| frqwlqxhv
wr irup wkh edvlv iru dq dfwlyh hpslulfdo olwhudwxuh zklfk zh vxuyh| lq vhfwlrq L ehorz1
Pdq| ri wkhvh vwxglhv ?qg wkdw frqvxpswlrq jurzwk udwhv duh urexvwo| fruuhodwhg zlwk
suhglfwdeoh fkdqjhv lq uhdo lqfrph1 Wklv ?qglqj lv vrphwlphv ghvfulehg dv wkh 3h{fhvv
vhqvlwlylw|4 ri frqvxpswlrq wr lqfrph dqg lv lqwhusuhwhg dv vwurqj hylghqfh djdlqvw
wkh SLK1

Wklv sdshu sursrvhv dq h{sodqdwlrq iru dssduhqw h{fhvv vhqvlwlylw| wkdw lv frqvlv0
whqw zlwk wkh SLK1 Rxu vwduwlqj srlqw lv Jdu| V1 Ehfnhu*v +4<98, prgho ri d krxvhkrog
lq zklfk lqglylgxdov vxevwlwxwh ehwzhhq krph dqg pdunhw surgxfhg frqvxpswlrq
jrrgv dffruglqj wr wkhlu uhodwlyh sulfh1 Zh zloo vkrz wkdw d prgho lqfrusrudwlqj sur0
gxfwlrq dqg frqvxpswlrq ri krph0surgxfhg jrrgv surylghv d frpshoolqj udwlrqdoh
iru wkh revhuyhg hpslulfdo uhodwlrqvkls ehwzhhq frqvxpswlrq dqg rxwsxw1

Wkh olqn ehwzhhq krxvhkrog surgxfwlrq dqg wkh exvlqhvv f|foh kdv ehhq wkh vxe0
mhfw ri vhyhudo uhfhqw sdshuv14 Wkhvh sdshuv ?qg wkdw lqwhudfwlrqv ehwzhhq wkh krxvh0
krog dqg pdunhw vhfwruv lq d txdqwlwdwlyh jhqhudo htxloleulxp prgho lpsuryh wkh
prgho*v suhglfwlrqv frqfhuqlqj wkh fhqwudo exvlqhvv f|foh idfwv uhodwlyh wr d surwrw|s0
lfdo rqh0vhfwru uhdo exvlqhvv f|foh prgho1 Wkhvh krxvhkrog surgxfwlrq prghov gr qrw
whvw wkh SLK= wkh| hpehg shupdqhqw lqfrph wkhru| dv sduw ri wkh vwuxfwxuh ri wkh
prgho1 Krzhyhu/ wkh prgho wxuqv rxw wr kdyh vwulnlqj suhglfwlrqv iru wkh hpslulfdo
?qglqjv wkdw d uhvhdufkhu zrxog rewdlq li kh lqyhvwljdwhg h{fhvv vhqvlwlylw| xvlqj gdwd
rq pdunhw frqvxpswlrq dqg pdunhw rxwsxw dorqh1

Wkh edvlf lghd ehklqg krxvhkrog surgxfwlrq lq d wkhru| ri wkh exvlqhvv f|foh lv
wkdw lqglylgxdov vxevwlwxwh ehwzhhq krph dqg pdunhw jrrgv ghshqglqj rq wkh zdjh
udwh1 Wkdw lv= wkh pdunhw zdjh udwh phdvxuhv wkh rssruwxqlw| frvw ri hqjdjlqj lq
krxvhkrog surgxfwlrq/ vr dq lqfuhdvh lq wkh pdunhw zdjh gxulqj dq hfrqrplf h{sdq0
vlrq vkrxog eh dffrpsdqlhg e| dq lqfuhdvh lq pdunhw zrun dqg sxufkdvhv ri pdunhw
jrrgv dqg d fruuhvsrqglqj ghfuhdvh lq krxvhkrog surgxfwlrq1 H{dpsohv ri jrrgv iru
zklfk wkhuh duh hvshfldoo| jrrg srvvlelolwlhv iru vxevwlwxwlrq ehwzhhq pdunhw sxufkdvh
yhuvxv krph surgxfwlrq lqfoxgh wkh iroorzlqj= fklog fduh> krph pdlqwhqdqfh +krxvh0
fohdqlqj/ odzq przlqj/ sdlqwlqj/ uhsdluv/ dqg wkh olnh,> irrg suhsdudwlrq> ?qdqfldo
vhuylfhv vxfk dv suhsdudwlrq ri lqfrph wd{ uhwxuqv> dqg forwklqj +vhzlqj dqg uhsdlu,1

Vlqfh wkh krxvhkrog surgxfwlrq prgho suhglfwv wkdw lqfrph jurzwk dqg jurzwk lq
wkh rssruwxqlw| frvw ri krph0surgxfhg jrrgv duh kljko| fruuhodwhg/ wkhuh lv d qdwxudo
uhdvrq iru d srvlwlyh fruuhodwlrq ehwzhhq pdunhw frqvxpswlrq jurzwk dqg suhglfwdeoh
fkdqjhv lq lqfrph1 Xvlqj d txdqwlwdwlyh htxloleulxp exvlqhvv f|foh prgho zlwk krxvh0
krog surgxfwlrq/ zh vkrz wkdw wkh hpslulfdo ?qglqj ri h{fhvv vhqvlwlylw| ri pdunhw
frqvxpswlrq wr pdunhw lqfrph hphujhv hyhq wkrxjk lqglylgxdov kdyh udwlrqdo h{shf0
wdwlrqv dqg dfw dv shupdqhqw lqfrph frqvxphuv zkhq frqvxpswlrq lv dssursuldwho|
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gh?qhg wr lqfoxgh jrrgv surgxfhg dw krph1 Hvvhqwldoo|/ wkh vwdqgdug 3h{fhvv vhqvlwly0
lw|4 uhjuhvvlrq lv plvvshfl?hg ehfdxvh lw irfxvhv rq pdunhw frqvxpswlrq dqg pdunhw
lqfrph/ zkhq lw vkrxog surshuo| eh vshfl?hg dv d uhodwlrqvkls ehwzhhq djjuhjdwh
frqvxpswlrq dqg djjuhjdwh lqfrph15

Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq L uhylhzv wkh hpslulfdo olwhudwxuh rq
wkh h{fhvv vhqvlwlylw| ri frqvxpswlrq1 Vhfwlrq LL ghyhorsv d sduwldo htxloleulxp prgho
ri frqvxphu fkrlfh wkdw looxvwudwhv krz dssduhqw h{fhvv vhqvlwlylw| dulvhv qdwxudoo|
lq wkh suhvhqfh ri d qrqpdunhw frqvxpswlrq jrrg1 Wkh sduwldo htxloleulxp qdwxuh
ri wkh prgho doorzv xv wr ghyhors lqwxlwlyh/ forvhg0irup vroxwlrqv iru wkh uhodwlrqvkls
ehwzhhq frqvxpswlrq jurzwk dqg suhglfwdeoh lqfrph jurzwk1 Vhfwlrq LLL forvhv wkh
prgho ri vhfwlrq LL e| vshfli|lqj wkh surgxfwlrq vlgh ri wkh hfrqrp| dqg ghwhuplqlqj
sulfhv dqg lqwhuhvw udwhv hqgrjhqrxvo|1 Wkh vhfwlrq hqgv zlwk d eulhi ghvfulswlrq ri wkh
exvlqhvv f|foh lpsolfdwlrqv ri wkh prgho1 Vhfwlrq LY vwxglhv wkh lpsolfdwlrqv ri wkh
jhqhudo htxloleulxp prgho iru wkh frh!flhqwv lq d uhjuhvvlrq ri pdunhw frqvxpswlrq
jurzwk rq wkh suhglfwdeoh frpsrqhqw ri lqfrph jurzwk dqg rq wkh lqwhuhvw udwh1 Zh
frqvlghu vhyhudo sodxvleoh vshfl?fdwlrqv iru wkh surgxfwlylw| surfhvv zklfk gulyhv wkh
prgho1 Ixuwkhu/ zh h{soruh wkh vhqvlwlylw| ri wkh sdudphwhu hvwlpdwhv wr dowhudwlrqv
lq wkh vshfl?fdwlrq ri wkh frqvxpswlrq uhjuhvvlrq dqg h{soruh wkh h{whqw wr zklfk
vpdoo vdpsoh eldv pd| eh lpsruwdqw1 Ryhudoo/ zh ?qg d urexvw suhglfwlrq ri 3h{fhvv
vhqvlwlylw|4 lq wkh vhqvh wkdw h{shfwhg lqfrph jurzwk lq wkh pdunhw vhfwru suhglfwv
jurzwk lq pdunhw frqvxpswlrq1 Vhfwlrq Y frqfoxghv1

L1 Uhodwhg olwhudwxuh
Lq klv vhplqdo sdshu/ Urehuw H1 Kdoo +4<:;, vkrzhg wkdw frqvxpswlrq vkrxog iroorz
d udqgrp zdon lq d vlpsoh lqwhuwhpsrudo htxloleulxp prgho zlwk d frqvwdqw lqwhuhvw
udwh1 Kh ?qgv wkdw odjjhg lqfrph lv qrw vljql?fdqw iru frqvxpswlrq jurzwk/ dqg kh
wkxv frqfoxghv lq idyru ri wkh shupdqhqw lqfrph k|srwkhvlv1 Vxevhtxhqwo|/ krzhyhu/
Pdumrulh Iodylq +4<;4, irxqg wkdw frqvxpswlrq lv h{fhvvlyho| vhqvlwlyh wr lqfrph lq
wkh vhqvh wkdw fxuuhqw lqfrph vwloo kdv h{sodqdwru| srzhu diwhu dffrxqwlqj iru wkh
lqqrydwlrq lq shupdqhqw lqfrph1 Prvw uhfhqwo|/ Mrkq \1 Fdpsehoo dqg Q1 Juhjru|
Pdqnlz +4<;</ 4<<3/ 4<<4, xvhg lqvwuxphqwdo yduldeoh whfkqltxhv wr hvwlpdwh wkh
frh!flhqw rq suhglfwdeoh fkdqjhv lq lqfrph lq frqvxpswlrq jurzwk uhjuhvvlrqv dqg
dujxhg wkdw wklv frh!flhqw phdvxuhv wkh iudfwlrq ri frqvxpswlrq dwwulexwdeoh wr
lqglylgxdov zkr/ dv d uxoh ri wkxpe/ frqvxph wkhlu fxuuhqw lqfrph1

Lq dgglwlrq wr wkh uxoh0ri0wkxpe frqvxpswlrq ixqfwlrq/ vhyhudo srvvleoh h{sod0
qdwlrqv iru wkh hpslulfdo idloxuh ri Kdoo*v edvlf prgho kdyh ehhq vxjjhvwhg1 Prvw
ri wkhvh frqvlghu wkh uhod{dwlrq ri wkh vlpsoli|lqj dvvxpswlrqv ri wkh lqlwldo prgho1
Wkh iroorzlqj uhsuhvhqwdwlrq ri wkh frqvxphu*v ?uvw rughu frqglwlrq/ zklfk lv vrph0
zkdw pruh jhqhudo wkdq Kdoo*v/ vxjjhvwv ydulrxv dyhqxhv iru uhfrqflolqj wkh hpslulfdo
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hylghqfh zlwk prghuq yhuvlrqv ri wkh shupdqhqw lqfrph k|srwkhvlv=

üâEä|cf|ä ' q.|düâEä|n�c f|n�äE� n o|c|n�äo +4,

Lq wkh h{suhvvlrq deryh/ üâEä|/f|ä lv prphqwdu| pdujlqdo xwlolw| zklfk ghshqgv rq
frqvxpswlrq ri qrqgxudeohv dqg vhuylfhv/ ä|/ dqg rq rwkhu idfwruv f| zklfk d>hfw wkh
pdujlqdo xwlolw| ri frqvxpswlrq/ dqg o|c|n� ghqrwhv wkh lqwhuhvw udwh ehwzhhq shulrgv
w dqg w.41 Wkxv rqh srvvleoh h{sodqdwlrq iru wkh idloxuh ri Kdoo*v edvlf prgho lv
d yduldeoh lqwhuhvw udwh1 Fdpsehoo dqg Pdqnlz frqvlghu zkhwkhu wkh lqwhuhvw udwh
h{sodlqv h{fhvv vhqvlwlylw|1 Wkh| ?qg/ krzhyhu/ wkdw hpslulfdoo| wkh lqwhuhvw udwh
grhv qrw h{sodlq pxfk ri frqvxpswlrq jurzwk1 Dqrwkhu sursrvhg h{sodqdwlrq iru
h{fhvv vhqvlwlylw| lv wlph0ydu|lqj suhfdxwlrqdu| vdylqj ehkdylru/ uhodwhg wr d wlph0
ydu|lqj frqglwlrqdo yduldqfh ri frqvxpswlrq1 Wklv olqh ri dujxphqw kdv ehhq sxuvxhg
e| Ulfdugr M1 Fdedoohur +4<<3,1 Ilqdoo|/ Odzuhqfh Fkulvwldqr hw do1 +4<<4, h{soruh
wkh uroh ri whpsrudo djjuhjdwlrq lq jhqhudwlqj vsxulrxv h{fhvv vhqvlwlylw|1

Dqrwkhu sursrvhg uhfrqfloldwlrq ri wkh SLK zlwk dssduhqw h{fhvv vhqvlwlylw| lv
edvhg rq rwkhu idfwruv zklfk hqwhu qrqvhsdudeo| lq wkh pdujlqdo xwlolw| ixqfwlrq/
dv uhsuhvhqwhg deryh e| wkh yduldeoh f|1 Wkh prvw reylrxv duh qrqvhsdudelolwlhv
uhodwhg wr gl>huhqw fodvvhv ri frqvxpswlrq jrrgv +h1j1/ frqvxphu gxudeohv yv1 frq0
vxphu qrq0gxudeohv/ ru frqvxpswlrq yv1 ohlvxuh,/ ru qrqvhsdudelolwlhv ryhu wlph gxh
wr kdelw irupdwlrq1 Li pryhphqwv lq f|n� duh suhglfwdeoh dqg li wkh| duh uhodwhg wr
suhglfwdeoh fkdqjhv lq lqfrph/ wkh qrqvhsdudelolw| fdq jhqhudwh wkh h{fhvv vhqvlwly0
lw| uhvxow1 Mrkq Frfkudqh +4<<4, vxjjhvwv wklv dv rqh srwhqwldo lqwhusuhwdwlrq ri wkh
Fdpsehoo0Pdqnlz uhvxowv1 Hpslulfdo hylghqfh rq wkh k|srwkhvlv wkdw h{fhvv vhqvlwly0
lw| lv gxh wr qrqvhsdudelolw| ri frqvxphu gxudeohv iurp qrqgxudeohv lv lqfrqfoxvlyh=
Fdpsehoo dqg Pdqnlz +4<<3, dqg Pdqnlz +4<;8, gr qrw uhmhfw vhsdudelolw|/ zkloh
Pduwlq Hlfkhqedxp dqg Oduv Kdqvhq +4<<3, ?qg vrph hylghqfh djdlqvw vhsdudelolw|
ehwzhhq gxudeohv dqg qrqgxudeohv1

Rxu sursrvhg h{sodqdwlrq iru dssduhqw h{fhvv vhqvlwlylw| klqjhv rq d sduwlfxodu
qrqvhsdudelolw|= wkdw ehwzhhq pdunhw jrrgv dqg krph jrrgv lq prphqwdu| xwlolw|1
Zkloh vxevwlwxwlrqv ehwzhhq frqvxpswlrq dqg ohlvxuh duh dovr sduw ri rxu vwru|/ lw
lv pruh sodxvleoh wkdw wkh prvw lpsruwdqw fkdqqho lqyroyhv vxevwlwxwlrq dfurvv do0
whuqdwlyh phwkrgv iru surgxflqj ?qdo frqvxpswlrq jrrgv1 Ixuwkhu/ lq dgglwlrq wr
vxevwlwxwlrq dfurvv frqvxpswlrq jrrgv/ lqglylgxdov lq rxu prgho dovr vxevwlwxwh eh0
wzhhq surgxfwlyh dfwlylwlhv ghshqglqj rq wkh uhodwlyh uhzdugv wr zrun lq hdfk vhfwru1
Wkh frpelqdwlrq ri wkhvh wzr h>hfwv surylghv dq h{sodqdwlrq iru wkh hpslulfdo ?qglqj
ri h{fhvv vhqvlwlylw|1

LL1 D vlpsoh prgho
Wklv vhfwlrq ghyhorsv d sduwldo htxloleulxp prgho ri frqvxphu fkrlfh wkdw looxvwudwhv
krz dssduhqw h{fhvv vhqvlwlylw| dulvhv lq wkh suhvhqfh ri d qrqpdunhw frqvxpswlrq
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jrrg1 Vshfl?fdoo|/ zh vkrz wkdw wkh jurzwk ri pdunhw frqvxpswlrq lv srvlwlyho|
uhodwhg wr wkh suhglfwdeoh frpsrqhqw ri oderu lqfrph jurzwk1

Wkh uhsuhvhqwdwlyh lqglylgxdo ghulyhv xwlolw| iurp pdunhw frqvxpswlrq/ ä/ iurp
krph0surgxfhg frqvxpswlrq/ M/ dqg iurp ohlvxuh/ u/ dqg pd{lpl}hv h{shfwhg olih0
wlph xwlolw| jlyhq e|=

.f

"[
|'f

q|
ë

�

�ý j
ê
)Eä|c M|ä

�3jñEu|ä +5,

zkhuh )Eéä lv d olqhduo| krprjhqhrxv djjuhjdwru ri wkh wzr frqvxpswlrq jrrgv> ñEu|ä
phdvxuhv wkh xwlolw| ghulyhg iurp ohlvxuh> j lv wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq>
dqg q lv wkh vxemhfwlyh glvfrxqw idfwru1 Wkh lqglylgxdo*v wlph frqvwudlqw wdnhv wkh
irup=

A ' ùM| nù�| n u| +6,

zkhuh A lv wkh dprxqw ri qrqvohhslqj wlph dydlodeoh iru zrunlqj ru frqvxplqj ohlvxuh>
ùM| lv wkh dprxqw ri wlph wkdw lqglylgxdov doorfdwh wr wkh surgxfwlrq ri wkh krph0
surgxfhg jrrg> ù�| lv wlph ghyrwhg wr pdunhw zrun> dqg u| ghqrwhv wlph vshqw lq
ohlvxuh dfwlylwlhv1 Zh iroorz wkh olwhudwxuh lq dvvxplqj wkdw dq krxu ghyrwhg wr pdunhw
zrun jhqhudwhv wkh vdph glvxwlolw| dv dq krxu ri qrqpdunhw zrun1

Wkh uhsuhvhqwdwlyh lqglylgxdo*v dvvhwv hyroyh dffruglqj wr wkh iroorzlqj=

~|n� ' E� n o|c|n�äE~| n`|EA ýùM| ý u|äý ä|ä +7,

zkhuh ~|n� ghqrwhv lqglylgxdo dvvhw kroglqjv dw wkh ehjlqqlqj ri shulrg | n � dqg
`| lv wkh zdjh udwh lq wkh pdunhw vhfwru1 Zh kdyh dvvxphg/ iru vlpsolflw|/ wkdw wkh
uhsuhvhqwdwlyh djhqw krogv d vlqjoh dvvhw +zklfk pd| eh d sruwirolr, wkdw hduqv wkh
h{rjhqrxv uhdo uhwxuq o|c|n� ehwzhhq shulrgv | dqg |n �1

Krxvhkrog surgxfwlrq lv dvvxphg wr uhtxluh oderu dorqh/ dffruglqj wr d olqhdu
whfkqrorj| +wklv dvvxpswlrq zloo eh uhod{hg lq wkh jhqhudo htxloleulxp prgho ri wkh
qh{w vhfwlrq,1 Ohwwlqj øM| ghqrwh wkh +srvvleo| vwrfkdvwlf, ohyho ri oderu surgxfwlylw|
lq wkh krph vhfwru/ frqvxpswlrq ri wkh krph jrrg/ M|/ lv frqvwudlqhg e|=

øM|ùM| ' M| 1 +8,

Lq htxloleulxp/ wkh iroorzlqj wkuhh frqglwlrqv pxvw krog/ zkhuh )æEä|cM|ä/ DæEu|ä
ghqrwh wkh sduwldo ghulydwlyhv ri ) dqg D dw gdwh | zlwk uhvshfw wr yduldeoh æ=

)Eä|cM|ä
3jñEu|ä)äEä|cM|ä ' q.|

û
)Eä|n�c M|n�ä

3jñEu|n�ä)äEä|n�c M|n�äE� n o|c|n�ä
ú

+9,

)MEä|cM|ä

)äEä|cM|ä
'
`|

øM|
+:,

8



)Eä|c M|ä
�3jñuEu|ä

E�ý jä)Eä|cM|ä3jñEu|ä)äEä|cM|ä
' `|é +;,

Htxdwlrq +9, lv wkh lqwhuwhpsrudo h!flhqf| frqglwlrq uhodwlqj wkh pdujlqdo xwlolw|
lq shulrg | wr glvfrxqwhg pdujlqdo xwlolw| lq shulrg |n�/ zkloh htxdwlrqv +:, dqg +;,
duh lqwudwhpsrudo h!flhqf| frqglwlrqv uhodwlqj uhodwlyh sulfhv dqg pdujlqdo xwlolwlhv1

Zh fdq rewdlq d forvhg irup vroxwlrq iru wklv prgho e| wdnlqj d orj0olqhdu dssur{0
lpdwlrq wr wkh Hxohu htxdwlrqv1 Wr vlpsoli|/ zh ohw surgxfwlylw| eh frqvwdqw lq wkh
krxvhkrog vhfwru= øM| ' øM 1 Orj0olqhdu dssur{lpdwlrq ri +9, |lhogv wkh iroorzlqj
uhodwlrqvkls ehwzhhq h{shfwhg jurzwk ri frqvxpswlrq dqg h{shfwhg zdjh jurzwk/
zkhuh orzhufdvh ohwwhuv ghqrwh shufhqwdjh ghyldwlrqv iurp wkh srlqw ri olqhdul}dwlrq
+h{fhsw iru o|c|n�/ gh?qhg hduolhu dv wkh ulvn0iuhh lqwhuhvw udwh,=

.|E7S|n�ä ' k�.|E7ç|n�ä n k2.|o|c|n�é +<,

zlwk

k� '
1), ý E�ý rSä1,,
j1,, n E�ý jä1),

n E�ý rSäl

k2 '
1,, ý 1),

j1,, n E�ý jä1),
é

Lq wkh h{suhvvlrqv deryh/ rS ghqrwhv wkh vkduh ri pdunhw frqvxpswlrq lq wkh frqvxps0
wlrq djjuhjdwh )> l ghqrwhv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq pdunhw frqvxpswlrq
dqg frqvxpswlrq ri jrrgv surgxfhg dw krph> 1), lv wkh hodvwlflw| ri wkh pdujlqdo xwlo0
lw| ri wkh frqvxpswlrq djjuhjdwh zlwk uhvshfw wr ohlvxuh 1,, ghqrwhv wkh rzq0hodvwlflw|
ri wkh pdujlqdo xwlolw| ri ohlvxuh1

Wr jdlq lqvljkw lqwr wkh uhodwlrqvkls ehwzhhq frqvxpswlrq jurzwk dqg zdjh
jurzwk/ lw lv lqvwuxfwlyh wr vwxg| wzr vshfldo fdvhv ri htxdwlrq +<,1 Iluvw/ vxssrvh
wkhuh lv qr krxvhkrog jrrg/ vr wkdw rS ' �1 Wkhq wkh h{suhvvlrq iru k� vlpsol?hv wr

k� '
1),

j1,, n E�ý jä1),
é +43,

Wkh ghqrplqdwru ri +43, lv qhjdwlyh e| frqfdylw| ri prphqwdu| xwlolw|1 Wkh qxphu0
dwru 1), I f li j 0 �/ vr wkh frqglwlrq iru k� : f lq wkh fdvh zlwk qr krxvhkrog
surgxfwlrq lv j : �= wkh pdujlqdo xwlolw| ri frqvxpswlrq idoov zlwk lqfuhdvhv lq
ohlvxuh1

D vhfrqg vshfldo fdvh lqyroyhv }hur hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh krph
dqg pdunhw jrrg= l ' f1 Lq wklv fdvh/ k� ehfrphv

k� '
1), ý E�ý rSä1,,
j1,, n E�ý jä1),

é
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Frpsduhg zlwk wkh qr0krxvhkrog0surgxfwlrq fdvh/ wklv h{suhvvlrq iru k� kdv d qhz
whup lq wkh qxphudwru/ ýE�ý rSä1,,/ zklfk uh hfwv d 3sulfh h>hfw4 ri dq lqfuhdvh lq
wkh pdunhw zdjh rq frqvxpswlrq1 Zkhq wkh pdunhw zdjh ulvhv/ wkh frqvxpswlrq
djjuhjdwh ) ehfrphv pruh h{shqvlyh ehfdxvh wlph lv qhhghg wr surgxfh wkh krph
jrrg1 Wklv sulfh h>hfw/ wdnhq e| lwvhoi/ zrxog whqg wr uhgxfh frqvxpswlrq ri wkh
frpsrvlwh jrrg1 Wkxv lqwurgxflqj krxvhkrog surgxfwlrq lq d zd| wkdw shuplwv qr
vxevwlwxwdelolw| ehwzhhq krph dqg pdunhw jrrgv zrxog whqg wr uhgxfh wkh uhvsrq0
vlyhqhvv ri pdunhw frqvxpswlrq wr fkdqjhv lq wkh zdjh udwh1

Zkhq lqglylgxdov duh zloolqj wr vxevwlwxwh ehwzhhq krph dqg pdunhw jrrgv/ l : f/
wkhq wkh ?qdo whup dsshduv lq wkh h{suhvvlrq iru k�= E� ý rSäl1 Wklv whup uh hfwv
wkh h>hfw rq pdunhw frqvxpswlrq ri vxevwlwxwlrqv ehwzhhq krph dqg pdunhw jrrgv
zkhq wkhlu uhodwlyh sulfh fkdqjhv1 Dv qrwhg deryh/ dq lqfuhdvh lq wkh pdunhw zdjh
lqfuhdvhv wkh sulfh ri krph jrrgv uhodwlyh wr pdunhw jrrgv1 Lqglylgxdov zloo wkhq
vkliw frqvxpswlrq wrzdug pdunhw jrrgv8wkh h{whqw wr zklfk wkh| duh zloolqj wr gr
wklv ghshqgv rq wkh hodvwlflw| ri vxevwlwxwlrq l1

Wkxv/ zh ?qg wkdw k� lv olnho| wr eh srvlwlyh/ hyhq li wkhuh lv qr krph surgxfwlrq/
vlpso| ehfdxvh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dqg ohlvxuh1 Wkh sulfh h>hfw ri
krph surgxfwlrq whqgv wr uhgxfh wkh ydoxh ri k�/ zkloh lqfuhdvhv lq wkh vxevwlwxwdelolw|
ehwzhhq krph dqg pdunhw jrrgv zloo lqfuhdvh k�1 D vx!flhqw frqglwlrq iru k� : f
lv j : �/ l è �1 Dv zh glvfxvv pruh ixoo| lq wkh qh{w vhfwlrq/ wkhvh sdudphwhu
uhvwulfwlrqv dsshdu wr eh vdwlv?hg lq wkh gdwd1

Krz grhv h>ruw ghyrwhg wr pdunhw zrun ydu| zlwk wkh pdunhw zdjh dqg wkh
lqwhuhvw udwhB Zrunlqj djdlq zlwk wkh orj0olqhdu dssur{lpdwlrq wr wkh prgho/ zh
rewdlq wkh iroorzlqj h{suhvvlrq iru wkh jurzwk udwh ri pdunhw oderu lqsxw=

.|E7?�c|n�ä ' ò�.|E7ç|n�ä n ò2.|o|c|n� +44,

zkhuh

ò� '

ùM
ù�

ý
1,, ErSjl n E�ý rSää n 1), ErSE�ý jäl ý �ä

üý u
ù�
E�ý rSE�ý jää

j1,, n E�ý jä1),

ò2 '
u
ù�

ý ùM
ù�

ý
1,, ý 1),

ü
j1,, n E�ý jä1),

é

Zkhwkhu oderu lqsxw lv h{shfwhg wr ulvh ru idoo zlwk lqfuhdvhv lq wkh zdjh udwh ghshqgv
rq wkh vljq ri ò�1 Vlqfh ò� lv wkh uhodwhg wr wkh frpshqvdwhg oderu vxsso| hodvwlflw|/ lw
lv olnho| wr eh srvlwlyh1 Ixuwkhu/ zh ?qg wkdw ò� lv srvlwlyh zkhq sdudphwhuv duh vhw lq
dffrugdqfh zlwk hvwlpdwhv rewdlqhg e| rwkhuv lq wkh frqwh{w ri krxvhkrog surgxfwlrq
prghov/ dv zh vkdoo vkrz ehorz1

Sxwwlqj wkhvh slhfhv wrjhwkhu/ h{shfwhg lqfrph jurzwk lv jlyhq e|

.|E7+|n�ä ' .|E7?�c|n�ä n .|E7ç|n�äé +45,

:



Xvlqj htxdwlrqv +<, dqg +44, deryh/ zh ?qg wkdw h{shfwhg frqvxpswlrq jurzwk lv
uhodwhg wr h{shfwhg lqfrph jurzwk e| wkh iroorzlqj=

.|E7S|n�ä ' k�
� n ò�

.|E7+|n�ä n k2E� n ò�äý ò2
� n ò�

.|o|c|n� 1 +46,

Wkxv zh kdyh wkdw h{shfwhg jurzwk ri pdunhw rxwsxw lv srvlwlyho| fruuhodwhg zlwk
wkh jurzwk ri pdunhw frqvxpswlrq li k� : f dqg E� n ò�ä : f/ dv vhhpv olnho| lq
oljkw ri rxu sulru glvfxvvlrq16 Wkh hfrqrplf phfkdqlvp ehklqg wklv uhvxow lv pdgh
wudqvsduhqw e| wkh vlpsolflw| ri wkh prgho1 Zkhq ixwxuh pdunhw zdjhv duh h{shfwhg
wr eh kljk/ lqglylgxdov sodq wr vxevwlwxwh oderu lqsxw dzd| iurp wkh krph jrrg dqg
wrzdug surgxfwlrq ri wkh pdunhw jrrg1 Dw wkh vdph wlph/ wkh| sodq wr vxevwlwxwh
frqvxpswlrq ri wkh pdunhw jrrg iru frqvxpswlrq ri wkh krph jrrg +zklfk wkh| pxvw
vlqfh/ kroglqj øM| frqvwdqw/ wkhuh zloo eh uhodwlyho| ohvv ri wkh krph jrrg dydlodeoh
li oderu vxsso| wr wkh krxvhkrog vhfwru ghfolqhv,1 Wkxv wkhuh lv d qdwxudo phfkdqlvp
olqnlqj suhglfwdeoh lqfrph jurzwk wr wkh jurzwk ri pdunhw frqvxpswlrq17

Ilqdoo|/ qrwh wkdw wkh frh!flhqw rq wkh lqwhuhvw udwh lv qrw htxdo wr �*j ' � xqohvv
j ' l ' �1 Wkxv wklv htxdwlrq fdqqrw/ lq jhqhudo/ eh xvhg wr hvwlpdwh j dv wkh lqyhuvh
ri wkh frh!flhqw rq wkh lqwhuhvw udwh1 Wr hvwlpdwh j lq wkh frqwh{w ri wklv prgho/ lw
lv qhfhvvdu| wr kdyh gdwd rq krxvhkrog vhfwru dfwlylw| wkdw zrxog shuplw hvwlpdwlrq
ri wkh vkduhv dqg hodvwlflwlhv hpehgghg lq wkh frh!flhqwv lq htxdwlrq +46,1

LLL1 D jhqhudo htxloleulxp prgho
Wklv vhfwlrq forvhv wkh sduwldo htxloleulxp prgho ri vhfwlrq LL e| vshfli|lqj wkh sur0
gxfwlrq vlgh ri wkh pdunhw hfrqrp|/ doorzlqj erwk fdslwdo dqg oderu wr eh xvhg lq
wkh krxvhkrog vhfwru/ dqg ghwhuplqlqj sulfhv dqg lqwhuhvw udwhv hqgrjhqrxvo|1

Zkloh d jurzlqj olwhudwxuh kdv vkrzq wkdw krxvhkrog surgxfwlrq frqvlghudwlrqv
pd| eh lpsruwdqw iru xqghuvwdqglqj pdfurhfrqrplf skhqrphqd dw exvlqhvv f|foh
iuhtxhqflhv/ rxu frqfhuq lv krz krxvhkrog surgxfwlrq dowhuv wkh lqwhusuhwdwlrq ri
vwdqgdug whvwv ri wkh shupdqhqw lqfrph k|srwkhvlv1 Vshfl?fdoo|/ grhv wkh suhvhqfh
ri wkh qrqpdunhw vhfwru udwlrqdol}h wkh idfw wkdw frqvxpswlrq jurzwk lv uhodwhg wr
suhglfwdeoh lqfrph jurzwkB Zh ?qg wkdw wkh dqvzhu lv 4|hv14 Fhqwudo wr rxu vwru|
lv wkh lghd wkdw lqglylgxdov vxevwlwxwh oderu vxsso| dfurvv wkh pdunhw dqg qrqpdunhw
vhfwruv ghshqglqj rq wkh uhodwlyh rssruwxqlwlhv dydlodeoh1 Dw wkh vdph wlph/ frq0
vxphuv ydoxh frqvxpswlrq ri erwk wkh pdunhw0surgxfhg jrrg dqg wkh qrq0pdunhw
jrrg +wkh krph jrrg,/ dqg vxevwlwxwh ehwzhhq wkhvh jrrgv zlwk yduldwlrqv lq wkhlu
uhodwlyh sulfh1 Wkh edvlf lqwxlwlrq ghyhorshg lq wkh sduwldo htxloleulxp prgho ri odvw
vhfwlrq zloo fduu| ryhu wr wklv jhqhudo htxloleulxp prgho1 Wkdw lv= zkhq surgxfwlylw|
lv h{shfwhg wr eh kljk lq wkh pdunhw vhfwru lqglylgxdov zloo fkrrvh wr lqfuhdvh oderu
vxsso| wr wkdw vhfwru1 Dw wkh vdph wlph/ wkh uhodwlyh sulfh ri pdunhw jrrgv zloo
ghfolqh/ vr wkdw h{shfwhg frqvxpswlrq ri wkh pdunhw jrrg zloo ulvh1 Wkxv h{shfwhg
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jurzwk ri pdunhw rxwsxw zloo eh deoh wr suhglfw wkh jurzwk ri pdunhw frqvxpswlrq
hyhq wkrxjk lqglylgxdov dfw dv udwlrqdo/ shupdqhqw lqfrph frqvxphuv1

D1 Wkh prgho

Dv lq wkh sduwldo htxloleulxp prgho ri vhfwlrq LL/ wkh uhsuhvhqwdwlyh lqglylgxdo ydoxhv
frqvxpswlrq ri wkh pdunhw0surgxfhg jrrg/ ä|/ wkh krph0surgxfhg jrrg/ M|/ dv zhoo
dv ohlvxuh/ u|1 Lqglylgxdov pd{lpl}h h{shfwhg olihwlph xwlolw|/ jlyhq e| htxdwlrq +5,
deryh/ vxemhfw wr wkhlu wlph frqvwudlqw/ htxdwlrq +6,1

Surgxfwlrq ri wkh pdunhw jrrg lv jryhuqhg e| wkh iroorzlqj frqvwdqw0uhwxuqv0wr0
vfdoh whfkqrorj|=

t�| ' ø�|g
k
�|Ef|ù�|ä

�3k +47,

zkloh surgxfwlrq ri wkh qrqpdunhw jrrg iroorzv

tM| ' øM|g
i
M|Ef|ùM|ä

�3i 1 +48,

f| lv wkh ghwhuplqlvwlf wuhqg lq oderu0dxjphqwlqj whfkqlfdo fkdqjh/ frpprq dfurvv
vhfwruv/ zklfk jurzv dw wkh udwh ò ' f|n�*f|1 Wkh yduldeohv ø�| dqg øM| duh wkh
vwrfkdvwlf frpsrqhqwv ri whfkqlfdo fkdqjh/ zklfk pd| frqwdlq xqlw urrwv1

Lq hdfk vhfwru/ fdslwdo lv vxemhfw wr frqyh{ frvwv ri dgmxvwphqw/ vr wkdw lqyhvwphqw
lq hdfk vhfwru/ U�| dqg UM| lv wudqvodwhg lqwr lqvwdoohg fdslwdo dffruglqj wr=

g�c|n� ' E�ý B�äg�| n èEU�|*g�|äg�| +49,

gMc|n� ' E�ý BMägM| n èEUM|*gM|ägM| +4:,

zlwk èâ : f/ èââ ÷ f1
Wkh jryhuqphqw ri wklv hfrqrp| sxufkdvhv wkh pdunhw jrrg lq wkh dprxqw C|/

wd{hv wkh uhwxuqv wr pdunhw zrun dqg pdunhw fdslwdo dw wkh frqvwdqw udwhv ôù dqg ôg/
dqg uhedwhv dq| srwhqwldo vxusoxv surfhhgv wr frqvxphuv dv oxps0vxp wudqvihuv/ A-|1
Jryhuqphqw sxufkdvhv qhlwkhu |lhog xwlolw| wr sulydwh lqglylgxdov qru hqkdqfh wkh
surgxfwlylw| ri sulydwh idfwruv ri surgxfwlrq1 Wkh jryhuqphqw*v exgjhw frqvwudlqw/
h{suhvvhg lq xqlwv ri wkh pdunhw jrrg/ lv jlyhq e|=

ôù`|ù�| n ôgEog| ý B�äg�| è C| n A-| +4;,

zkhuh `| lv wkh pdunhw zdjh udwh/ dqg og| lv wkh uhqwdo udwh ri pdunhw fdslwdo1
Rxwsxw ri wkh qrqpdunhw jrrg lv xvhg vroho| iru frqvxpswlrq/ wkxv wkh dvvrfldwhg

uhvrxufh frqvwudlqw lv vlpso|
tM| è M| 1 +4<,

Rxwsxw ri wkh pdunhw jrrg lv xvhg iru sulydwh frqvxpswlrq/ iru jryhuqphqw frqvxps0
wlrq/ dqg iru lqyhvwphqw lq hdfk ri wkh wzr vhfwruv=

t�| è ä| nC| n U�| n UM|1 +53,

Wkh frpshwlwlyh htxloleulxp iru wklv hfrqrp| lv irxqg xvlqj wkh orj0olqhdu phwkrg
ri Nlqj/ Sorvvhu/ dqg Uhehor +4<;:,1
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E1 Fdoleudwlrq

Zh kdyh fdoleudwhg rxu prgho wr frqirup dv forvho| dv srvvleoh zlwk wkh uhfhqw olw0
hudwxuh rq krxvhkrog surgxfwlrq dv vxppdul}hg lq wkh vxuyh| e| Mhuhp| Juhhqzrrg
hw do1 +4<<8,1 Rxu surfhgxuh lv vlplodu wr wkhluv/ lq wkdw zh vroyh iru wkh ghwhuplq0
lvwlf vwhdg| vwdwh ri wkh prgho dqg fdoleudwh wkh prgho*v vwhdg| vwdwh e| vhwwlqj wkh
iroorzlqj txdqwlwlhv wr pdwfk fruuhvsrqglqj dyhudjhv lq X1V1 wlph vhulhv= wkh fdslwdo0
rxwsxw udwlr lq wkh pdunhw vhfwru> wkh udwlr ri krxvhkrog fdslwdo wr pdunhw fdslwdo> wkh
vkduhv ri lqyhvwphqw lq wkh wzr vhfwruv dv d iudfwlrq ri pdunhw rxwsxw> wlph doorfdwhg
wr hdfk ri wkh wzr vhfwruv dqg wr ohlvxuh> wd{ udwhv> wkh wuhqg udwh ri jurzwk ri wrwdo
idfwru surgxfwlylw|> dqg wkh uhdo lqwhuhvw udwh1 Wkhvh sdudphwhuv mrlqwo| ghwhuplqh
wkh vwhdg| vwdwh/ dqg wkxv lpsolflwo| gh?qh wkh iroorzlqj sdudphwhuv= wkh jurzwk0
dgmxvwhg vxemhfwlyh glvfrxqw idfwru> wkh ghsuhfldwlrq udwhv lq wkh wzr vhfwruv> oderu*v
vkduh lq hdfk vhfwru> fdslwdo*v vkduh lq hdfk vhfwru> dqg wkh vkduh ri pdunhw jrrgv
lq djjuhjdwh frqvxpswlrq1 Wkh iroorzlqj sdudphwhuv kdyh qr h>hfw rq wkh vwhdg|
vwdwh> udwkhu/ wkh| d>hfw wkh prgho*v g|qdplfv= wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
pdunhw dqg krph jrrgv> ulvn dyhuvlrq> wkh rzq0hodvwlflw| ri ohlvxuh> wkh hodvwlflw| ri
wkh dgmxvwphqw frvw ixqfwlrq> dqg wkh sdudphwhuv ri wkh surgxfwlylw| vkrfn surfhvv1
Rxu edvholqh sdudphwhul}dwlrq ri wkh hfrqrp| lv dv iroorzv1

41 Suhihuhqfhv

Wkh wlph shulrg lv d txduwhu ri d |hdu1 Wkh jurzwk0dgmxvwhg vxemhfwlyh wlph glvfrxqw
idfwru lv vhw vr wkdw wkh vwhdg| vwdwh uhdo lqwhuhvw udwh lv 918( shu |hdu1 Wkh vkduh ri
pdunhw jrrgv lq wkh frqvxpswlrq djjuhjdwh ) lv rS ' féSô1 Wkh dprxqw ri dydlodeoh
qrqvohhslqj wlph lv qrupdol}hg wr �/ ri zklfk ù� ' féôô lv vshqw lq pdunhw zrun
lqfoxglqj frppxwlqj/ ùM ' fé2D lv vshqw lq krxvhkrog surgxfwlrq/ dqg u ' fée2
lv frqvxphg gluhfwo| dv ohlvxuh1 Wkhvh vkduhv duh iurp wkh 4<:404<;4 Plfkljdq wlph
vxuyh|v/ dqg duh dyhudjhv ryhu erwk phq dqg zrphq1 Wkh rzq0hodvwlflw| ri ohlvxuh lv
vhw dw 1,, ' ý� lq wkh edvholqh fdvh1 Wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq lv j ' 21

Wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq pdunhw dqg krph jrrgv/ l/ sod|v dq lpsru0
wdqw uroh lq rxu dqdo|vlv1 Xqwlo uhfhqwo| wkhuh kdv ehhq olwwoh uhvhdufk zklfk dwwhpswv
wr ghwhuplqh wkh dssursuldwh ydoxh ri wklv sdudphwhu1 Lq wkh wzr hduo| txdqwlwdwlyh
prghov zlwk krxvhkrog surgxfwlrq/ uhvhdufkhuv hvwdeolvkhg d 3suhihuuhg ydoxh4 wkdw
zdv fkrvhq wr lqvxuh wkdw wkh prgho shuiruphg zhoo lq whupv ri vrph nh| exvlqhvv0
f|foh idfwv1 Vshfl?fdoo|/ Juhhqzrrg hw do1 +4<<8, fkrvh l ' ô/ zkloh Mhvv Ehqkdele
hw do1 +4<<4, uhsruw d suhihuuhg ydoxh ri l ' D1 Vxevhtxhqwo|/ Hoohq PfJudwwdq hw do1
+4<<:, frqvwuxfwhg d krxvhkrog surgxfwlrq prgho vlplodu wr rxuv dqg xvhg pd{lpxp
olnholkrrg wr rewdlq dq hvwlpdwh ri l xvlqj pdfurhfrqrplf wlph vhulhv gdwd1 Wkhlu
srlqw hvwlpdwh zdv �é.D zlwk d bDI frq?ghqfh lqwhuydo ri E�é2Dc 2ébDä1

Lq dqrwkhu vwxg|/ Shwhu Uxshuw hw do1 +4<<8, xvhg plfur gdwd iurp wkh SVLG
wr hvwlpdwh l iru wkuhh jurxsv ri frqvxphuv= vlqjoh pdohv> vlqjoh ihpdohv> dqg frx0
sohv1 Wkh srlqw hvwlpdwh iru vlqjoh pdohv zdv el ' fébe +wkh <8( frq?ghqfh lqwhuydo
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lv EféfDc �éH2äé Iru vlqjoh ihpdohv/ wkh| uhsruw el ' �éHf zlwk <8( frq?ghqfh lqwhu0
ydo E�éô.c 2é2eä1 Iru frxsohv/ wkh hvwlpdwh udqjhv iurp el ' �éfb +<8( frq?ghqfh
lqwhuydo lv EféeDc �é.ôä, wr el ' eéff +<8( frq?ghqfh lqwhuydo lv Eôéf2c eébHä,1 Wkh
hvwlpdwh ghshqghg rq zkhwkhu vshfl?f furvv0htxdwlrq uhvwulfwlrqv zhuh lpsrvhg gxu0
lqj hvwlpdwlrq1 Edvhg rq wklv jurxs ri vwxglhv/ d sodxvleoh udqjh iru l vhhpv wr eh
l 5 Eféffc Déffä1 Rxu ehqfkpdun ydoxh lv l ' ô/ exw zh dovr uhsruw uhvxowv iru rwkhu
sodxvleoh ydoxhv ri l1

51 Whfkqrorj|

Wkh sdudphwhuv ri wkh wzr surgxfwlrq whfkqrorjlhv zhuh vhw wr pdwfk wkh iroorzlqj
vwhdg| vwdwh ydoxhv1 Iluvw/ wkh fdslwdo0wr0rxwsxw udwlr lq wkh pdunhw vhfwru lv htxdo
wr e/ edvhg rq d frqfhsw ri pdunhw fdslwdo wkdw frpsulvhv surgxfhu gxudeohv dqg
qrquhvlghqwldo vwuxfwxuhv1 Wkh udwlr ri krxvhkrog fdslwdo wr pdunhw fdslwdo lv vhw dw
féS2D> wklv lv kdoi wkh ydoxh fkrvhq e| Juhhqzrrg hw do1 +4<<8,1 Zh ghsduw khuh iurp
wkhlu dvvxpswlrq wkdw wkh krxvhkrog fdslwdo lv htxdo wr wkh hqwluh vwrfn ri gxudeohv
soxv uhvlghqwldo vwuxfwxuhv wr fdswxuh wkh lghd wkdw sduw ri wklv vwrfn lv qrw xvhg iru
krxvhkrog surgxfwlrq/ exw udwkhu lv xvhg vroho| iru ohlvxuh +wklv dvvxpswlrq grhv qrw
d>hfw vljql?fdqwo| rxu uhvxowv,1 Wkh vkduh ri pdunhw lqyhvwphqw lv frqvwudlqhg wr
htxdo ��éHI ri pdunhw rxwsxw/ dqg wkh vkduh ri krxvhkrog lqyhvwphqw lv vhw htxdo wr
Sé.DI ri pdunhw rxwsxw1 Oderu*v vkduh lq wkh pdunhw vhfwru lv féSb/ dqg lv féHf lq
wkh krxvhkrog vhfwru1 Wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq fdslwdo dqg oderu lq hdfk
vhfwru lv �1 Wkh dgmxvwphqw frvw ixqfwlrq lv sdudphwhul}hg vr wkdw qr dgmxvwphqw
frvwv duh lqfxuuhg lq pdlqwdlqlqj wkh vwhdg| vwdwh fdslwdo vwrfn +l1h1/ lq wkh vwhdg|
vwdwh Wrelq*v t lv rqh,1 Wkh hodvwlflw| ri wkh lqyhvwphqw0wr0fdslwdo udwlr zlwk uhvshfw
wr pryhphqwv lq Wrelq*v t lv vhw dw V ' �ôéô dv lq Pduldqqh Ed{whu dqg Pdulr M1
Fuxflql +4<<6/4<<8,18 Wkh ghsuhfldwlrq udwhv rq wkh wzr fdslwdo vwrfnv duh B� ' 2éDD
shufhqw shu txduwhu lq wkh pdunhw vhfwru/ dqg BM ' 2éôf shufhqw shu txduwhu lq wkh
krxvhkrog vhfwru1

61 Surgxfwlylw|

Wkh txduwhuo| wuhqg udwh ri jurzwk ri oderu0dxjphqwlqj whfkqlfdo fkdqjh lv vhw dw
ò ' �éffeé Wkh vwrfkdvwlf frpsrqhqwv ri surgxfwlylw|/ ø�| dqg øM|/ duh jryhuqhg
e| wkh iroorzlqj yhfwru DU+4, surfhvv=é
*L}ø�c|n�
*L}øMc|n�

è
'

é
4� D�
D� 4�

è é
*L}ø�|
*L}øM|

è
n

é
42 D2
D2 42

è é
*L}ø�c|3�
*L}øMc|3�

è
n

é
"�c|n�
"Mc|n�

è
+54,

zlwk wkh fruuhodwlrq ri lqqrydwlrqv vhw dw féS. lq dffrugdqfh zlwk wkh sdudphwhul}dwlrq
ri Juhhqzrrg hw do1 +4<<8,1

Zh vwxg| wkuhh vwrfkdvwlf surfhvvhv iru wkh surgxfwlylw| vkrfn1 Lq wkh ?uvw fdvh/
zh dvvxph wkdw whfkqrorj| iroorzv d wuhqg0vwdwlrqdu| surfhvv zlwk 4� ' fébf/ 42 ' f1
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Lq wkh vhfrqg fdvh/ zh dvvxph wkdw whfkqrorj| lv dq DU+4, lq ?uvw gl>huhqfhv= zh
vhw 4� ' �é2D/ 42 ' ýfé2D1 Lq erwk fdvhv zh dvvxph wkdw wkhuh lv qr wudqvplvvlrq
ri vkrfnv iurp rqh vhfwru wr wkh rwkhu= D� ' D2 ' f1 Lq wkh wklug dqg ?qdo fdvh
zh dvvxph wkdw surgxfwlylw| lv wuhqg vwdwlrqdu|/ exw wkdw lqqrydwlrqv lq surgxfwlylw|
vsloo ryhu wr wkh rwkhu vhfwru zlwk d rqh0txduwhu odj1 Wklv vshfl?fdwlrq fdswxuhv wkh
lghd wkdw lqqrydwlrqv wkdw lqlwldoo| dsso| wr rqh vhfwru +vxfk dv plfurfrpsxwhuv xvhg
lq wkh pdunhw vhfwru, hyhqwxdoo| ?qg xvhv lq wkh krph vhfwru +plfurfrpsxwhuv fdq
eh xvhg dw krph wr suhsduh rqh*v rzq wd{ uhwxuq,1 Vshfl?fdoo|/ zh vhw 4� ' féH�/
D� ' fé�fc 42 ' D2 ' f1 Lq hdfk fdvh/ zh dvvxph wkdw wkh vwdqgdug ghyldwlrq ri
lqqrydwlrqv wr surgxfwlylw| vkrfnv lq erwk vhfwruv lv 3133:8/ iroorzlqj Juhhqzrrg hw
do1 +4<<8,1

71 Jryhuqphqw

Wkh jryhuqphqw kdv dq hvvhqwldoo| sdvvlyh uroh9wkh uhdvrq iru lqfoxglqj d jryhuq0
phqw vhfwru lv wkdw wd{dwlrq ri fdslwdo lv lpsruwdqw iru wkh ohyho ri wkh fdslwdo vwrfn/
lqyhvwphqw vkduhv/ dqg wkh fdslwdo vkduh lq wkh pdunhw vhfwru1 Wkh wd{ udwh rq pdunhw
fdslwdo/ ôg/ lv vhw dw fé.f/ zklfk lv lq wkh udqjh hvwlpdwhg e| vhyhudo dxwkruv= vhh/
iru h{dpsoh/ Pduwlq Ihogvwhlq hw do1 +4<;6,1 Wkh wd{ udwh rq pdunhw oderu lv vhw dw
ôù ' fé2D/ zklfk lv lq olqh zlwk fxuuhqw h>hfwlyh wd{ udwhv/ dv uhsruwhg e| PfJudwwdq
hw do1 +4<<:,1 Wkh prgho*v uhvxowv uhjduglqj h{fhvv vhqvlwlylw| duh odujho| lqvhqvlwlyh
wr yduldwlrqv lq wkhvh wd{ udwhv/ hyhq ryhu idluo| zlgh udqjhv1 Jryhuqphqw sxufkdvhv
duh vhw dw C ' f/ vr wkdw doo wd{ surfhhgv duh uhwxuqhg wr lqglylgxdov dv oxps0vxp
wudqvihuv1

F1 Exvlqhvv0f|foh lpsolfdwlrqv

Dowkrxjk wklv sdshu lv qrw frqfhuqhg zlwk wkh exvlqhvv0f|foh lpsolfdwlrqv ri wkh
prgho shu vh/ zh suhvhqw wkhvh iru wzr uhdvrqv1 Iluvw/ iru uhdghuv xqidploldu zlwk wkh
krxvhkrog surgxfwlrq olwhudwxuh/ zh surylgh vrph hylghqfh rq wkh h{whqw wr zklfk
wkh krxvhkrog surgxfwlrq prgho shuirupv zhoo lq whupv ri uhsolfdwlqj wkh vdolhqw
ihdwxuhv ri exvlqhvv f|fohv1 Vhfrqg/ wkhvh uhvxowv vkrz wkh h{whqw wr zklfk rxu prgho
ri krxvhkrog surgxfwlrq jhqhudwhv f|fohv wkdw duh vlplodu wr wkrvh jhqhudwhg e| wkh
hduolhu prghov1

Wdeoh 4 suhvhqwv vxppdu| exvlqhvv0f|foh vwdwlvwlfv iru srvwzdu X1V1 gdwd dqg iru
rxu krxvhkrog surgxfwlrq prgho1 Zh suhvhqw uhvxowv iru doo wkuhh sdudphwul}dwlrq ri
wkh surgxfwlylw| vkrfn surfhvv1 Wdeoh 4 vkrzv wkdw rxu krxvhkrog surgxfwlrq prgho
?wv wkh edvlf exvlqhvv0f|foh vwdwlvwlfv derxw zhoo dv wkh rwkhu krxvhkrog surgxfwlrq
prghov lq wkh olwhudwxuh1 Lq sduwlfxodu/ wkh vwdwlrqdu| prghov jhqhudoo| gr d jrrg
mre ri uhsolfdwlqj wkh sdwwhuq ri uhodwlyh yrodwlolw| ri pdunhw frqvxpswlrq +uhodwlyh
wr pdunhw rxwsxw,/ dqg surgxfh uhodwlyh yrodwlolw| vwdwlvwlfv iru lqyhvwphqw wkdw duh
forvh wr wkrvh lq wkh gdwd1 Wkh prgho xqghusuhglfwv vrphzkdw wkh yrodwlolw| ri oderu
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lqsxw wr wkh pdunhw vhfwru/ zkloh wkh uhodwlyh yrodwlolw| ri wkh zdjh udwh lv forvhu wr
wkdw irxqg lq wkh gdwd1

Dowkrxjk fruuhvsrqglqj ?jxuhv duh qrw dydlodeoh iurp wkh gdwd/ lw lv lqwhuhvwlqj wr
vhh wkdw wkh prgho suhglfwv wkdw krxvhkrog dqg pdunhw rxwsxw duh srvlwlyho| fruuh0
odwhg dowkrxjk qrw vwurqjo| vr/ zkloh krxvhkrog dqg pdunhw frqvxpswlrq duh urxjko|
xqfruuhodwhg1 Wkh prgho suhglfwv wkdw pdunhw frqvxpswlrq lv kljko| fruuhodwhg zlwk
pdunhw rxwsxw/ lq idfw/ vrphzkdw pruh vr wkdq irxqg lq wkh gdwd1 Ryhudoo/ krzhyhu/
wkh prgho ?wv wkh vw|ol}hg idfwv ri krxvhkrog dqg pdunhw exvlqhvv f|fohv idluo| zhoo1

LY1 Wkh h{fhvv0vhqvlwlylw| uhjuhvvlrq
Iroorzlqj dq lghd ri Kdoo +4<:;,/ Fdpsehoo dqg Pdqnlz +4<;<, sursrvh d prgho lq
zklfk wkhuh duh wzr w|shv ri frqvxphuv= shupdqhqw lqfrph frqvxphuv/ dqg 3uxoh0
ri0wkxpe4 frqvxphuv zkr vlpso| frqvxph wkhlu fxuuhqw lqfrph1 Frpelqlqj wkhvh
wzr w|shv ri frqvxphuv ohdgv wr wkh iroorzlqj vshfl?fdwlrq iru frqvxpswlrq jurzwk/
{S|/ dv d ixqfwlrq ri lqfrph jurzwk/ .|3�{+|/ dqg wkh h{0dqwh uhdo lqwhuhvw udwh
o|3�c| +zklfk lv nqrzq dw wlph | ý �,/ dqg dq huuru whup ü| wkdw fdswxuhv wkh sduw
ri frqvxpswlrq jurzwk wkdw lv xqsuhglfwdeoh jlyhq sdvw ydoxhv ri lqfrph jurzwk dqg
wkh lqwhuhvw udwh/ dqg rwkhu vrxufhv ri huuru vxfk dv phdvxuhphqw huuru=

{S| ' >n b.|3�{+| n wo|3�c| n ü|1 +55,

Fdpsehoo dqg Pdqnlz dujxh wkdw b lq htxdwlrq +55, phdvxuhv wkh iudfwlrq ri wkh
srsxodwlrq wkdw iroorzv d uxoh ri wkxpe> wkhlu lqvwuxphqwdo0yduldeohv hvwlpdwhv ri b
udqjh iurp 315< wr 3199/ ghshqglqj rq wkh lqvwuxphqw olvw dqg zkhwkhu wkh lqwhuhvw
udwh lv lqfoxghg lq wkh uhjuhvvlrq1 Wkhlu hvwlpdwhv ri w duh w|slfdoo| yhu| vpdoo/ udqjlqj
iurp 3135 wr 3148/ zklfk wkh| dovr ylhz dv lqfrqvlvwhqw zlwk wkh SLK vlqfh/ lq wkhlu
vshfl?fdwlrq/ w ' �*j lv wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq dqg vkrxog wkxv
eh vrphzkdw odujhu1

Fdpsehoo dqg Pdqnlz*v uhjuhvvlrq lv/ ri frxuvh/ plv0vshfl?hg lq rxu prgho hfrq0
rp|1 Wkdw lv= wkh huuru whup ü| lqfoxghv rwkhu yduldeohv +qrwdeo|/ krxvhkrog vhfwru
yduldeohv, wkdw d>hfw wkh jurzwk udwh ri pdunhw frqvxpswlrq1 Prvw lpsruwdqwo|/
wkhvh rplwwhg yduldeohv duh fruuhodwhg zlwk h{shfwhg lqfrph jurzwk dqg wkh uhdo lq0
whuhvw udwh1 Exw lw lv vwloo ri lqwhuhvw wr nqrz zkdw frh!flhqw hvwlpdwhv dq hpslulfdo
uhvhdufkhu zrxog ?qg lq rxu hfrqrp| xvlqj wkh Fdpsehoo0Pdqnlz dssurdfk1 Wklv
vhfwlrq vkrzv wkdw wkh hpslulfdo ?qglqj ri h{fhvv vhqvlwlylw| frxog uhvxow iurp lqgl0
ylgxdov* vxevwlwxwlrqv ehwzhhq krph dqg pdunhw zrun dqg ehwzhhq krph dqg pdunhw
frqvxpswlrq jrrgv dv uhodwlyh sulfhv dqg zdjhv udwhv fkdqjh1 Wr vkrz krz h{fhvv
vhqvlwlylw| dulvhv lq rxu prgho/ zh ehjlq e| dvvxplqj wkdw wkh prgho lv wuxh dqg wkdw
wkh uhvhdufkhu kdv dq lq?qlwho|0orqj wlph vhulhv rq doo wkh yduldeohv lq wkh prgho1
Qh{w/ zh vkrz krz wkh prgho lpsolfdwlrqv iru h{fhvv vhqvlwlylw| fkdqjh zkhq wkh
uhvhdufkhu frqwlqxhv wr kdyh dq lq?qlwho|0orqj vdpsoh exw kdv revhuydwlrqv rq rqo|
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wkh frqyhqwlrqdo yduldeohv w|slfdoo| xvhg dv lqvwuxphqwv1 Ilqdoo|/ zh vxssrvh wkdw
wkh uhvhdufkhu lv frqvwudlqhg e| d ?qlwh vdpsoh +ri dssur{lpdwho| srvw0zdu ohqjwk,
dqg kdv dffhvv wr gdwd rq wkh frqyhqwlrqdo lqvwuxphqwv1 Lq doo fdvhv/ zh ?qg wkdw
gdwd jhqhudwhg e| wkh krxvhkrog surgxfwlrq prgho zrxog jhqhudwh dssduhqw 3h{fhvv
vhqvlwlylw|4 ri wkh pdjqlwxgh frpprqo| irxqg lq wkh hpslulfdo olwhudwxuh1

D1 Odujh vdpsoh/ ixoo lqirupdwlrq uhvxowv

Lq wklv ?uvw h{dpsoh/ zh wdnh dv jlyhq wkdw wkh krxvhkrog surgxfwlrq prgho lv fruuhfw/
dqg h{soruh wkh lpsolfdwlrqv ri wklv prgho iru wkh frh!flhqwv b dqg w zkhq zh
vxssrvh wkdw wkh uhvhdufkhu kdv dq lq?qlwho| orqj vdpsoh shulrg dqg d gdwdvhw wkdw
lqfoxghv doo wkh yduldeohv lq rxu prgho +wkh ghwdlov ri wkh frpsxwdwlrqv duh jlyhq lq
wkh Dsshqgl{,1 Lq wkh frqwh{w ri rxu txdqwlwdwlyh htxloleulxp prgho/ zh fdq xvh wkh
prgho vroxwlrq wr frpsxwh wkh h{dfw frqglwlrqdo h{shfwdwlrqv ri lqfrph jurzwk dqg
wkh h{0dqwh lqwhuhvw udwh8zh gr qrw qhhg wr vlpxodwh wkh prgho1 Jlyhq wkh frqglwlrqdo
h{shfwdwlrqv dqg fryduldqfhv/ zh fdq wkhq frpsxwh wkh uhjuhvvlrq frh!flhqwv lq ht1
+55,1 Rxu lqwhusuhwdwlrq ri wkhvh hvwlpdwhv lv wkdw wkhvh duh wkh odujh vdpsoh ixoo0
lqirupdwlrq frh!flhqwv ri b dqg w lpsolhg e| rxu prgho1 Wdeoh 5 suhvhqwv uhvxowv iru
ehqfkpdun prgho wrjhwkhu zlwk dq h{whqvlyh vhqvlwlylw| dqdo|vlv1

Zh ehjlq zlwk wkh ehqfkpdun sdudphwhul}dwlrq1 Iru wkh wuhqg0vwdwlrqdu| prgho
zlwkrxw wudqvplvvlrq ri vkrfnv dfurvv vhfwruv/ wklv dssurdfk |lhogv b ' féô2/ w '
ýféfô1 Iru wkh gl>huhqfh0vwdwlrqdu| fdvh/ zh rewdlq b ' féôS/ w ' féfH1 Wkh prgho
zlwk wudqvplvvlrq ri vkrfnv dfurvv vhfwruv surgxfhv b ' féSb/ w ' ýféeôé Wkxv wkh
ehqfkpdun prgho ri krxvhkrog surgxfwlrq prgho suhglfwv wkdw d uhvhdufkhu uxqqlqj
wkh w|slfdo frqvxpswlrq jurzwk uhjuhvvlrq vkrxog ?qg dssduhqw h{fhvv vhqvlwlylw| lq
wkh irup ri d srvlwlyh frh!flhqw rq h{shfwhg rxwsxw jurzwk1

Wkh srvlwlyh frh!flhqw rq h{shfwhg rxwsxw jurzwk ghulyhv iurp wkh lqwhuvhfwrudo
pryhphqw ri oderu lq uhvsrqvh wr h{shfwhg surgxfwlylw| gl>huhqwldov1 Ixuwkhu/ wkh
prgho suhglfwv d frh!flhqw rq wkh lqwhuhvw udwh wkdw lv forvh wr }hur/ hvshfldoo| lq wkh
devhqfh ri wudqvplvvlrq ri vkrfnv dfurvv vhfwruv/ zklfk lv lq olqh zlwk wkh Fdpsehoo0
Pdqnlz uhvxowv1 Krzhyhu/ dv vkrzq lq wkh vlpsohu prgho ri vhfwlrq LL +vhh htxdwlrq
+46,, wkh frh!flhqw rq wkh lqwhuhvw udwh lv qrw/ lq jhqhudo/ htxdo wr �*jc zklfk zrxog
eh féDf xqghu rxu sdudphwhul}dwlrq1 Wkxv d vpdoo ydoxh ri w fdqqrw eh lqwhusuhwhg
dv hylghqfh wkdw frqvxphuv duh lqvhqvlwlyh wr yduldwlrqv lq wkh lqwhuhvw udwh1

Wkh vhqvlwlylw| dqdo|vlv lq Wdeoh 5 vkrzv krz wkhvh uhvxowv ydu| zlwk fkdqjhv lq
wkh sdudphwhul}dwlrq ri wkh prgho1 Zh ehjlq e| h{sorulqj wkh lpsolfdwlrqv ri dowhu0
lqj wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq krph dqg pdunhw frqvxpswlrq jrrgv1 Rxu
h{sodqdwlrq iru dssduhqw h{fhvv vhqvlwlylw| klqjhv rq vxevwlwxwlrqv ehwzhhq gl>huhqw
jrrgv/ vr lw lv lpsruwdqw wr h{soruh wkh h>hfwv ri fkdqjlqj wkhvh hodvwlflwlhv1 H{shul0
phqwv 4 dqg 5 vkrz wkh h>hfwv ri d uhgxfhg hodvwlflw| ri vxevwlwxwlrq ehwzhhq krph
dqg pdunhw jrrgv> h{shulphqw 6 lqfuhdvhv wkh hodvwlflw| ri vxevwlwxwlrq wr wkh kljk
hqg ri lwv sodxvleoh udqjh1 Hyhq zlwk }hur hodvwlflw| +h{shulphqw 4, wkhuh lv vwloo ds0
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sduhqw h{fhvv vhqvlwlylw|/ zlwk b udqjlqj iurp 3144 wr 314:1 Wkh uhdvrq wkdw dssduhqw
h{fhvv vhqvlwlylw| dulvhv lq wklv fdvh lv wkdw wkh frqvxphu vwloo xqghuwdnhv vxevwlwx0
wlrqv ehwzhhq ohlvxuh dqg wkh frqvxpswlrq djjuhjdwh1 Sxw gl>huhqwo|/ wkh djjuhjdwh
vxsso| ri oderu +wr krph dqg pdunhw vhfwruv wrjhwkhu, uhvsrqgv wr yduldwlrqv lq wkh
uhdo zdjh1 D kljk hodvwlflw| ri vxevwlwxwlrq ohdgv wr lqfuhdvhv lq b/ dv h{shfwhg1

H{shulphqw 7 suhvhqwv uhvxowv iru d fdvh lq zklfk wkh djjuhjdwh oderu vxsso| lv
?{hg +ohlvxuh lv frqvwdqw ru/ htxlydohqwo|/ lqglylgxdov gr qrw ydoxh ohlvxuh,1 Dssduhqw
h{fhvv vhqvlwlylw| dulvhv lq wklv fdvh dv zhoo/ zlwk ydoxhv ri b udqjlqj iurp féef wr fé.D1
Lq wklv fdvh/ dssduhqw h{fhvv vhqvlwlylw| vwhpv iurp wkh idfw wkdw wkh frqvxphu vxe0
vwlwxwhv ehwzhhq frqvxpswlrq ri wkh krph dqg pdunhw jrrg/ hyhq wkrxjk djjuhjdwh
oderu vxsso| lv ?{hg1 Hylghqwo|/ wkhq/ dssduhqw h{fhvv vhqvlwlylw| zloo rqo| glvdsshdu
li pdunhw frqvxpswlrq hqwhuv wkh xwlolw| ixqfwlrq vhsdudeo| iurp krph surgxfwlrq
dqg ohlvxuh1 Edvhg rq wkh h{lvwlqj hpslulfdo hylghqfh/ zh ylhz wklv vshfl?fdwlrq dv
lpsodxvleoh1

H{shulphqwv 8 dqg 9 vkrz wkdw yduldwlrqv lq ulvn dyhuvlrq kdyh olwwoh h>hfw rq wkh
h{fhvv vhqvlwlylw| uhvxow1 H{shulphqw : uhgxfhv wkh fruuhodwlrq ri wkh vkrfnv wr wkh
krph dqg pdunhw vhfwruv/ zklfk whqgv wr lqfuhdvh dssduhqw h{fhvv vhqvlwlylw| e| lq0
fuhdvlqj wkh vfrsh iru vxevwlwxwlrqv dfurvv vhfwruv +wkhuh lv ohvv whqghqf| iru pdujlqdo
surgxfwv lq wkh wzr vhfwruv wr pryh wrjhwkhu,1 H{shulphqwv ; dqg < looxvwudwh wkh
h>hfw ri fkdqjlqj wkh dvvxphg hodvwlflw| ri dgmxvwphqw frvwv iru fdslwdo1 Derolvklqj
dgmxvwphqw frvwv kdv olwwoh h>hfw rq dssduhqw h{fhvv vhqvlwlylw|/ zkloh lqfuhdvlqj dg0
mxvwphqw frvwv ohdgv wr pxfk kljkhu dssduhqw h{fhvv vhqvlwlylw|1 Ilqdoo|/ h{shulphqw
43 vkrzv wkdw dssduhqw h{fhvv vhqvlwlylw| zloo dulvh hyhq li wkhuh duh qr surgxfwly0
lw| vkrfnv wr wkh krxvhkrog vhfwru9vkrfnv wr wkh pdunhw vhfwru dorqh duh vx!flhqw1
Ryhudoo/ zh ?qg wkdw wkh suhglfwlrqv iru wkh frh!flhqw rq lqfrph jurzwk +b, duh
uhpdundeo| urexvw/ zkhuhdv w lv irxqg wr eh pruh vhqvlwlyh wr ghsduwxuhv iurp wkh
edvholqh prgho1

E1 Odujh vdpsoh/ olplwhg lqirupdwlrq hvwlpdwhv

Wkh suhfhglqj vxe0vhfwlrq vkrzhg wkdw wkh krxvhkrog surgxfwlrq prgho fdq h{sodlq
dssduhqw h{fhvv vhqvlwlylw|/ edvhg rq wkh srsxodwlrq/ ru odujh vdpsoh/ prphqwv lp0
solhg e| wkh edvholqh sdudphwhul}dwlrqv ri wkh prgho1 Krzhyhu/ hpslulfdo uhvhdufk
lv frqvwudlqhg e| wkh idfw wkdw vrph yduldeohv wkdw duh lpsruwdqw iru frqvwuxfwlqj
frqglwlrqdo fryduldqfhv +l1h1/ vrph xvhixo lqvwuxphqwv, duh qrw dydlodeoh wr wkh uh0
vhdufkhu1 Wklv vxe0vhfwlrq iroorzv vwdqgdug hpslulfdo sudfwlfh lq xvlqj odjjhg ydo0
xhv ri frqvxpswlrq/ rxwsxw/ dqg wkh lqwhuhvw udwh dv lqvwuxphqwv +vhh wkh Dsshq0
gl{ iru ghwdlov,1 Wkdw lv= zh xvh rxu prgho wr frqvwuxfw clqvwuxphqwhg* yhuvlrqv
ri {+| dqg o|3�c| dv olqhdu surmhfwlrqv rq odjjhg hqgrjhqrxv yduldeohv19 Iroorzlqj
Fdpsehoo dqg Pdqnlz +4<;<,/ zh fkrrvh wkh iroorzlqj dv rxu edvlf lqvwuxphqw vhw=
7S|3�c7S|32c7S|3ôc o|32c|3�c o|3ôc|32c o|3ec|3ô1 Lq wkh frqwh{w ri wkh prgho/ lw lv qrw
qhfhvvdu| wr lqvwuxphqw o|3�c| ehfdxvh wklv lv d ulvn0iuhh udwh +lw lv xquhodwhg wr wkh
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shulrg w huuru vlqfh lw lv nqrzq dw wlph w04,1 Krzhyhu/ zh lqvwuxphqw wklv yduldeoh
vlqfh wklv surfhgxuh lv w|slfdoo| iroorzhg lq wkh hpslulfdo olwhudwxuh1:

Wdeoh 6 jlyhv wkh uhvxowv iru wkh surfhgxuhv wkdw xvh odjjhg revhuydeoh hqgrjhqrxv
yduldeohv dv lqvwuxphqwv1 Zlwk wklv surfhgxuh/ wkhuh lv qr vdpsolqj xqfhuwdlqw| dqg
qr vpdoo0vdpsoh eldv1 Wdeoh 6 vkrzv wkdw/ lq wkh vwdwlrqdu| fdvh zlwkrxw wudqvplvvlrq
ri furvv vhfwruv/ wkh hvwlpdwhv duh b ' féfD/ w ' fée21 Lq wkh qrqvwdwlrqdu| fdvh
zlwkrxw wudqvplvvlrq/ wkh hvwlpdwhv duh b ' féôf/ w ' féeô1 +Wkh fruuhvsrqglqj
frh!flhqwv iurp Wdeoh 5 duh suhvhqwhg iru frpsdulvrq1, Wkhvh frh!flhqw hvwlpdwhv
gl>hu iurp wkrvh frpsxwhg xvlqj h{dfw frqglwlrqdo h{shfwdwlrqv ehfdxvh wkh olqhdu
surmhfwlrqv |lhog dq lpshuihfw phdvxuh ri wkh h{dfw frqglwlrqdo h{shfwdwlrqv zklfk
zhuh xvhg lq Wdeoh 51 Zlwk wudqvplvvlrq ri vkrfnv dfurvv vhfwruv +sdqho F,/ wkh ixoo
lqirupdwlrq surfhgxuh |lhogv b ' féSb/ w ' ýféeô> zkloh wkh olplwhg lqirupdwlrq
surfhgxuh |lhogv b ' féee dqg w ' féfS1

F1 Ilqlwh vdpsoh/ olplwhg lqirupdwlrq uhvxowv

Wr h{soruh wkh vpdoo0vdpsoh surshuwlhv ri wkh surfhgxuh zklfk xvhv d uhvwulfwhg vhw
ri yduldeohv dv lqvwuxphqwv/ zh iroorzhg d Prqwh0Fduor dssurdfk1 Vshfl?fdoo|/ zh
vlpxodwhg rxu prgho wr jhqhudwh wlph vhulhv ri ohqjwk 463 txduwhuv +6518 |hduv8
dssur{lpdwho| wkh ohqjwk ri wlph vwxglhg e| sulru uhvhdufkhuv,1 Xvlqj wkh vlpxodwhg
gdwd/ zh frpsxwhg wkh lqvwuxphqwdo yduldeohv hvwlpdwhv ri b dqg w xvlqj wkh lqvwux0
phqw olvw vshfl?hg hduolhu1 Zh shuiruphg 4333 vxfk vlpxodwlrqv> wkh phdq hvwlpdwhv
ri wkh frh!flhqwv duh uhsruwhg lq Wdeoh 6/ wrjhwkhu zlwk wkh vwdqgdug ghyldwlrq ri
wkh frh!flhqw hvwlpdwhv dfurvv wkh 4333 vlpxodwlrqv1 Wklv wdeoh dovr uhsruwv vdpsoh
phdqv ri wkh sduwldo -2 vwdwlvwlfv iurp wkh ?uvw0vwdjh uhjuhvvlrqv/ zklfk Vkhd +4<<9,
uhfrpphqgv dv wkh fruuhfw phdvxuh ri lqvwuxphqw uhohydqfh lq pxowlyduldwh vhwwlqjv1

Iru wkh vwdwlrqdu| fdvh zlwkrxw wudqvplvvlrq ri vkrfnv dfurvv vhfwruv +Sdqho D, wkh
phdq ydoxhv ri wkh frh!flhqwv duh b ' féDô/ w ' ýfé.D/ zkloh wkh srsxodwlrq ydoxhv
iru wkh prgho0edvhg yduldeohv dssurdfk zhuh b ' féfD/ w ' fée21 Ryhu 4333 wuldov/
wkh vwdqgdug ghyldwlrq ri wkh frh!flhqw rq rxwsxw +b, zdv 31481 Wkh frqvlghudeoh
gl>huhqfh ehwzhhq wkh frpsxwhg dqg wkh vlpxodwhg frh!flhqw ydoxhv lv olqnhg wr
wkh zhdn suhglfwdelolw| ri wkh uhjuhvvruv dqg ri frqvxpswlrq jurzwk lwvhoi1 Wklv fdq
eh vhhq lq wkh orz ydoxhv ri wkh -2 dqg sduwldo -2 vwdwlvwlfv iru wkh uhjuhvvlrqv ri
frqvxpswlrq/ rxwsxw dqg wkh lqwhuhvw udwh rq wkh lqvwuxphqwv1;

Lq wkh qrqvwdwlrqdu| prgho zlwkrxw wudqvplvvlrq +Sdqho E, zh ?qg vlplodu uh0
vxowv1 Wkh dyhudjh ydoxh ri wkh frh!flhqwv iurp wkh vlpxodwhg/ vkruwhu vdpsoh gl>hu
pdunhgo| iurp erwk wkh srsxodwlrq ydoxhv iru wkh prgho0edvhg yduldeohv dssurdfk
dqg wkh frh!flhqwv |lhoghg e| wkh h{dfw frqglwlrqdo h{shfwdwlrqv1 Wkhuh frqwlqxh
wr eh orz sduwldo -2 vwdwlvwlfv iru wkh lqvwuxphqwhg yduldeohv1

Orrnlqj dw wkh prgho zlwk wudqvplvvlrq ri vkrfnv dfurvv vhfwruv/ zh ?qg wkdw wkh
wkuhh jurxsv ri frh!flhqwv gl>hu ohvv wkdq lq wkh sulru wzr fdvhv gxh wr lpsuryhg
suhglfwdelolw| ri frqvxpswlrq zlwk wklv vkrfn surfhvv1
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Fdpsehoo dqg Pdqnlz dovr uhsruw uhjuhvvlrqv ri frqvxpswlrq jurzwk rq rxwsxw
jurzwk zlwkrxw wkh lqwhuhvw udwh=

{S| ' >n b{+| n 0| 1 +56,

Zh h{soruhg hvwlpdwlrq ri ht1 +56, dv d fkhfn rq wkh urexvwqhvv ri rxu hvwlpdwhv ri b>
wkhvh uhvxowv duh qrw uhsruwhg lq wkh sdshu1 Lq hdfk fdvh/ zh irxqg wkdw wkh ydoxhv iru
b rewdlqhg iurp wklv htxdwlrq wr wkrvh rewdlqhg zkhq wkh lqwhuhvw udwh lv lqfoxghg1<

G1 Lpsolfdwlrqv iru whvwlqj wkh SLK

Rxu uhvxowv kdyh lpsolfdwlrqv iru hpslulfdo whvwlqj ri wkh SLK143 Lq sduwlfxodu/ zh
kdyh vkrzq wkdw lw lv lqdssursuldwh wr whvw wkh SLK e| orrnlqj dw wkh fruuhodwlrq
ehwzhhq pdunhw frqvxpswlrq dqg lqfrph jurzwk gxh wr dq lqfuhdvh lq pdunhw zdjhv1
Krzhyhu/ whvwv wkdw lqyroyh lqfrph jurzwk gxh wr zlqgidoov ru fkdqjhv lq wkh wlplqj
ri suhglfwdeoh lqfrph uhfhlswv vkrxog vwloo eh ydolg whvwv ri wkh SLK1 Whvwv ri wklv
odwwhu vruw kdyh ehhq fduulhg rxw xvlqj plfur gdwd e| Pdwwkhz G1 Vkdslur dqg Mrho
Vohpurg +4<<8, zkr vxuyh|hg frqvxphuv wr ghwhuplqh h>hfwv ri wkh 4<<5 fkdqjh lq
lqfrph wd{ zlwkkroglqj surfhgxuhv1 Qlfkrodv Vrxohohv +4<<9, vwxglhv wkh uhodwlrqvkls
ehwzhhq frqvxpswlrq dqg wkh uhfhlsw ri lqfrph wd{ uhixqgv1 Wkhvh vwxglhv ?qg vrph
hylghqfh ri h{fhvv vhqvlwlylw| dqg wkxv suhvhqw dq rqjrlqj fkdoohqjh wr wkh SLK1

Lq wkh frqwh{w ri rxu prgho/ d ghfuhdvh lq jryhuqphqw sxufkdvhv dfwv dv d zlqgidoo
lqfuhdvh lq frqvxphu glvsrvdeoh lqfrph wkdw lv xquhodwhg wr zdjhv1 Zh xvhg rxu
prgho wr vwxg| dq xqh{shfwhg/ sxuho| whpsrudu| ghfuhdvh lq jryhuqphqw sxufkdvhv144

Wkh h{fhvv vhqvlwlylw| frh!flhqw lv b ' ýféf�.D iru wklv w|sh ri vkrfn +xvlqj wkh
prgho*v h{dfw frqglwlrqdo h{shfwdwlrq,1 Wkh lqwxlwlrq ehklqg wkh ?qglqj ri d voljkw
qhjdwlyh ghshqghqfh ri frqvxpswlrq jurzwk rq zlqgidoo jurzwk lq glvsrvdeoh pdunhw
lqfrph lv dv iroorzv1 Wkh ghfuhdvh lq jryhuqphqw sxufkdvhv lqfuhdvhv krxvhkrogv*
zhdowk1 Ohlvxuh ulvhv/ dv grhv frqvxpswlrq ri wkh krph jrrg1 Frqvxpswlrq ri wkh
pdunhw jrrg lqfuhdvhv/ zkloh oderu lqsxw wr wkh pdunhw vhfwru idoov1 Wkxv/ zh kdyh
d qdwxudo phfkdqlvp ohdglqj wr d qhjdwlyh fruuhodwlrq ehwzhhq oderu lqfrph dqg
pdunhw frqvxpswlrq1 Wklv vxjjhvwv wkdw dq dowhuqdwlyh dssurdfk wr whvwlqj wkh SLK
zrxog eh wr ghwhuplqh wkh h>hfw rq frqvxpswlrq ri fkdqjhv lq jryhuqphqw vshqglqj
rq jrrgv dqg vhuylfhv wkdw gr qrw d>hfw lqglylgxdo xwlolw| +ru d>hfw lw rqo| dgglwlyho|,
dqg zklfk gr qrw d>hfw oderu surgxfwlylw|1

Y1 Vxppdu| dqg frqfoxvlrqv
Wklv sdshu kdv vkrzq wkdw d pdfur prgho zlwk krxvhkrog surgxfwlrq fdq udwlrqdol}h
wkh revhuyhg 3h{fhvv vhqvlwlylw|4 ri frqvxpswlrq jurzwk wr suhglfwdeoh rxwsxw jurzwk1
Rxu vwru| lv edvhg rq wkh lghd wkdw frqvxphuv vxevwlwxwh ehwzhhq krph jrrgv dqg
pdunhw jrrgv dffruglqj wr wkhlu uhodwlyh sulfh/ dqg vxevwlwxwh ehwzhhq zrun dw krph
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dqg zrun lq wkh pdunhw ghshqglqj rq wkh uhodwlyh zdjh1 Wkdw frqvxphuv dqg zrunhuv
gr xqghuwdnh wkhvh vxevwlwxwlrqv kdv ehhq grfxphqwhg e| Ehqkdele hw do1 +4<<3, Ylf0
wru Ulrv0Uxoo +4<<3,/ dqg I1 Wkrpdv Mxvwhu dqg Iudqn S1 Vwd>rug +4<<4,1 Rxu sdshu
vkrzv wkdw sodxvleoh vxevwlwxwlrqv dorqj wkhvh olqhv fdq surgxfh h{dfwo| wkh hpslul0
fdo ?qglqj wkdw suhglfwdeoh jurzwk lq pdunhw rxwsxw lv fruuhodwhg zlwk frqvxpswlrq
jurzwk1 Zh ehjdq e| ghprqvwudwlqj wklv uhvxow zlwklq d vlpsoh/ sduwldo htxloleulxp
prgho ri frqvxphu fkrlfh/ dqg wkhq vkrzhg wkdw wkh uhvxow frqwlqxhv wr krog zlwklq
d jhqhudo htxloleulxp prgho zlwk qhrfodvvlfdo lqyhvwphqw g|qdplfv1 Zh h{soruhg wkh
lpsolfdwlrqv ri wkh txdqwlwdwlyh htxloleulxp prgho iru wkh hpslulfdo hvwlpdwhv wkdw
zrxog eh rewdlqhg e| uhvhdufkhuv uxqqlqj wkh 3h{fhvv vhqvlwlylw| uhjuhvvlrqv4 rq gdwd
jhqhudwhg e| rxu prgho1 Zh irxqg wkdw wkhvh uhvhdufkhuv zrxog ?qg d srvlwlyh frhi0
?flhqw rq rxwsxw jurzwk lq wklv uhjuhvvlrq/ zklfk vkrxog qrw eh lqwhusuhwhg dv h{fhvv
vhqvlwlylw| ru dv d ylrodwlrq ri wkh SLK1 Ixuwkhu/ zh irxqg wkdw wkh frh!flhqw rq wkh
lqwhuhvw udwh lv suhglfwhg wr gl>hu vxevwdqwldoo| iurp wkh lqyhuvh ri wkh frh!flhqw ri
uhodwlyh ulvn dyhuvlrq/ dqg wkdw wklv frh!flhqw hvwlpdwh lv sduwlfxoduo| vhqvlwlyh wr
fkrlfh ri lqvwuxphqwv dqg wr vpdoo vdpsoh eldv1

Rxu vwru| kdv vwuhvvhg vxevwlwxwlrqv ri oderu h>ruw dfurvv vhfwruv ghshqglqj rq
wkh uhodwlyh zdjh udwh1 Lw lv qdwxudo wr zrqghu krz wklqjv zrxog zrun li krxuv
ri pdunhw zrun zhuh xquhodwhg wr zdjhv ru surgxfwlylw|/ dv lq Ulfkdug Urjhuvrq*v
+4<;;, 3orwwhu| prgho/4 ru li wkhuh zhuh 3lqyroxqwdu| xqhpsor|phqw14 Dssduhqw
h{fhvv vhqvlwlylw| zrxog vwloo dulvh lq wkhvh vhwwlqjv/ iru wkh iroorzlqj uhdvrq1 Iroorzlqj
glvplvvdo iurp wkh zrun irufh/ dq lqglylgxdo zrxog kdyh ohvv pdunhw lqfrph dqg pruh
wlph wr doorfdwh wr ohlvxuh dqg wr krxvhkrog surgxfwlrq1 Ohvv pdunhw lqfrph ohdgv
wr orzhu frqvxpswlrq ri wkh pdunhw jrrg/ zkloh wkh lqfuhdvh lq wkh wlph dydlodeoh
iru qrq0pdunhw dfwlylwlhv zrxog ohdg wr lqfuhdvhv lq wkh frqvxpswlrq ri wkh krph
jrrg dqg ohlvxuh1 Txdolwdwlyho|/ wkhvh duh wkh vdph h>hfwv vwuhvvhg lq rxu htxloleulxp
prgho1 Wkh rqo| gl>huhqfh lv wkdw zh zrxog qrw h{shfw wkh ydoxh pdujlqdo surgxfw
ri oderu wr eh htxdol}hg dfurvv krph dqg pdunhw vhfwruv lq wkhvh dowhuqdwlyh vhwwlqjv1

Ilqdoo|/ hpslulfdo uhvxowv rewdlqhg lq d uhfhqw sdshu e| Dwwdqdvlr dqg Eurzq0
lqj +4<<8, fdq eh lqwhusuhwhg dv ohqglqj vxssruw wr wkh krxvhkrog surgxfwlrq vwru|1
Dwwdqdvlr dqg Eurzqlqj vwxg| plfur gdwd rq frqvxpswlrq dqg ?qg wkdw h{fhvv vhq0
vlwlylw| ri frqvxpswlrq wr fxuuhqw lqfrph glvdsshduv rqfh rqh frqwurov iru yduldeohv
vxfk dv wkh lqglylgxdo*v djh/ qxpehu ri fkloguhq/ zkhwkhu rqh ru erwk vsrxvhv zrun/
dqg wkh dprxqw ri oderu vxssolhg wr wkh pdunhw1 Wkhvh yduldeohv doo vhhp olnho|
wr eh jrrg sur{lhv iru wkh uhodwlyh frvwv dqg ehqh?wv wr zrunlqj lq wkh pdunhw vhf0
wru dqg frqvxplqj pdunhw jrrgv yhuvxv zrunlqj lq wkh krph vhfwru dqg frqvxplqj
krph0surgxfhg jrrgv1

Ryhudoo/ rxu uhvxowv vxjjhvw wkdw lw zrxog eh suhpdwxuh wr dedqgrq wkh SLK
dv d fhqwudo frpsrqhqw ri prghuq pdfurhfrqrplf prghov1 Krzhyhu/ wkhvh uhvxowv
dovr vwuhqjwkhq wkh fdvh wkdw xqghuvwdqglqj vxevwlwxwlrqv ehwzhhq wkh krxvhkrog dqg
pdunhw vhfwruv duh olnho| wr eh fhqwudo wr xqghuvwdqglqj wkh ehkdylru ri frqvxpswlrq
ryhu wkh exvlqhvv f|foh1
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Uhihuhqfhv
Dwwdqdvlr/ Rud}lr S1 dqg Pduwlq Eurzqlqj1 3Frqvxpswlrq ryhu wkh Olih

F|foh dqg ryhu wkh Exvlqhvv F|foh14 Dphulfdq Hfrqrplf Uhylhz/ Ghfhpehu
4<<8/ ;8+8,/ ss1 444;06:1

Ed{whu/ Pduldqqh1 3Duh Frqvxphu Gxudeohv Lpsruwdqw iru Exvlqhvv F|fohvB14
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ Iheuxdu| 4<<9/ :;+4,/ ss1 47:0881

Ed{whu/ Pduldqqh dqg Fuxflql/ Pdulr M1 3H{sodlqlqj Vdylqj0Lqyhvwphqw Fru0
uhodwlrqv14 Dphulfdq Hfrqrplf Uhylhz/ Mxqh 4<<6/ ;6+6,/ ss1 74907691

bbbbbbbbbbbbbbbbbbbb1 3Exvlqhvv F|fohv dqg wkh Dvvhw Vwuxfwxuh
ri Iruhljq Wudgh14 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ Qryhpehu 4<<8/ 69+7,/ ss1
;540871

Ehfnhu/ Jdu| V1 3D Wkhru| ri wkh Doorfdwlrq ri Wlph/4 Hfrqrplf Mrxuqdo/ Vhs0
whpehu 4<98/ :8/ ss1 7<6084:1

Ehqkdele/ Mhvv> Urjhuvrq/ Ulfkdug dqg Zuljkw/ Udqgdoo1 3Krphzrun lq
Pdfurhfrqrplfv= Krxvhkrog Surgxfwlrq dqg Djjuhjdwh Ioxfwxdwlrqv14 Mrxuqdo
ri Srolwlfdo Hfrqrp|/ Ghfhpehu/ 4<<4/ <<+9,/ ss1 4499044;:1

Fdedoohur Ulfdugr M1 3Frqvxpswlrq Sx}}ohv dqg Suhfdxwlrqdu| Vdylqjv14 Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ Mdqxdu| 4<<3/ 58+4,/ ss1 44604691

Fdpsehoo/ Mrkq \1 dqg Oxgyljvrq/ V|gqh|1 3Hodvwlflwlhv ri Vxevwlwxwlrq lq
Uhdo Exvlqhvv F|foh Prghov zlwk Krph Surgxfwlrq14 Zrunlqj sdshu/ Kduydug
Xqlyhuvlw|/ 4<<:1

Fdpsehoo Mrkq \1 dqg Pdqnlz/ Q1 Juhjru|1 3Frqvxpswlrq/ Lqfrph/ dqg Lq0
whuhvw Udwhv= Uhlqwhusuhwlqj wkh Wlph Vhulhv Hylghqfh14 QEHU Pdfurhfrqrplfv Dqqxdo/
4<;</ ss1 4;805491

Fdpsehoo Mrkq \1 dqg Pdqnlz/ Q1 Juhjru|1 3Shupdqhqw Lqfrph/ Fxuuhqw
Lqfrph/ dqg Frqvxpswlrq14 Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ Mxo|
4<<3/ ;+6,/ ss1 59805:<1

Fdpsehoo Mrkq \1 dqg Pdqnlz/ Q1 Juhjru|1 3Wkh Uhvsrqvh ri Frqvxpswlrq
wr Lqfrph= D Furvv0Frxqwu| Lqyhvwljdwlrq14 Hxurshdq Hfrqrplf Uhylhz/ Pd|
4<<4/ 68+7,/ ss1 :560:9:1

Fdqryd/ Idelr dqg Xelgh/ Dqjho1 3Lqwhuqdwlrqdo Exvlqhvv F|fohv/ Ilqdqfldo
Pdunhwv dqg Krxvhkrog Surgxfwlrq14 Xqlyhuvlwdw Srpshx Ideud +Edufhorqd/
Vsdlq, Glvfxvvlrq Sdshu Vhulhv 5:/ Zrunlqj sdshu &537/ Mdqxdu| 4<<:/ dqg
iruwkfrplqj/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro1
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Fkulvwldqr/ Odzuhqfh> Hlfkhqedxp/ Pduwlq/ dqg Pduvkdoo/ Gdylg1 3Wkh
Shupdqhqw Lqfrph K|srwkhvlv Uhylvlwhg14 Hfrqrphwulfd/ Pdufk 4<<4/ 8<+5,/
ss1 6<:07571

Frfkudqh/ Mrkq K1 3Frpphqw= cWkh Uhvsrqvh ri Frqvxpswlrq wr Lqfrph= D
Furvv0Frxqwu| Lqyhvwljdwlrq* e| M1\1 Fdpsehoo dqg Q1J1 Pdqnlz/ cZk| Whvw
wkh Shupdqhqw Lqfrph K|srwkhvlvB* 4 Hxurshdq Hfrqrplf Uhylhz/ Pd| 4<<3/
68+7,/ ss1 :8:0:971

Hlfkhqedxp/ Pduwlq dqg Kdqvhq/ Oduv Shwhu1 3Hvwlpdwlqj Prghov zlwk Lq0
whuwhpsrudo Vxevwlwxwlrq Xvlqj Djjuhjdwh Wlph Vhulhv Gdwd41 Mrxuqdo ri Exvlqhvv
dqg Hfrqrplf Vwdwlvwlfv/ Mdqxdu| 4<<3/ ;+4,/ ss1 8609<1

Ihogvwhlq/ Pduwlq V1/ Glfnv0Pluhdx{/ Orxlv dqg Srwhued/ Mdphv1 3Wkh Hi0
ihfwlyh Wd{ Udwh dqg wkh Suhwd{ Udwh ri Uhwxuq14 Mrxuqdo ri Sxeolf Hfrqrplfv/
Mxo| 4<;6/ 54+5,/ ss1 45<048;1

Iodylq/ Pdumrulh D1 3Wkh Dgmxvwphqw ri Frqvxpswlrq wr Fkdqjlqj H{shfwdwlrqv
Derxw Ixwxuh Lqfrph14 Mrxuqdo ri Srolwlfdo Hfrqrp|/Rfwrehu 4<;4/ ;<+8,/ ss1<:70
433<1

Iulhgpdq/ Plowrq1 D Wkhru| ri wkh Frqvxpswlrq Ixqfwlrq1 Sulqfhwrq/ Qhz Mhu0
vh|= Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<8:1

Jduehu/ Shwhu dqg Nlqj/ Urehuw1 3Ghhs Vwuxfwxudo H{fdydwlrqB D Fulwltxh ri
Hxohu Htxdwlrq Phwkrgv14 Xqlyhuvlw| ri Urfkhvwhu Glvfxvvlrq Sdshu Qr1 ;6047/
4<;61

Juhhqzrrg/ Mhuhp|/ dqg Khufrzlw}/ ]yl13Wkh Doorfdwlrq ri Fdslwdo dqg Wlph
ryhu wkh Exvlqhvv F|foh14 Mrxuqdo ri Srolwlfdo Hfrqrp|/ Ghfhpehu 4<<4/ <<+9,/
ss1 44;;045471

Juhhqzrrg/ Mhuhp|> Urjhuvrq/ Ulfkdug dqg Zuljkw Udqgdoo1 3Krxvh0
krog Surgxfwlrq lq Uhdo Exvlqhvv f|foh wkhru|/4 lq= W1 Frroh|/ hg1/ Iurqwlhuv
ri Exvlqhvv F|foh Uhvhdufk1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv/ 4<<8/ ss1
48:04:71

Kdoo Urehuw H1 3Vwrfkdvwlf Lpsolfdwlrqv ri wkh Olih F|foh0Shupdqhqw Lqfrph
K|srwkhvlv= Wkhru| dqg Hylghqfh14 Mrxuqdo ri Srolwlfdo Hfrqrp|/ Ghfhpehu
4<:;/ ;9+9,/ ss1 <:40<;:1

Mxvwhu/ I1 Wkrpdv dqg Vwd>rug/ Iudqn S1 3Wkh Doorfdwlrq ri Wlph= Hp0
slulfdo Ilqglqjv/ Ehkdylrudo Prghov/ dqg Sureohpv ri Phdvxuhphqw14 Mrxuqdo
ri Hfrqrplf Olwhudwxuh/ Mxqh 4<<4/ 5<+5,/ ss1 7:408551

53



Nlqj/ Urehuw J1/ Sorvvhu/ Fkduohv dqg Uhehor/ Vhujlr1 3Surgxfwlrq/ Jurzwk
dqg Exvlqhvv F|fohv= Whfkqlfdo Dsshqgl{14 Zrunlqj sdshu/ Urfkhvwhu Fhqwhu
iru Hfrqrplf Uhvhdufk/ 4<;:1

Pdqnlz Juhjru| Q1 3Frqvxphu Gxudeohv dqg wkh Uhdo Lqwhuhvw Udwh14 Uhylhz
ri Hfrqrplfv dqg Vwdwlvwlfv/ Dxjxvw 4<;8/ 9:+6,/ ss1 68606951

PfJudwwdq/ Hoohq> Urjhuvrq/ Ulfkdug dqg Zuljkw/ Udqgdoo1 3Dq Htxl0
oleulxp Prgho ri wkh Exvlqhvv F|foh zlwk Krxvhkrog Surgxfwlrq dqg Ilvfdo
Srolf|14 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ Pd| 4<<:/ 6;+5,/ ss1 59:05<31

Ulrv0Uxoo/ Ylfwru1 3Zrunlqj lq wkh Pdunhw/ Krph Surgxfwlrq/ dqg wkh Dftxlvl0
wlrq ri Vnloov= D Jhqhudo0Htxloleulxp Dssurdfk14 Dphulfdq Hfrqrplf Uhylhz/
Vhswhpehu 4<<6/ ;6+7,/ ss1 ;<60<3:1

Urjhuvrq/ Ulfkdug1 3Lqglylvleoh Oderu/ Orwwhulhv dqg Htxloleulxp14 Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ Mdqxdu| 4<;;/ 54+4,/ ss1 60491

Uxshuw/ Shwhu> Urjhuvrq/ Ulfkdug/ dqg Zuljkw Udqgdoo1 3Hvwlpdwlqj Vxe0
vwlwxwlrq Hodvwlflwlhv lq Krxvhkrog Surgxfwlrq Prghov14 Hfrqrplf Wkhru|/
Mxqh 4<<8/ 9+4,/ ss1 4:<04<61

Vkdslur/ Pdwwkhz G1 dqg Mrho Vohpurg1 3Frqvxphu Uhvsrqvh wr wkh Wlp0
lqj ri Lqfrph= Hylghqfh iurp d Fkdqjh lq Wd{ Zlwkkroglqj14 Dphulfdq
Hfrqrplf Uhylhz/ Pdufk 4<<8/ ;8+4,/ ss1 5:705;61

Vkhd/ Mrkq1 3Lqvwuxphqw Uhohydqfh lq Pxowlyduldwh Olqhdu Prghov= D vlpsoh
Phdvxuh14 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ Pd| 4<<:/ :<+5,/ ss1 67;0851

Vrxohohv/ Qlfkrodv1 3Wkh Uhvsrqvh ri Krxvhkrog Frqvxpswlrq wr Lqfrph Wd{
Uhixqgv14 Zrunlqj sdshu/ Zkduwrq Vfkrro ri Exvlqhvv/ 4<<9/ dqg iruwkfrplqj/
Dphulfdq Hfrqrplf Uhylhz1
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Hqgwqrwhv

-Pduldqqh Ed{whu= Ghsduwphqw ri Hfrqrplfv/ Urxvv Kdoo 449/ Xqlyhuvlw| ri Ylujlqld/
Fkduorwwhvylooh/ YD 55<34/ H0pdlo= pe9vCylujlqld1hgx1 Xuedq Mhupdqq= Ghsduw0
phqw ri Ilqdqfh/ Wkh Zkduwrq Vfkrro/ 5648 Vwhlqehuj0Glhwulfk Kdoo/ 6953 Orfxvw
Zdon/ Xqlyhuvlw| ri Shqqv|oydqld/ Sklodghoskld/ SD 4<4371 H0pdlo= mhupdqqCzkdu0
wrq1xshqq1hgx1 Wklv surmhfw kdv ehqh?whg iurp wkh frpphqwv ri Urehuw J1 Nlqj/
Pdwwkhz G1 Vkdslur/ dqg dq dqrq|prxv uhihuhh/ dv zhoo dv vhplqdu sduwlflsdqwv dw
Gduwprxwk Froohjh/ Kduydug Xqlyhuvlw|/ Xqlyhuvlw| ri Plfkljdq/ Xqlyhuvlw| ri Wh{dv0
Dxvwlq/ Xqlyhuvlw| ri Ylujlqld/ wkh Zkduwrq Vfkrro/ dqg wkh QEHU Phhwlqj rq 3Pl0
fur dqg Pdfur Irxqgdwlrqv ri wkh Djjuhjdwh Oderu Pdunhw14 Dq| uhpdlqlqj huuruv
duh rxu rzq1 Ed{whu judwhixoo| dfnqrzohgjhv wkh vxssruw ri wkh Qdwlrqdo Vflhqfh
Irxqgdwlrq1
41 Vhh/ iru h{dpsoh/ wkh frqwulexwlrqv ri Ehqkdele/ Urjhuvrq/ dqg Zuljkw +4<<4,/
Mhuhp| Juhhqzrrg dqg ]yl Khufrzlw} +4<<4,/ Juhhqzrrg hw do1 +4<<8,/ PfJudwwdq
hw do1 +4<<9,/ Idelr Fdqryd dqg Dqjho Xelgh +4<<:,/ dqg Mrkq \1 Fdpsehoo dqg
V|gqh| Oxgyljvrq +4<<:,1
51 Wklv lv dq h{dpsoh ri wkh w|sh ri sureohp glvfxvvhg e| Shwhu Jduehu dqg Urehuw
J1 Nlqj +4<;6,1 Lw lv dovr srvvleoh wr jhqhudwh dssduhqw h{fhvv vhqvlwlylw| wkurxjk
vxevwlwxwlrqv rq wkh frqvxpswlrq2ohlvxuh pdujlq/ dv lq Rud}lr S1 Dwwdqdvlr dqg Pdu0
wlq Eurzqlqj +4<<8,1 Zh irfxv rq dowhuqdwlyh zd|v ri jhqhudwlqj frqvxpswlrq jrrgv
wkurxjk vxevwlwxwlrq ehwzhhq krph dqg pdunhw0jhqhudwhg frqvxpswlrq/ zkloh lqfru0
srudwlqj vwdqgdug oderu2ohlvxuh fkrlfh1
61 Lq idfw/ wkh frh!flhqw rq h{shfwhg rxwsxw jurzwk zloo eh srvlwlyh hyhq li ò� lv
qhjdwlyh/ vr orqj dv � n ò� lv srvlwlyh1
71 Dq|rqh zkr kdv irxqg klpvhoi hdwlqj sl}}d iru wkh ?iwk qljkw lq d urz zkhq wu|lqj
wr phhw d ghdgolqh zloo xqghuvwdqg wkh edvlf lghd khuh1
81 Dgmxvwphqw frvwv duh lqfrusrudwhg lqwr rxu prgho/ lq frqwudvw wr wkh prgho
ri Juhhqzrrg hw do1/ ehfdxvh wkh| vxevwdqwldoo| lpsuryh wkh lqyhvwphqw ehkdylru ri
wkh prgho1 Wkh lpsruwdqfh ri dgmxvwphqw frvwv iru wkh g|qdplfv ri lqyhvwphqw lq
pxowl0vhfwru hqylurqphqwv lv glvfxvvhg lq Ed{whu dqg Fuxflql +4<<6/4<<8, dqg Ed{whu
+4<<9,1
91 Rqh ri wkh sx}}ohv xqfryhuhg e| Fdpsehoo dqg Pdqnlz lv wkdw wkh fruuhodwlrq
ehwzhhq frqvxpswlrq dqg suhglfwdeoh lqfrph lv kljkhu wkdq wkh fruuhodwlrq ehwzhhq
frqvxpswlrq dqg udz lqfrph1 Dv d uhvxow/ wkh ROV hvwlpdwh ri b/ zklfk vkrxog lq
wkhru| eh xszdug eldvhg gxh wr d srvlwlyh fruuhodwlrq ehwzhhq lqfrph lqqrydwlrqv dqg
rswlpdo frqvxpswlrq/ wxuqv rxw wr eh orzhu wkdq wkh LY hvwlpdwh ri b hpslulfdoo|1
Wklv lv qrw wkh fdvh iru rxu prgho/ dv uhfrqflolqj wkhvh uhvxowv vhhpv wr uhtxluh
phdvxuhphqw huuru lq djjuhjdwh lqfrph1 Rxu prgho devwudfwv iurp phdvxuhphqw
huuru1
:1 Dq dowhuqdwlyh vwudwhj| zrxog eh wr wdnh dq h{0dqwh xqfhuwdlq uhwxuq/ vxfk dv
wkh uhwxuq rq fdslwdo/ vr wkdw wkh LY surfhgxuh zrxog dfwxdoo| eh qhfhvvdu|1 Zh

55



h{shulphqwhg zlwk wklv dowhuqdwlyh dssurdfk/ exw lw glg qrw ohdg wr vljql?fdqwo| gli0
ihuhqw uhvxowv1 Zh dovr h{shulphqwhg zlwk dowhuqdwlyh lqvwuxphqw vhwv1 Iru h{dpsoh/
zh xvhg wkh iroorzlqj lqvwuxphqw vhw= 7+|3�c7+|32c7+|3ôc o|32c|3�c o|3ôc|32c o|3ec|3ôé
Wkh uhvxowv glg qrw fkdqjh dssuhfldeo|1 Dovr/ pdq| uhvhdufkhuv xvh wzlfh0odjjhg lq0
vwuxphqwv wr dyrlg srwhqwldo sureohpv gxh wr wlph0dyhudjhg frqvxpswlrq gdwd> iru
wkh uhvxowv uhsruwhg khuh zh odj wkh lqvwuxphqwv rqo| rqfh1 H{sorudwlrq zlwk wlph0
dyhudjhg prgho0jhqhudwhg gdwd dqg wzlfh odjjhg lqvwuxphqwv glg qrw |lhog gl>huhqw
uhvxowv1
;1 Dv d fkhfn rq rxu Prqwh Fduor surfhgxuh/ zh shuiruphg 63 vlpxodwlrqv ri ohqjwk
6333 +:83 |hduv, iru wkh vwdwlrqdu| prgho zlwkrxw wudqvplvvlrq1 Wkh phdq frh!flhqw
ydoxhv wkdw zh rewdlq duh b ' fé�D/ w ' fé2b1 Wkhvh duh pxfk forvhu wr wkh odujh
vdpsoh/ ixoo lqirupdwlrq frh!flhqwv ri b ' féfD/ w ' fée21 Wkxv zlwk vx!flhqwo| orqj
vdpsohv/ wkh surfhgxuh frqyhujhv wr wkh odujh vdpsoh/ olplwhg lqirupdwlrq hvwlpdwhv1
D glvfxvvlrq ri wklv hfrqrphwulf lvvxh fdq eh irxqg lq Qhovrq +4<<3,1
<1 Dq dowhuqdwlyh fkrlfh iru wkh lqvwuxphqwv/ 7+|3�c7+|32c7+|3ô/ ohdgv wr vlplodu
frqfoxvlrqv1
431 Zh duh judwhixo wr d uhihuhh iru srlqwlqj rxw wkhvh lpsolfdwlrqv wr xv dqg iru
vxjjhvwlqj wkh h{shulphqw lqyroylqj fkdqjhv lq jryhuqphqw vshqglqj1
441 Zh vshfl?hg wkdw vkrfnv wr jryhuqphqw sxufkdvhv zhuh l1l1g1/ dqg wkhq vwxglhg wkh
uhvsrqvh wr d ghfuhdvh lq sxufkdvhv1 Wkh vwhdg| vwdwh vkduh ri jryhuqphqw sxufkdvhv
zdv vhw dw 53( ri wrwdo rxwsxw1 Uhvxowv zhuh vlplodu iru shuvlvwhqw exw xowlpdwho|
whpsrudu| vkrfnv wr jryhuqphqw sxufkdvhv1
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Dsshqgl{
Wklv dsshqgl{ h{sodlqv wkh phwkrgv xvhg wr frpsxwh wkh uhvxowv lq Vhfwlrq LY1 Wkh
vroxwlrq wr rxu prgho fdq eh zulwwhq dv iroorzv1 Iluvw/ wkh vwdwh yduldeohv ri wkh
sureohp hyroyh dffruglqj wr=

r| '�r|3� nC"| +D4,

zkhuh r| lv dq r û � yhfwru ri vwdwh yduldeohv/ "| lv d & û � yhfwru ri vkrfnv/ dqg �
dqg C duh frh!flhqw pdwulfhv1 Wkh vroxwlrq wr wkh prgho lv jlyhq e| +57, wrjhwkhu
zlwk ht1 +57, zklfk ghvfuleh krz rwkhu yduldeohv ri lqwhuhvw8frqvxpswlrq/ rxwsxw/
wkh lqwhuhvw udwh/ oderu lqsxw/ hwf18ghshqg rq wkh vwdwh yhfwru=

`| ' ár| +D5,

zkhuh `| lv d ç û � yhfwru dqg á lv d ç û r frh!flhqw pdwul{1
Zh xvh wklv v|vwhp wr jhqhudwh wkh uhvxowv wkdw d uhvhdufkhu zrxog ?qg li kh zhuh

vwxg|lqj gdwd surgxfhg e| rxu prgho hfrqrp|1 Vrph ri wkh uhvxowv duh rewdlqhg xq0
ghu wkh dvvxpswlrq wkdw wkh uhvhdufkhu kdv dq lq?qlwh dprxqw ri gdwd rq doo yduldeohv
lq wkh prgho1 Wkhvh uhvxowv duh whuphg 3odujh0vdpsoh/ ixoo0lqirupdwlrq4 uhvxowv1
Rwkhu uhvxowv dvvxph dq lq?qlwh dprxqw ri gdwd exw rq d olplwhg vhw ri yduldeohv1
Wkhvh uhvxowv duh whuphg 3odujh0vdpsoh/ olplwhg0lqirupdwlrq4 uhvxowv1 Ilqdoo|/ zh
h{soruh Prqwh0Fduor uhvxowv edvhg rq d vdpsoh ohqjwk ri 463 txduwhuv +dssur{lpdwho|
wkh vdpsoh ohqjwk xvhg e| sulru uhvhdufkhuv, xvlqj d olplwhg vhw ri yduldeohv1 Wkhvh
duh fdoohg 3?qlwh0vdpsoh/ olplwhg0lqirupdwlrq4 uhvxowv1

Wkh Fdpsehoo0Pdqnlz htxdwlrq lv jlyhq ehorz=

.|3�{S| ' >n b.|3�{+| n w.|3�o|3�c| n ü|3�é +D6,

Vlqfh wkh h{shfwdwlrqv lq +57, duh qrw revhuydeoh/ Fdpsehoo dqg Pdqnlz vshfli|
wkhlu hvwlpdwlqj htxdwlrq dv iroorzv=

{S| ' >n b{+| n wo|3�c| n 0| +D7,

dqg wkhq xvh lqvwuxphqwdo0yduldeohv surfhgxuhv wr wu| wr fruuhfw iru wkh vlpxowdqhlw|
eldv wkdw dulvhv ehfdxvh wkh h{shfwdwlrq huuruv lq {+| dqg o|3�c| duh fruuhodwhg zlwk
0|1

Dv glvfxvvhg lq wkh wh{w/ wklv htxdwlrq lv plv0vshfl?hg lq wkh prgho/ vlqfh wkh
jurzwk udwh ri pdunhw frqvxpswlrq ghshqgv rq pruh yduldeohv wkdq lqfrph jurzwk
dqg wkh lqwhuhvw udwh1 Vshfl?fdoo|/ wkhuh duh rplwwhg yduldeohv lq wklv uhjuhvvlrq wkdw
duh lqfoxghg lq wkh 3huuru whup4 0|1 Wkhvh rplwwhg yduldeohv zloo lq xhqfh wkh uhvxowv
wkdw zrxog eh rewdlqhg e| d uhvhdufkhu hvwlpdwlqj +57, xvlqj gdwd jhqhudwhg e| wkh
krxvhkrog surgxfwlrq prgho1
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D041 Odujh vdpsoh/ ixoo lqirupdwlrq uhvxowv
Wr surgxfh rxu 3odujh vdpsoh/ ixoo lqirupdwlrq4 uhvxowv/ zh surfhhg dv iroorzv1 Iluvw/
zh zrun gluhfwo| zlwk wkh vshfl?fdwlrq +57, vlqfh zh fdq xvh rxu prgho wr frpsxwh
wkh qhfhvvdu| h{shfwdwlrqv1 Vshfl?fdoo|/ iurp +57, dqg +57,/ zh kdyh

.|3�`| ' á.|3�r| +D8,

' á�r|3�
' xr|3�é

Hvwlpdwhv ri wkh frh!flhqwv b dqg w duh irxqg e| vroylqj wkh ohdvw0vtxduhv cqrupdo
htxdwlrqv*=

�

A

A[
|'f

E.|3�{S| ý b.|3�{+| ý w.|3�o|3�c|ä.|3�{+| ' f +D9,

�

A

A[
|'f

E.|3�{S| ý b.|3�{+| ý w.|3�o|3�c|ä.|3�{o|3�c| ' fé +D:,

Lq wkh frqwh{w ri rxu prgho hfrqrp|/ zh xvh htxdwlrq +57, wr frqvwuxfw wkh h{0
shfwdwlrqv lq +57, dqg +57,/ zkhuh wkh qrwdwlrq xæ ghqrwhv wkh urz ri wkh pdwul{ x
dvvrfldwhg zlwk yduldeoh/ |lhoglqj=

�

A

A[
|'f

ExSr|3� ý bx+r|3� ý wxor|3�äx+r|3� ' f +D;,

�

A

A[
|'f

ExSr|3� ý bx+r|3� ý wxor|3�äxor|3� ' fé +D<,

Iru wkh 3ixoo0lqirupdwlrq4 uhvxowv/ zh wdnh wkh suredelolw| olplwv ri +57, dqg +57,
dv A $4 wr rewdlq=

jS+ ý bj++ ý wj+o ' f +D43,

jSo ý bj+o ý wjoo ' f +D44,

zkhuh jðæ ghqrwhv wkh srsxodwlrq/ ru odujh0vdpsoh fryduldqfh ri yduldeoh ð zlwk ydul0
deoh æ1 Jlyhq wkhvh fryduldqfhv/ wkhvh 5 htxdwlrqv fdq eh vroyhg iru wkh wzr xqnqrzqv/
b dqg w1

Lw lv hdvlhvw wr vhh krz wkh prphqwv lq +57, dqg +57, fdq eh fdofxodwhg li zh dvvxph
wkdw wkh v|vwhp lv vwdwlrqdu|1 Ohw s ghqrwh wkh suredelolw| olplw ri wkh yduldqfh0
fryduldqfh pdwul{ ri r|3�1 Wklv yduldqfh0fryduldqfh pdwul{ fdq eh frpsxwhg lq d
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ydulhw| ri zd|v iru h{dpsoh/ e| vroylqj wkh pdwul{ htxdwlrq s '�s� ân.E00âä1 Zh
wkhq rewdlq wkh iroorzlqj yhuvlrqv ri wkh qrupdo htxdwlrqv=

xSsxâ+ ý bx+sxâ+ ý wxosxâ+ ' f +D45,

xSsxâo ý bx+sxâo ý wxosxâo ' fé +D46,

Wkhvh wzr htxdwlrqv duh wkhq vroyhg iru wkh wzr xqnqrzq frh!flhqwv/ b dqg w/ dv
uhsruwhg lq Wdeoh 51 Zkhq wkh vkrfnv wr wkh vwdwh yduldeohv duh qrqvwdwlrqdu| s
grhv qrw h{lvw1 Qrwh/ krzhyhu/ wkdw hyhq lq wkh qrqvwdwlrqdu| fdvh wkh fryduldqfhv
lq +57, dqg +57, duh vwloo zhoo0gh?qhg/ dv wkh| lqyroyh jurzwk udwhv ri frqvxpswlrq
dqg lqfrph dv zhoo dv wkh ohyho ri wkh uhdo lqwhuhvw udwh/ doo ri zklfk duh vwdwlrqdu|1

D051 Odujh vdpsoh/ olplwhg lqirupdwlrq uhvxowv
Lq dssolhg hfrqrphwulf frqwh{wv/ wkh uhvhdufkhu w|slfdoo| grhv qrw kdyh hqrxjk lqiru0
pdwlrq frpsxwh wkh qhfhvvdu| h{shfwdwlrqv= lq rxu frqwh{w/ wkhvh zrxog eh .|3�{+|
dqg .|3�o|3�c|1 Wkxv uhvhdufkhuv olnh Fdpsehoo dqg Pdqnlz xvh dq lqvwuxphqwdo ydul0
deohv surfhgxuh zklfk zh ?qg frqyhqlhqw wr glvfxvv dv wzr0vwdjh0ohdvw0vtxduhv1 Xqghu
wklv surfhgxuh/ wkh yduldeohv {+| dqg o|3�c| duh uhjuhvvhg rq lqvwuxphqwv/ zkhuh ydolg
lqvwuxphqwv duh dq| yduldeohv fruuhodwhg zlwk{+| dqg o|3�c| exw duh xqfruuhodwhg zlwk
0| lq +57, dqg zlwk wkh h{shfwdwlrq huuruv E{+| ý .|3�{+|ä dqg Eo|3�c| ý .|3�o|3�c|ä1

Zh ohw f| ghqrwh wkh ?û � yhfwru ri gdwh | revhuydwlrqv rq wkh lqvwuxphqwv1 Iru
frpsdfwqhvv/ zh uhzulwh +57, dv

{S| ' q
â~| +D47,

zkhuh ~| ' d� / {+| / o|3�c|oâ dqg q ' d> b woâ1 Wkh c?uvw0vwdjh* uhjuhvvlrq lqyroyhv
uxqqlqj dq ROV uhjuhvvlrq ri ~| rq f|=

~| ' B
âf| n e|é +D48,

Wkh cvhfrqg0vwdjh* uhjuhvvlrq lqyroyhv uhsodflqj ~| lq ht1 +57, zlwk wkh ?wwhg
ydoxhv/ ÷~| ' ÷B

â
f|/ iurp ht1 +57,1 Wkhq wkh wzr0vwdjh0ohdvw0vtxduhv hvwlpdwru ri q lv

jlyhq e|=

÷q27u7 '

%
A[
|'f

÷~ â| ÷~|

&3� % A[
|'f

÷~ â|{S|

&
+D49,

Dv A $4 wkh hvwlpdwru ÷q27u7 frqyhujhv lq suredelolw| wr .E ÷~ â| ÷~|ä
3�.E ÷~ â|{S|ä1

Zh xvhg rxu prgho wr frpsxwh d odujh vdpsoh yhuvlrq ri ÷q27u7 dv iroorzv1 Lq wkh
c?uvw vwdjh* zh frpsxwhg ÷~| e| surmhfwlqj ~| rq wkh lqvwuxphqwv f|1 Wkh f| ghshqg
rq wkh vwdwh yhfwru dv iroorzv=

f| ' xfr|3� +D4:,
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wkurxjk d yhuvlrq ri htxdwlrq +57,/ zkhuh +57, uh hfwv wkh idfw wkdw/ lq rxu dssolfdwlrq
wkh lqvwuxphqwv f| frqwdlq qr gdwh0w yduldeohv dw doo1 Ixuwkhu/ wkh vwdwh yhfwru r|3�
pxvw eh dxjphqwhg wr lqfoxgh dgglwlrqdo odjv ri wkh vwdwh yduldeohv dv qhfhvvdu|/
ghshqglqj rq wkh lqvwuxphqw olvw hpsor|hg1 Wkh c?uvw vwdjh* surmhfwv ~| rq f|/
|lhoglqj dq hvwlpdwh ri B> wkh vhfrqg vwdjh frpsxwhv ÷q27u7 dffruglqj wr +57,1 Wkhvh
hvwlpdwhv duh uhsruwhg lq Wdeoh 61

D061 Ilqlwh vdpsoh/ olplwhg lqirupdwlrq uhvxowv
Wr lqyhvwljdwh wkh surshuwlhv ri hvwlpdwhv rewdlqhg e| uhvhdufkhuv frqvwudlqhg wr
xvlqj d ?qlwh dprxqw ri gdwd/ zh hpsor|hg d Prqwh Fduor surfhgxuh1 Vshfl?fdoo|/
zh jhqhudwhg 4333 vlpxodwlrqv ri rxu prgho/ zkhuh hdfk vlpxodwlrq zdv ri ohqjwk 463
txduwhuv1 Iru hdfk vlpxodwlrq/ zh xvhg wkh vlpxodwhg gdwd wr frqvwuxfw dq hvwlpdwh
ri ÷q27u7 lq h{dfwo| wkh vdph zd| dv Fdpsehoo0Pdqnlz zrxog kdyh/ kdg wkhlu gdwd
ehhq jhqhudwhg e| rxu prgho1 Wkh phdq hvwlpdwh ri ÷q27u7 ryhu wkh 4333 vlpxodwlrqv
lv uhsruwhg lq Wdeoh 6/ wrjhwkhu zlwk wkh vwdqgdug huuru ri wkh hvwlpdwh dfurvv wkh
vlpxodwlrqv1
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Table 1: Business cycle properties of the benchmark model

Statistic Variable Data
Stationary

model
Non-stationary

model
Model with

transmission

Standard deviation (% per quarter) market output 1.96  1.54  1.59 1.48

Volatility relative to market output market consumption 0.54  0.60  1.07 0.55

aggregate investment 2.61  3.15  1.21 3.22

market labor input 0.78  0.46  0.34 0.45

household labor input N/A  0.47  0.62 0.40

wage rate 0.73  0.58  0.89 0.60

Correlation between home and market output N/A  0.21  0.11 0.36

Correlation between home and market consumption N/A -0.16 -0.01 0.09

Correlation between market output and market consumption 0.76  0.92  0.98 0.94

Note: All series are filtered with the Hodrick-Prescott filter (smoothing parameter λ=1600).  The U.S. post-war quarterly data are from
Benhabib, Rogerson and Wright (1991) and Greenwood, Rogerson and Wright (1995).  N/A indicates statistic not available due to lack
of data on household sector.



Table 2: Conditional expectations as instruments

Stationary model Nonstationary model Model
w/transmission

λλ θθ λλ θθ λλ θθ

Benchmark model 0.32 -0.03 0.36 0.08 0.69 -0.43

Sensitivity analysis

1. Low elasticity of substitution: ζ=0 0.17 0.38 0.17 0.37 0.11 0.31

2. Low elasticity of substitution:  ζ=1 0.11 0.40 0.09 0.46 0.26 0.25

3. High elasticity of substitution:  ζ=5 0.49 -0.35 0.63 -0.31 0.84 -0.70

4. Fixed labor supply: ξll = -4 0.45 -0.27 0.40 0.06 0.75 -0.56

5. Low risk aversion: σ = 1 0.31 0.19 0.35 0.44 0.67 -0.45

6. High risk aversion:  σ=10 0.33 -0.11 0.25 -0.03 0.72 -0.20

7. Low correlation of shocks: 0.50 0.48 -0.22 0.47 -0.03 0.74 -0.49

8. No adjustment costs 0.40 0.61 0.47 0.15 0.43 0.53

9. High adjustment costs: κ=6.7 0.90 -0.67 0.66 -0.24 0.99 -0.74

10. No shocks to household sector 0.35 0.53 0.31 0.63 0.61 -0.73

Note: The case with σ=10 requires ξll to be larger in absolute value to insure concavity of momentary utility.  We set ξll = -10 for this case.
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Table 3: Instrumental variables regressions

Coefficient 
estimates

Partial R2 from
regression on
instruments

λλ θθ λλ θθ

A.  Stationary model

     Model-based conditional expectations    
          as instruments: Computed moments

0.32 -0.03

     Model-based variables as instruments:    
         Computed moments

0.05 0.42

     Model-based variables as instruments:    
         Simulated  moments

0.53 -0.75 0.04 0.46

            (Standard errors) (0.15) (0.91) (0.02) (0.20)

B.  Nonstationary model

     Model-based conditional expectations    
          as instruments: Computed moments

0.36 0.08

     Model-based variables as instruments:    
         Computed moments

0.30 0.43

     Model-based variables as instruments:    
         Simulated  moments

0.81 -1.07 0.09 0.44

            (Standard errors) (0.24) (0.66) (0.04) (0.14)

C.  Model with transmission

     Model-based conditional expectations    
          as instruments: Computed moments

0.69 -0.43

     Model-based variables as instruments:    
         Computed moments

0.44 0.06

     Model-based variables as instruments:    
         Simulated  moments

0.52 -0.14 0.04 0.39

              (Standard errors) (0.14) (0.73) (0.02) (0.18)
Notes:
1.  Simulation results are obtained from 1000 runs with 130 usable data points; numbers in parentheses are standard errors of

the coefficient estimates over the 1000 runs.  Time required for 1000 runs on a Pentium Pro 200 Mhz processor was
approximately 5 minutes.  Instruments are Äct-1, Äct-2,  Äct-3, rt-2,t-1, rt-3,t-2, rt-4,t-3.

2.  Partial R2 statistics are described by Shea (1996).  


