
Lqwhuqdwlrqdo Sruwirolr Glyhuvl�fdwlrq dqg
Hqgrjhqrxv Oderu Vxsso| Fkrlfh

Xuedq M1 Mhupdqq�

Wkh Zkduwrq Vfkrro/ Xqlyhuvlw| ri Shqqv|oydqld
dqg QEHU

Uhylvhg= Mxqh/ 4<<;

Devwudfw

Wklv sdshu suhvhqwv d pxowl0frxqwu| jhqhudo htxloleulxp prgho gulyhq

e| surgxfwlylw| vkrfnv/ zkhuh oderu vxsso| dqg frqvxpswlrq duh fkrvhq

hqgrjhqrxvo|1 Zh xvh wklv iudphzrun wr vwxg| wkh h�hfw ri oderu vxsso|

iru rswlpdo lqwhuqdwlrqdo glyhuvl�fdwlrq1 Zh �qg wkdw wkh prgho*v delolw|

wr khos h{sodlq krph0eldv ghshqgv fuxfldoo| rq wkh ohyho ri vxevwlwxwdelo0

lw| ehwzhhq frqvxpswlrq dqg qrq0zrunlqj wlph1 Txdqwlwdwlyho|/ wkh qrq0

vhsdudelolw| lq wkh suhihuhqfhv khosv lq d qrqqhjoljhdeoh zd|/ exw lw fdqqrw

hqwluho| h{sodlq wkh h{wuhph ghjuhh ri krph0eldv lq XV sruwirolrv1

Nh| zrugv= Lqwhuqdwlrqdo glyhuvl�fdwlrq/ sruwirolr fkrlfh/ qrqvhsdudeoh

xwlolw|/ krxvhkrog surgxfwlrq1 MHO fodvvl�fdwlrq= I63/ J441

�L zrxog olnh wr wkdqn Dqg| Deho/ Udqg| Zuljkw dqg vhplqdu sduwlflsdqwv dw wkh Shqq Pdfur

Oxqfk/ wkh Ihghudo Uhvhuyh Edqn ri Fklfdjr/ dqg wkh Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv iru
wkhlu frpphqwv dqg vxjjhvwlrqv1



41 Lqwurgxfwlrq

Lqyhvwruv lq prvw frxqwulhv kdyh dffhvv wr d odujh vhw ri lqwhuqdwlrqdo �qdqfldo
lqvwuxphqwv/ krzhyhu/ wkh| fkrrvh wr lqyhvw prvwo| lq grphvwlf dvvhwv1 Iru lq0
vwdqfh/ Iuhqfk dqg Srwhued +4<<4, dqg Whvdu dqg Zhuqhu +4<<8, uhsruw wkdw XV
lqyhvwru*v htxlw| sruwirolrv kdyh d grphvwlf frpsrqhqw ri ryhu <3(1 Zlwk sruwir0
olr wkhru| vxjjhvwlqj lqwhuqdwlrqdo glyhuvl�fdwlrq/ zh kdyh rqh ri wkh prvw urexvw
sx}}ohv lq lqwhuqdwlrqdo �qdqfh1 Dwwhpswv dw h{sodlqlqj wklv sx}}oh kdyh ehhq ri
wzr w|shv1 Wkh �uvw w|sh ri h{sodqdwlrqv vxjjhvwv wkdw iulfwlrqv lq lqwhuqdwlrqdo
�qdqfldo pdunhwv pdnh iruhljq dvvhwv vx!flhqwo| ohvv dwwudfwlyh wr mxvwli| wkh iruh0
jrqh glyhuvl�fdwlrq ehqh�wv1 Zkhuhdv wkh vhfrqg w|sh ri h{sodqdwlrqv exlogv rq
iulfwlrqv rxwvlgh wkh �qdqfldo pdunhwv wr mxvwli| revhuyhg sruwirolr kroglqjv dv dq
rswlpdo ulvn pdqdjhphqw vwudwhj|14

Qrqh ri wkh dydlodeoh h{sodqdwlrqv vhhpv hqwluho| vdwlvidfwru| wr gdwh/ rq wkh
frqwudu|/ wkh sx}}oh pd| eh hyhq zruvh wkdq zkdw wh{werrnv xvxdoo| vxjjhvw1
Lqghhg/ Ed{whu dqg Mhupdqq +4<<:, dujxh wkdw zkhq rqh frqvlghuv wkh odujh
dqg qrqwudgdeoh kxpdq fdslwdo frpsrqhqw ri zhdowk/ djhqwv vkrxog krog hyhq
ohvv grphvwlf dvvhwv1 Wkh uhdvrq lv wkdw zlwk uhwxuqv ri grphvwlf kxpdq fdslwdo
kljko| fruuhodwhg zlwk wkh uhwxuqv ri grphvwlf pdunhwdeoh dvvhwv/ khgjlqj wkh
qrqwudgdeoh kxpdq fdslwdo uhtxluhv d uhgxfwlrq lq wkh kroglqjv ri wkhvh grphvwlf
pdunhwdeoh dvvhwv1

Wkh idfw wkdw d odujh sduw ri qdwlrqdo lqfrph lv qrqwudgdeoh oderu lqfrph kdv
ehhq wkh irfxv ri lpsruwdqw uhfhqw uhvhdufk1 Iru lqvwdqfh/ Vkloohu +4<<6, dujxhv
wkdw cpdfur pdunhwv* iru wudglqj fodlpv rq fdslwdol}hg qdwlrqdo lqfrphv vkrxog eh
hvwdeolvkhg1 Vxfk pdunhwv zrxog doorz pruh h!flhqw lqwhuqdwlrqdo ulvn vkdulqj
ri klwkhuwr qrqwudgdeoh ulvnv1 Wkh idfw wkdw d odujh sduw ri qdwlrqdo lqfrph lv
qrqwudgdeoh oderu lqfrph dovr pdwwhuv lq uhvhdufk wkdw hydoxdwhv ydulrxv sursrvdov
iru vrfldo vhfxulw| uhirup/ vhh iru lqvwdqfh Erkq +4<<;,1 Lqghhg/ wr fruuhfwo|
fdswxuh wkh ulvn vkdulqj dqg ulvn vkliwlqj surshuwlhv ri ydulrxv uhirup sursrvdov/
qrqwudgdelolw| lv fuxfldo1

Prvw pdfurhfrqrplf exvlqhvv f|foh prghov h{solflwo| lqfrusrudwh hqgrjhqrxv
oderu vxsso| ghflvlrqv1 D idvw jurzlqj olwhudwxuh rq krxvhkrog surgxfwlrq qrw rqo|
prghov f|folfdo wlph doorfdwlrq lq ghwdlo/ exw dovr kdv vwduwhg wr wdnh qrqvhsdud0
elolwlhv ehwzhhq phdvxuhg frqvxpswlrq dqg krph surgxfhg jrrgv dqg vhuylfhv

4Vrph h{dpsohv duh= Frrshu dqg Ndsodqlv +4<<7,/ Shvhqwl dqg YdqZlqfrrs +4<<9,/ Vwxo}
+4<;6, dqg Whvdu +4<<6,1
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vhulrxvo|15 Fohduo|/ yduldeoh oderu vxsso| lv dq lpsruwdqw lqjuhglhqw ri prghuq
pdfurhfrqrplfv1 Krzhyhu/ wklv pdujlq lv uduho| h{solflwo| frqvlghuhg lq wkh odujh
olwhudwxuh rq sruwirolr fkrlfh16

Wkh pdlq remhfwlyh ri wklv sdshu lv wr hqgrjhql}h wkh oderu2ohlvxuh fkrlfh/
zlwk wkh remhfwlyh ri hydoxdwlqj lqwhuqdwlrqdo glyhuvl�fdwlrq zkhq suhihuhqfhv ri
frqvxpswlrq dqg ohlvxuh duh qrqvhsdudeoh1

Zh suhvhqw d pxowl0frxqwu| prgho/ zkhuh frxqwulhv duh vxemhfw wr frxqwu|
vshfl�f surgxfwlylw| vkrfnv1 Krxvhkrogv ghflgh krz pxfk wlph wr vshqg zrunlqj
rq pdunhw dfwlylwlhv dqg fkrrvh sruwirolrv wkdw jlyh wkhp wkh qhfhvvdu| lqfrph
wr �qdqfh wkhlu ghvluhg frqvxpswlrq1 Lq rughu wr vroyh wkh sruwirolr sureohp zh
dgdsw d phwkrg suhvhqwhg lq Ed{whu/ Mhupdqq dqg Nlqj +4<<8,1 Wkh frpsol0
fdwhg sureohp ehfrphv wudfwdeoh e| zrunlqj zlwk olqhdu dssur{lpdwlrqv ri wkh
�uvw rughu frqglwlrqv/ d whfkqltxh zlgho| xvhg iru vroylqj pdfurhfrqrplf prghov1
Sduhwr h!flhqw frqvxpswlrq doorfdwlrqv fdq wkhq eh vxssruwhg lq d ghfhqwudol}hg
htxloleulxp e| dssursuldwho| fkrvhq lqwhuqdwlrqdo sruwirolrv1

Lq wkh v|pphwulf fdvh/ zkhuh doo frxqwulhv duh h{0dqwh lghqwlfdo/ zh vroyh dq0
do|wlfdoo| iru wkh djhqwv* sruwirolrv dv d ixqfwlrq ri suhihuhqfh dqg whfkqrorj|
sdudphwhuv1 Wkh vroxwlrq vkrzv wkdw/ lq rughu iru wkh frqvlghuhg qrqvhsdudelolw|
wr khos h{sodlq krph0eldv/ frqvxpswlrq dqg ohlvxuh qhhg wr eh vxevwlwxwhv1 Wklv
lv txdolwdwlyho| frqvlvwhqw zlwk �qglqjv iurp wkh krxvhkrog surgxfwlrq olwhudwxuh1
Iru lqvwdqfh/ Juhhqzrrg/ Urjhuvrq dqg Zuljkw +4<<8, vxjjhvw vxevwlwxwdelolw|
ehwzhhq pdunhw surgxfhg frqvxpswlrq dqg jrrgv dqg vhuylfhv surgxfhg zlwk
qrq0pdunhw wlph1 Lq wklv fdvh/ zkhq djhqwv zrun d orw/ wkh| kdyh olwwoh wlph iru
qrq0pdunhw surgxfwlrq +frrnlqj/ fohdqlqj/ dqg fklog0fduh hwf1, dqg wkxv wkh|
kljko| ydoxh pdunhw frqvxpswlrq +uhvwdxudqwv/ fohdqlqj shuvrqv/ dqg ede|0vlwwhuv
hwf1,�e| kroglqj grphvwlf fodlpv wkh| zloo jhw wkh qhfhvvdu| sxufkdvlqj srzhu
wr �qdqfh lqfuhdvhg pdunhw frqvxpswlrq1 Txdqwlwdwlyho|/ wkh suhihuhqfh qrq0
vhsdudelolw| khosv lq d qrqqhjoljhdeoh zd|/ exw lw fdqqrw hqwluho| h{sodlq wkh
h{wuhph ghjuhh ri krph eldv lq XV sruwirolrv1 Wklv vxjjhvwv wkdw rwkhu idfwruv
vxfk dv wudqvdfwlrq frvwv pd| dovr eh sduw ri wkh vwru| wkdw vroyhv wkh sx}}oh1

Lq wkh uhpdlqghu ri wklv sdshu/ zh zloo vwduw e| fkdudfwhul}lqj Sduhwr h!flhqw

5Iru d uhfhqw vxuyh| ri wklv olwhudwxuh vhh iru lqvwdqfh Juhhqzrrg/ Urjhuvrq dqg Zuljkw

+4<<8,> Fdqryd dqg Xelgh +4<<:, orrn dw krxvhkrog surgxfwlrq dqg lqwhuqdwlrqdo exvlqhvv f|fohv1
6Rqh h{fhswlrq lv Erglh hw dow1 +4<<5, wkdw orrn dw vrph fdvhv ri sruwirolr fkrlfh zlwk  h{leoh

oderu vxsso| lq sduwldo htxloleulxp1 Ohxqj +4<<8, vroyhv d 50frxqwu| prgho zlwk suhihuhqfhv

wkdw duh qrqvhsdudeoh lq frqvxpswlrq dqg ohlvxuh1 Iru klv fdvh/ wkh uhvwulfwlrqv rq suhihuhqfhv/

uhtxluhg wr rewdlq d forvhg irup vroxwlrq/ uxoh rxw wkh srvvlelolw| wkdw wkh qrqvhsdudelolw| fdq
khos h{sodlq krph0eldv1
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doorfdwlrqv lq vhfwlrq 51 Lq vhfwlrq 6 zh ghulyh wkh rswlpdo sruwirolrv1 Lq vhfwlrq 7/
zh suhvhqw dqdo|wlfdo h{suhvvlrqv iru rswlpdo sruwirolrv dv d ixqfwlrq ri suhihuhqfh
dqg whfkqrorj| sdudphwhuv dqg hydoxdwh txdqwlwdwlyh prgho lpsolfdwlrqv1 Vhfwlrq
8 vxppdul}hv dqg r�huv frqfoxglqj uhpdunv1 Ilqdoo|/ dq dsshqgl{ frqwdlqv wkh
ghwdlov ri wkh ghulydwlrqv lq vhfwlrq 71

51 Rswlpdo doorfdwlrqv

Wklv vhfwlrq suhvhqwv d pxowl0frxqwu| jhqhudo htxloleulxp prgho1 Dv d �uvw vwhs lq
vroylqj wkh sruwirolr sureohp dqg wr exlog vrph lqwxlwlrq zh zloo dovr fkdudfwhul}h
rswlpdo frqvxpswlrq doorfdwlrqv

Zh kdyh d a0frxqwu| hfrqrp|/ wkdw lv dwhpsrudo dqg wkdw lv vxemhfw wr frxqwu|0
vshfl�f surgxfwlylw| vkrfnv1 Hdfk frxqwu| uhsuhvhqwdwlyh frqvxphv S� ri wkh frq0
vxpswlrq jrrg/ zrunv d iudfwlrq ?� ri klv qrq0vohhslqj wlph dqg jhwv ,� ' �� ?�

ri ohlvxuh17 Sduhwr rswlpdo doorfdwlrqv duh ghwhuplqhg e| pd{lpl}lqj d zhljkwhg
vxp ri lqglylgxdo frxqwu| xwlolwlhv ��ES�c � � ?��1 Ohwwlqj /� ghqrwh wkh zhljkw
jlyhq wr frxqwu| � zlwk

Sa
�'� /� ' �/ wklv zhljkwhg vxp lv jlyhq e|=

a[
�'�

/���ES�c �� ?�� 1

Wkh zruog uhvrxufh frqvwudlqw iru wkh frqvxpswlrq jrrg lv jlyhq e|=

a[
�'�

Z�S� '
a[

�'�

Z�+� '
a[

�'�

Z���s�E?�� � t +514,

zkhuh �� lv surgxfwlylw|/ +� lv frxqwu| �*v rxwsxw dqg t lv zruog rxwsxw1 Wkh
uhvrxufh zhljkwv Z� doorz frxqwulhv wr ydu| lq whupv ri hfrqrplf vl}h1

Wkh �uvw0rughu frqglwlrqv ghvfulelqj rswlpdo frqvxpswlrq doorfdwlrqv duh

/�

Y��ES�c �� ?��

YS�
' bZ�c � ' �c 2c ���c ac +515,

zkhuh b lv wkh pxowlsolhu rq wkh zruog uhvrxufh frqvwudlqw1 Wkh �uvw0rughu frqgl0
wlrqv ghvfulelqj rswlpdo oderu0ohlvxuh doorfdwlrq duh=

7Dv zh glvfxvv pruh lq ghwdlo ehorz/ zh kdyh lq plqg d eurdg qrwlrq ri ohlvxuh wkdw lqfoxghv

sxuh ohlvxuh wlph +h1j1 zdwfklqj WY, dv zhoo dv krxvhkrog surgxfwlrq1
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/�

Y��ES�c �� ?��

Y?�

' �bZ���

Ys�E?��

Y?�

c � ' �c 2c ���c a� +516,

Wkhvh frqglwlrqv duh vwdqgdug dqg lpso| wkdw pdujlqdo xwlolw| ri frqvxpswlrq
lv htxdol}hg dfurvv djhqwv dqg/ iru wkh odwwhu/ wkdw iru hdfk djhqw wkh pdujlqdo
surgxfw ri oderu/ lq dssursuldwh xqlwv/ htxdov lwv pdujlqdo frvw1

5141 Surshuwlhv ri rswlpdo frqvxpswlrq doorfdwlrqv

Zh qrz surfhhg wr ghwhuplqh vrph surshuwlhv ri rswlpdo frqvxpswlrq doorfdwlrqv1
Wklv fkdudfwhul}dwlrq looxvwudwhv rxu vroxwlrq phwkrg dqg wkh fruh hfrqrplf ghwhu0
plqdqwv ri rswlpdo sruwirolrv wr eh ghwhuplqhg ehorz1 Zh gl�huhqwldwh �uvw rughu
frqglwlrqv dqg zh lqwhusuhw whupv vxfk dv _S dv vpdoo hqgrjhqrxv ghyldwlrqv iurp
wkh ghwhuplqlvwlf vroxwlrq eurxjkw derxw e| vpdoo vkrfnv wr wkh frxqwu| vshfl�f
surgxfwlylw| ohyhov _�� Zh ohdyh lw rshq krz vpdoo h{dfwo| wkhvh vkrfnv duh1 D
odujh olwhudwxuh rq wkh dffxudf| ri orjolqhdu dssur{lpdwlrqv vxjjhvwv vxfk phwk0
rgv wr eh h{wuhpho| suhflvh iru prghov zkhuh vkrfnv duh fdoleudwhg wr wkh vl}h ri
exvlqhvv f|foh  xfwxdwlrqv/ vhh iru lqvwdqfh Wd|oru dqg Xkolj +4<<3,18

Wrwdoo| gl�huhqwldwlqj htxdwlrq +515,/ zh �qg wkdw

_S

S
'

%
�

1SS

&
_b

b
n

%
1S, � ?

1SSE�� ?�

&
_?

?
+517,

zkhuh zh gr qrw lqfoxgh frxqwu| vxevfulswv vlqfh zh duh ghvfulelqj jhqhudo surs0
huwlhv1 Sdudphwhuv olnh 1%�c%2 vwdqg iru wkh hodvwlflw| ri wkh pdujlqdo xwlolw| ri %�

zlwk uhvshfw wr %2c irupdoo|/ 1%�c%2 '
Y2�E��

Y%�Y%2
� %2

Y�E��

Y%�

1 Htxdwlrq +517, whoov xv zkhwkhu

dq lqfuhdvh lq ? udlvhv ru orzhuv wkh rswlpdo ohyho ri S/ kroglqj �{hg wkh vkdgrz
sulfh iru zruog rxwsxw b1 Iru lqvwdqfh/ frqvlghu wkh fdvh zkhuh frqvxpswlrq dqg
ohlvxuh duh vxevwlwxwhv/ wkdw lv zkhq 1S, 	 f> qrwh wkdw 1SS 	 f wr lqvxuh frq0
fdylw| ri wkh xwlolw| ixqfwlrq19 Lq wklv fdvh/ wkh pdujlqdo xwlolw| ri S lqfuhdvhv

8Dowkrxjk wkh suhihuhqfh vshfl�fdwlrq ri wkh prgho khuh lv lvrprusklf wr wkh prgho zlwk

qrqwudghg jrrgv lq Ed{whu/ Mhupdqq dqg Nlqj +4<<8,/ wkh prgho*v vwuxfwxuh lv ixqgdphqwdoo|

gl�huhqw1 Lq wkh prgho khuh/ ohlvxuh lv hqgrjhqrxvo| ghwhuplqhg mrlqwo| zlwk hqgrjhqrxv rxwsxw1
Lq wkh prgho zlwk qrqwudghg jrrgv/ wkh rxwsxwv ri wkh wudghg dqg qrqwudghg jrrg vhfwruv duh

h{rjhqrxv hqgrzphqwv dqg frqvxpswlrq ri wkh qrqwudghg jrrg htxdov wkh h{rjhqrxv rxwsxw1
9Rxu gh�qlwlrq ri vxevwlwxwdelolw| ru frpsohphqwdulw| lv zkhwkhu

C
5
y+=,

C{4C{5
? 3> ru

C
5
y+=,

C{4C{5
A 3

uhvshfwlyho|1

8



zlwk lqfuhdvhv ri ?1 Iru wklv uhdvrq/ wkh rswlpdo doorfdwlrq uhtxluhv pruh ri wkh
frqvxpswlrq jrrg iru frxqwulhv zkrvh uhvlghqwv zrun pruh1

Frpelqlqj htxdwlrq +517,, zlwk wkh olqhdul}hg zruog uhvrxufh frqvwudlqw +514,
dqg dvvxplqj v|pphwu| dfurvv frxqwulhv/ zh kdyh diwhu vrph dojheud wkdw=

_S�
S�

'
_t

t
n #?

#
_?�
?�

�
_�

�

$
/ +518,

zkhuh #? �
k

1
S,
u?

1
SS
E�3?�

l
/ dqg _�*� � �

a

Sa
�'� E_?�*?��1

: Htxdwlrq +518, looxvwudwhv
wkh fruh hfrqrplfv ri krz frqvxpswlrq lv vkduhg lqwhuqdwlrqdoo| lq h!flhqw door0
fdwlrqv1 Fkdqjhv lq wkh zruog vxsso| ri t duh vkduhg htxdoo| li #? ' f/ zklfk
zrxog eh wkh fdvh iru vhsdudeoh xwlolw|1 Li #? 9' f/ dq dgglwlrqdo uhdoorfdwlrq ri
wkh frqvxpswlrq jrrg lv xqghuwdnhq edvhg rq dq lqglylgxdo frxqwu|*v zrun h�ruw
uhodwlyh wr wkh zruog dyhudjh1 Wklqnlqj derxw ohlvxuh dv surgxflqj suhihuhqfh
vkliwv lq wkh ghpdqg iru wkh frqvxpswlrq jrrg/ htxdwlrq +518, lv yhu| lqwxlwlyh1
Ri frxuvh/ fkdqjhv lq zruog ghpdqg iru S pxvw eh iuxvwudwhg e| dgmxvwphqwv lq
lwv vkdgrz sulfh +b, vlqfh wkhuh lv d jlyhq vwrfn wr eh doorfdwhg1 Lw lv rqo| li wkhuh
lv d uhodwlyh ghpdqg vkrfn wkdw d frxqwu|*v doorfdwlrq lv d�hfwhg1 Jlyhq wkdw wkh
rswlpdo sruwirolr zloo qhhg wr �qdqfh dq djhqw*v frqvxpswlrq/ dq djhqw*v lqfrph
iurp zrunlqj dqg rzqlqj dvvhwv zloo kdyh wr ehkdyh h{dfwo| olnh frqvxpswlrq1

61 Rswlpdo sruwirolr lq jhqhudo htxloleulxp

Wklv vhfwlrq vkrzv wkdw d frxqwu|*v rswlpdo frqvxpswlrq fdq eh zulwwhq dv d
ixqfwlrq ri wzr vkrfnv= d zruog surgxfwlylw| vkrfn dqg d qdwlrqdo surgxfwlylw|
vkrfn1 Dv d frqvhtxhqfh/ wkh rswlpdo lqwhuqdwlrqdo sruwirolr iru d jlyhq frxqwu|
fdq eh h{suhvvhg dv frqwdlqlqj wzr ixqgv= d ixoo| glyhuvl�hg zruog ixqg +khog e|
doo frxqwulhv, dqg d frxqwu| vshfl�f ixqg +khog rqo| e| wkdw frxqwu|,1 Zh rxwolqh
krz wr ghwhuplqh wkhvh sruwirolrv dqg vkrz krz wr ghdo zlwk wkh qrqwudghg kxpdq
fdslwdo1

Frpelqlqj wkh olqhdul}hg �uvw rughu frqglwlrq +517, dqg wkh olqhdul}hg yhuvlrq
ri +514, dqg +516, lw lv lpphgldwh wkdw wkh vroxwlrq iru d frxqwu|*v frqvxpswlrq
fdq eh zulwwhq dv

_S�
S�

' #`�
�

_�`

�`
n #��

_��

��

c +614,

:Zh zloo gh�qh v|pphwu| pruh lq ghwdlo ehorz1 Rxu phwkrg wr ghulyh rswlpdo sruwirolrv lq

Vhfwlrq 6 dssolhv htxdoo| iru wkh qrq0v|pphwulf fdvh1
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zlwk _�`

�`
'
Sa

�'��
`�
�

_��

��
iru dssursuldwho| gh�qhg zhljkwv �`�

� dqg frh!flhqwv

#�1
; Lqwxlwlyho|/ wkh zruog uhvrxufh pxowlsolhu/ b/ fdq eh zulwwhq dv d olqhdu ixqfwlrq

ri doo wkh surgxfwlylw| vkrfnv1 Uhzulwwhq pruh frpsdfwo|/

_S� ' q`� _�` n q�� _��c +615,

dqg hdfk frxqwu|*v frqvxpswlrq fdq eh vhhq dv ghshqglqj rqo| rq wzr ulvn idfwruv=
d zruog surgxfwlylw| vkrfn/ _�` c dqg wkh frxqwu| vshfl�f surgxfwlylw| vkrfn/
_��1 Lq wklv olqhdul}hg hqylurqphqw/ wklv dovr lpsolhv wkdw d wzr0ixqg wkhruhp
krogv lq wklv prgho1 Wkdw lv/ wkh lqglylgxdo ri frxqwu| � zlwk dffhvv wr wzr
pxwxdo ixqgv zkrvh uhwxuqv duh d ixqfwlrq ri wkh wzr vkrfnv/ _�` dqg _��c
zloo eh deoh wr �qdqfh klv rswlpdo frqvxpswlrq exqgoh e| kroglqj dssursuldwh
dprxqwv ri hdfk ri wkh wzr ixqgv1

Zh gh�qh dq �htxlw| fodlp� lq wklv dwhpsrudo zruog wr eh d fodlp wr d glylghqg/
jlyhq e| rxwsxw plqxv oderu lqfrph1 Uhvwulfwlqj wkh surgxfwlrq ixqfwlrq wr eh
ri wkh irup s�E?�� ' ?

k�
� / wkh glylghqg zklfk lv wkh lqfrph wkdw jrhv wr wkh

�{hg idfwru lv wkhq vlpso| htxdo wr E�� k��+�1 Lqglylgxdo frqvxphuv zloo fkrrvh
sruwirolrv ri vxfk htxlw| fodlpv wr doo frxqwulhv* rxwsxwv1 Dv zh duh derxw wr
vkrz/ frxqwulhv* dvvhw kroglqjv fdq eh ylhzhg dv txdqwlwlhv ri wzr gl�huhqw pxwxdo
ixqgv frpsrvhg ri lqglylgxdo frxqwulhv* htxlw| vkduhv= d zruog htxlw| ixqg/ dqg
wkh frxqwu|*v grphvwlf htxlw| ixqg1 Zh zloo khuh �uvw gh�qh wkhvh ixqgv dqg vkrz
krz wkhlu uhwxuqv ghshqg rq wkh wzr vrxufhv ri xqfhuwdlqw| frqvlghuhg iru wkh
lqglylgxdo frqvxpswlrq fkrlfh/ qdpho| _�` dqg _��1 Vhfrqg/ zh zloo vroyh iru
wkh rswlpdo txdqwlwlhv ri hdfk ixqg1

Iluvw/ gh�qh d zruog htxlw| ixqg wkdw sd|v wkh iroorzlqj uhwxuq=

_, '
a[
�'�

��_i� '
a[
�'�

��E�� k��_+�c

zkhuh erogidfh qrwdwlrq lv xvhg wr glvwlqjxlvk sruwirolr sd|rxwv iurp rwkhu txdq0
wlwlhv1 Lghdoo|/ zh zrxog olnh wkh uhwxuq wr wklv zruog htxlw| ixqg/ wr ghshqg rqo|
rq wkh zruog surgxfwlylw| vkrfn/ l1h1/ zh zrxog olnh

_, ' \._�
` �

Wklv fdq eh dffrpsolvkhg e| fkrrvlqj wkh sruwirolr zhljkwv �� dssursuldwho|1
<

Vlploduo|/ zh gh�qh wkh grphvwlf htxlw| ixqg dv uhwxuqlqj=

;Wklv olqhdul}hg yhuvlrq ri +6, lv jlyhq e|= �of
gf
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<Pruh ghwdlov duh surylghg lq wkh dsshqgl{1
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_i� ' E�� k��_+��

Fohduo|/ wkh grphvwlf ixqg*v sd|rxwv zloo ghshqg rq wkh zruog vkrfn dqg wkh
grphvwlf surgxfwlylw| vkrfn/ vr wkdw zh fdq zulwh

_i� ' \`
� _�` n\�

� _��c +616,

iru dssursuldwho| gh�qhg frh!flhqwv \`
� dqg \�

� 1 Ilqdoo|/ wkh rswlpdo kroglqjv
ri wkh wzr ixqgv fdq eh irxqg e| vxevwlwxwlqj iru _�` dqg _�� lq +615,/ dqg zh
rewdlq=

_S� ' i.� _,n ie�_i� +617,

zkhuh wkh frh!flhqwv i.� dqg ie� jlyh wkh kroglqjv ri hdfk pxwxdo ixqg143

6141 Qrqwudgdeoh kxpdq fdslwdo

Zh kdyh vr idu devwudfwhg iurp wkh idfw wkdw fodlpv wr oderu lqfrph duh qrq0
wudgdeoh1 Wkdw lv/ zh kdyh lpsolflwo| dvvxphg wkdw oderu lqfrph fdq eh wudghg
gluhfwo|1 Lq idfw/ li zh dvvxph wkdw oderu lqfrph fdqqrw eh wudghg gluhfwo|/ djhqwv
zloo xvh wudgdeoh vhfxulwlhv wr khgjh dzd| oderu lqfrph ulvn e| vhoolqj d sruwirolr
wkdw uhsolfdwhv oderu lqfrph1 Iru rxu sduwlfxodu surgxfwlrq ixqfwlrq/ +� ' ��?

k�

� /
wkh uhsolfdwlqj sruwirolr/ wkdw lv ��S

�c� lpsolflwo| gh�qhg ehorz/ lv vwudljkwiruzdug
wr ghwhuplqh1 Lqghhg/ jlyhq wkdw uhwxuqv wr oderu dqg wr wkh �{hg idfwru duh mxvw
frqvwdqw iudfwlrqv ri wkh uhwxuqv wr wrwdo rxwsxw/ _+�/ wkh uhwxuq rq kxpdq fdslwdo/
k�_+�c lv wkxv mxvw d olqhdu ixqfwlrq ri wkh grphvwlf htxlw| uhwxuq=

k�_+� '
a[
�'�

_i� '
k�

�� k�
_i��

Wkhuhiruh/ wkh kroglqj ri wkh grphvwlf ixqg zlwk sd|rxw _i�c frpsxwhg deryh/
kdv wr eh dgmxvwhg wr

ie� ' ie� �
k�

�� k�
�
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71 Dqdo|wlf vroxwlrq iru wkh v|pphwulf fdvh

Wklv vhfwlrq suhvhqwv uhvxowv iru d zruog hfrqrp| lq zklfk doo frxqwulhv duh lghqwl0
fdo lq whupv ri lqlwldo frqglwlrqv/ dowkrxjk wkh| duh vxemhfw wr gl�huhqw surgxfwly0
lw| vkrfnv1 Wkdw lv= zh dvvxph wkh iroorzlqj lqlwldo frqglwlrqv= S� ' S ' + ' t /
?� ' ? dqg Z� ' �*a� Zlwk lghqwlfdo suhihuhqfhv dfurvv frxqwulhv/ wkh fhqwudo
hodvwlflwlhv 1

%�c%2
duh wkh vdph dfurvv frxqwulhv1 Ghwhuplqlqj wkh rswlpdo sruwirolr

doorfdwlrq dv d ixqfwlrq ri wkh olqhdul}hg prgho*v suhihuhqfh dqg whfkqrorj| sdud0
phwhuv lv dojheud lqwhqvlyh exw uhodwlyho| vwudljkwiruzdug dorqj wkh olqhv rxwolqhg
lq wkh suhylrxv vhfwlrq1 Wkh dsshqgl{ suhvhqwv wkh ghwdlov ri krz wkh vroxwlrq
zdv rewdlqhg1

Iluvw/ qrw xqh{shfwhgo| jlyhq v|pphwu|/ wkh zruog htxlw| ixqg lv vlpso| dq
htxdoo| zhljkwhg dyhudjh ri hdfk frxqwu|*v vwrfn pdunhw/ wkdw lv=

_, '
�

a

a[
�'�

_i�c

zkhuh xqlwv duh qrupdol}hg wr rqh frxqwu|*v vkduh vl}h1

7141 Vhsdudeoh xwlolw|

Wr jdlq lqwxlwlrq derxw wkh vroxwlrq ohw xv �uvw dvvxph wkdw xwlolw| ri frqvxpswlrq
dqg ohlvxuh lv vhsdudeoh1 Wklv lpsolhv wkdw 1

S,
' f/ dqg wkdw ie ' f/ vr wkdw=

Zruog htxlw| ixqg= i. '
�

�� k
c dqg

Grphvwlf htxlw| ixqg= ie ' �
k

�� k
�

Khuh/ wkh lqyhvwru kdv d vkruw srvlwlrq lq wkh grphvwlf htxlw| ixqg wkdw lv
rqo| sduwldoo| r�vhw e| grphvwlf vkduhv lqfoxghg lq wkh zruog ixqg1 Lq sduwlfxodu/
li wkh frxqwu| uhsuhvhqwv d vkduh Z ri wkh zruog pdunhw/ wkhq lw krogv Z

�3k
ri lwv

zhdowk lq grphvwlf htxlw| wkurxjk wkh zruog ixqg exw � k

�3k
wkurxjk wkh grphvwlf

ixqg1 Wkhuhiruh/ jlyhq wkdw oderu vkduhv duh odujhu wkdq lqglylgxdo frxqwu|lhv* vl}h
vkduhv iru doo frxqwulhv/ l1h1 Z�k 	 fc wkh grphvwlf kroglqjv duh qhjdwlyh1 Wklv lv
wkh vdph uhvxow dv lq Ed{whu dqg Mhupdqq +4<<:,/ vr wkdw e| frqvlghulqj h{solflwo|
qrqwudgdeoh oderu lqfrph wkh glyhuvl�fdwlrq sx}}oh lv zruvh wkdq |rx pd| kdyh
wkrxjkw1

<



7151 Qrqvhsdudeoh xwlolw|

Lq fdvh 1
S,
9' f zh kdyh

Zruog htxlw| ixqg= i. '
�

�� k
� iec dqg

Grphvwlf htxlw| ixqg= ie ' ie �
k

�� k
c

zkhuh= ie '

1
S,

1
SS

?

�3?

E�� k�
�
� n �

0?c�

� � +714,

Khuh 0?c� lv wkh +frpshqvdwhg, hodvwlflw| ri oderu vxsso| zlwk uhvshfw wr wkh zdjh
udwh1 Wkh ghqrplqdwru ri +714, lv dozd|v srvlwlyh ehfdxvh ri frqfdylw|1 Wkxv/ wkh
vljq ri ie ghshqgv rq wkh vljq ri 1

S,
/ jlyhq wkdw 1

SS
	 f wr lqvxuh frqfdylw|144 Iru

lqvwdqfh/ zlwk 1
S,
	 f/ frqvxpswlrq dqg ohlvxuh duh vxevwlwxwhv/ dqg wkh kroglqjv

ri wkh grphvwlf htxlw| ixqg qrw gxh wr wkh khgjlqj ghpdqg iru oderu lqfrph/ iec
lv srvlwlyh1 Lq wklv fdvh/ zlwk frqvxpswlrq dqg ohlvxuh vxevwlwxwhv/ frqvxpswlrq lv
kljko| ydoxhg lq shulrgv zkhq zrun h�ruw lv kljk1 Wkhvh duh dovr wkh shulrgv zkhq
zrun h�ruw fuhdwhv d srvlwlyh h�hfw rq grphvwlf rxwsxw1 Wkhuhiruh/ d grphvwlf
fodlp surylghv wkh uljkw khgjh1

Vxevwlwxwdelolw|/ l1h1 1
S,
	 fc vhhpv wr eh frqvlvwhqw zlwk d vrphzkdw eurdghu

qrwlrq ri ohlvxuh dv wlph wkdw lv xvhg wr sulydwho| surgxfh jrrgv dqg vhuylfhv1 Iru
lqvwdqfh/ dvvxph wkdw qrq0pdunhw wlph/ � � ?/ lv xvhg dv wkh vroh lqsxw lqwr d
olqhdu krxvhkrog surgxfwlrq whfkqrorj|1 Wkhq/ wkh wlph doorfdwlrq vwuxfwxuh lq
rxu prgho lv lghqwlfdo wr wkh rqh lq wkh krxvhkrog surgxfwlrq prgho ri Juhhqzrrg
dqg Khufrzlw} +4<<4,1 Dv vxjjhvwhg lq wkh vxuyh| rq krxvhkrog surgxfwlrq e|
Juhhqzrrg/ Urjhuvrq dqg Zuljkw +4<<8,/ vxevwlwxwlrq ehwzhhq pdunhw dqg qrq0
pdunhw dfwlylw| lv lpsruwdqw dw wkh exvlqhvv f|foh iuhtxhqf|1 Rxu prgho ghulyhv
wkh lpsolfdwlrqv ri wklv vxevwlwxwlrq iru rswlpdo lqwhuqdwlrqdo sruwirolr glyhuvl�0
fdwlrq1 Lw whoov wkh iroorzlqj vwru|1 Zkhq zrunlqj orqj0krxuv ri pdunhw dfwlylw|/
olwwoh wlph lv dydlodeoh iru frrnlqj/ fohdqlqj/ fklog0fdulqj hwf1 dqg wkhvh jrrgv dqg
vhuylfhv qhhg qrz wr eh sxufkdvhg lq wkh pdunhw1 E| kroglqj grphvwlf fodlpv
wkdw kdyh kljk sd|rxwv djhqwv kdyh wkh delolw| wr d�rug wkhvh jrrgv dqg vhuylfhv1

44Frqfdylw| uhtxluhv wkdw �
ff

dqg �
oo
duh erwk qhjdwlyh/ zkhuhdv �

fo
dqg �

of
pd| eh hlwkhu

srvlwlyh ru qhjdwlyh dv orqj dv �
ff
�
oo
��

fo
�
of
A 3 iru ryhudoo frqfdylw|1 Jlyhq wkdw �

fo
dqg �

of
wdnh

wkhlu vljq iurp wkh furvv ghulydwlyh/ wkh| erwk kdyh wkh vdph vljq1 Vhh wkh dsshqgl{ rq krz

%q>z ghshqgv rq wkh hodvwlflwlhv ghvfulelqj suhihuhqfhv1
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Wkh h�hfw ri wkh oderu vxsso| hodvwlflw|/ 0?c�c dovr vhhpv wr �w zhoo zlwk rxu
lqwxlwlrq1 Iru lqvwdqfh/ zlwk d yhu| vpdoo oderu vxsso| hodvwlflw|/ grphvwlf oderu
vxsso| grhv qrw pryh pxfk/ dqg wkhuh lv qrw pxfk qhhg iru khgjlqj wklv ulvn
idfwru iru frqvxpswlrq vxjjhvwhg e| htxdwlrq +518,1

7161 Vshfl�f suhihuhqfhv dqg txdqwlwdwlyh lpsolfdwlrqv

Zh orrn khuh dw wkh lvvxh ri zkhwkhu wkh h�hfw ri qrqvhsdudeoh ohlvxuh fdq sodx0
vleo| h{sodlq wkh ixoo h{whqw ri krph0eldv/ wdnlqj lqwr dffrxqw wkdw wkh qrqwudghg
oderu lqfrph sxwv xv lq d yhu| xqidyrudeoh vwduwlqj srvlwlrq1 Zh orrn dw wklv lvvxh
e| vshfldol}lqj suhihuhqfhv lq d zd| wkdw doorzv xv wr lghqwli| nqrzq sdudphwhuv1
Ryhudoo/ qrqvhsdudeoh suhihuhqfhv uhsuhvhqw d fohdu surjuhvv1 Krzhyhu/ iru d uhd0
vrqdeoh udqjh ri wkh hodvwlflw| ri vxevwlwxwlrq/ wkh suhihuhqfh h�hfw lv qrw vwurqj
hqrxjk wr h{sodlq dorqh wkh h{wuhph krph eldv lq sruwirolrv ri XV lqyhvwruv1

716141 D wkuhh0sdudphwhu suhihuhqfh vshfl�fdwlrq

Zh sdudphwhul}h suhihuhqfhv dv=

�ESc �� ?� '
�

�� �
)ESc �� ?��3�c

zlwk )E�� ehlqj d frqvwdqw uhwxuqv wr vfdoh djjuhjdwru1 Dv lv zhoo nqrzq/ wkh orfdo
ehkdylru ri wkhvh suhihuhqfhv fdq eh ghvfulehg e| rqo| wkuhh sdudphwhuv/ ulvn
dyhuvlrq/ �c wkh lqyhuvh ri wkh hodvwlflw| ri vxevwlwxwlrq/ >c dqg wkh ydoxh vkduh iru
frqvxpswlrq rS +dqg wkxv ohlvxuh r, ' �� rS,> wkdw lv/ orfdoo|/ wklv ixqfwlrq lv olnh
d FHV ixqfwlrq145

Diwhu vrph dojheud/ wkh vkduh ri wkh grphvwlf ixqg qrw gxh wr wkh khgjlqj
ghpdqg iru oderu lqfrph/ iec fdq eh zulwwhq dv=

ie '

k
r,E�3>�

rS�nr,>

l
?

�3?

E�� k�
�
� n �

0?c�

� �

Krzhyhu/ 0?c� lv qr orqjhu d iuhh sdudphwhu exw lw ghshqgv rq wkh rwkhu 6 frh!0

45Ydoxh vkduhv duh gh�qhg dv v{ @

�
C*+,
C{

�
�{

*+, 1 Iru d uhihuhqfh derxw vrph surshuwlhv ri frqvwdqw

uhwxuqv wr vfdoh ixqfwlrqv vhh Ihujxvrq +4<97, dqg rxu dsshqgl{1
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flhqwv1 Vroylqj ixuwkhu zh fdq zulwh wkdw

ie ' ie �
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� � k

�� k
c +715,

zkhuh wkh vljq ri ie lv ghwhuplqhg e| wkh vljq ri E��>�� Wkh vljq ri E��>� jlyhv
wkh vljq ri wkh furvv0ghulydwlyh/ wkdw lv/ lw ghwhuplqhv zkhwkhu frqvxpswlrq dqg
ohlvxuh duh vxevwlwxwhv/ E� � >� : fc ru frpsohphqwv/ E� � >� 	 f1

Hduolhu vwxglhv derxw sruwirolr fkrlfh zlwk qrqvhsdudeoh suhihuhqfhv kdyh irxqg
wkdw wkh vljq ri E��>� lv lpsruwdqw1 Lq Whvdu +4<<6,/ wkh vljq ri E��>� ghwhuplqhv
wkh vljq ri wkh furvv0ghulydwlyh lq wkh shulrg xwlolw| ixqfwlrq zlwk frqvxpswlrq
ri wudghg dqg qrqwudghg jrrgv1 Lq khu hqgrzphqw prgho/ fodlpv wr qrqwudghg
jrrgv duh qrw wudghg lqwhuqdwlrqdoo|1 Lw wxuqv rxw wkdw krph eldv lq d sruwirolr
ri fodlpv wr wudghg jrrgv hqgrzphqw ghshqgv rq wkh vljq ri E� � >� dqg rq wkh
fryduldqfh surshuwlhv ri grphvwlf dqg iruhljq hqgrzphqwv146 Lq wkh prgho khuh/
E� � >� : f lv qhfhvvdu| dqg vx!flhqw iru krph eldv li zh devwudfw iurp wkh idfw
wkdw oderu lqfrph lv qrqwudghg�lqghshqghqwo| ri wkh fryduldqfh pdwul{ ri wkh
surgxfwlylw| vkrfnv1 Lq Ed{whu/ Mhupdqq dqg Nlqj*v +4<<8, dqdo|vlv ri qrqwudghg
jrrgv/ wkh vljq ri E��>� dovr sod|v d fuxfldo uroh1 Frqwudu| wr Whvdu +4<<6,/ wklv
pdwwhuv iru wkh rswlpdo kroglqjv ri fodlpv wr qrqwudghg jrrgv rxwsxw1 Lq EMN
fodlpv wr qrqwudghg jrrgv duh h{solflwo| wudghg lqwhuqdwlrqdoo| dorqj zlwk fodlpv
wr wudghg jrrgv1 Lq wklv fdvh/ wkh h�hfw ri wkh vljq ri E��>� rq rswlpdo sruwirolr
vkduhv lv vrphzkdw pruh qrqolqhdu krzhyhu1

716151 Txdqwlwdwlyh lpsolfdwlrqv

Wr h{soruh txdqwlwdwlyh lpsolfdwlrqv iru lqwhuqdwlrqdo glyhuvl�fdwlrq/ zh frpsxwh
wkh rswlpdo vkduh ri grphvwlf htxlw| iru d XV uhsuhvhqwdwlyh1 Wkurxjk wkh wzr
ixqgv/ wkh lqyhvwru krogv lq wrwdo ienZi. ri klv zhdowk lq grphvwlf vkduhv/ zkhuh
Z lv wkh frxqwu|*v vl}h vkduh lq wkh zruog1 Wkdw lv/ lq dgglwlrq wr wkh grphvwlf
fodlpv lq wkh grphvwlf htxlw| ixqg/ iec wkh lqyhvwru dovr krogv Zi. ' Z

�
�

�3k
� ie

�
ri grphvwlf vkduhv zlwklq wkh zruog htxlw| ixqg1 Wkxv wkh sruwirolr vkduh ri

46Lq sduwlfxodu/ li +� � �, ? 3 +frpsohphqwdulw|,/ dqg li wkh fryduldqfh ri wkh qrqwudghg

hqgrzphqw lv kljkhu zlwk grphvwlf wudgdeoh hqgrzphqw wkdq zlwk wkh iruhljq wudgdeoh hqgrz0

phqw/ wkh sruwirolr glvsod|v krph eldv1 Wkh vdph surshuw| krogv lq Shvhqwl dqg YdqZlqfrrs

+4<<9,1
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grphvwlf fodlpv htxdov
�
ie �

k

�� k

�
n Z

�
�

�� k
� ie

�
�

Zh slfn wkh iroorzlqj sdudphwhu ydoxhv= wkh iudfwlrq ri qrq0vohhslqj wlph vshqw
zrunlqj ? ' f���c oderu vkduh k ' f�Sc dqg ulvn dyhuvlrq � ' D�47 Wr d �uvw
dssur{lpdwlrq/ ydoxh vkduhv pd| qrw eh wrr gl�huhqw iurp wkh wlph iudfwlrq vshqw
dw wkh uhvshfwlyh dfwlylwlhv/ vr wkdw rS ' ? dqg r, ' � � ?� Vroqln +4<<9, uhsruwv
wkh XV* vkduh lq wkh zruog htxlw| pdunhw wr eh 66( iru 4<<7/ zh vhw Z ' �*��

Wkh uhfhqw olwhudwxuh rq krxvhkrog surgxfwlrq kdv jhqhudwhg xvhixo lqirupd0
wlrq derxw wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dqg qrq0zrunlqj
wlph/ �

>
1 Lq wzr hduo| txdqwlwdwlyh prghov zlwk krxvhkrog surgxfwlrq/ uhvhdufkhuv

hvwdeolvkhg d �suhihuuhg ydoxh� wkdw zdv fkrvhq wr lqvxuh wkh prgho shuiruphg zhoo
lq whupv ri vrph nh| exvlqhvv0f|foh idfwv1 Vshfl�fdoo|/ Juhhqzrrg/ Urjhuvrq dqg
Zuljkw +4<<8, fkrvh �

>
' �c zkloh Ehqkdele/ Urjhuvrq dqg Zuljkw +4<<4, uhsruw d

suhihuuhg ydoxh ri �

>
' D� PfJudwwdq/ Urjhuvrq dqg Zuljkw +4<<9, xvh pd{lpxp

olnholkrrg zlwk pdfurhfrqrplf gdwd wr rewdlq d srlqw hvwlpdwh ri �

>
' ��.D/ zlwk

d <8( frq�ghqfh lqwhuydo E��2Dc 2�bD�1 Xvlqj plfurhfrqrplf gdwd iurp wkh SVLG/
Uxshuw/ Urjhuvrq dqg Zuljkw +4<<9, �qg srlqw hvwlpdwhv ehwzhhq f�b� dqg e/
ghshqglqj rq zkhwkhu wkh| xvh gdwd iru vlqjoh pdohv/ vlqjoh ihpdohv ru frxsohv/
zlwk <8( frq�ghqfh lqwhuydov fryhulqj Ef�fDc e�bH�1 Edvhg rq wklv hylghqfh/ d
uhdvrqdeoh udqjh iru �

>
vhhpv wr eh Efc D� � Qrwh krzhyhu/ wkhvh vwxglhv glvwlqjxlvk

ehwzhhq krxvhkrog surgxfwlrq dqg ohlvxuh wlph dv qrq0pdunhw dfwlylwlhv/ zklfk
grhv qrw jlyhv xv dq h{dfw pdsslqj lqwr rxu suhihuhqfh vshfl�fdwlrq1

Iljxuh 4 sorwv wkh rswlpdo kroglqj ri X1V1 htxlw| lq d uhsuhvhqwdwlyh XV sruw0
irolr dv d ixqfwlrq ri wkh hodvwlflw| ri vxevwlwxwlrq/ �

>
� Ryhudoo/ qrqvhsdudeoh suhihu0

hqfhv uhsuhvhqw d fohdu surjuhvv1 Krzhyhu/ iru wkh uhdvrqdeoh udqjh ri wkh hodvwlflw|
ri vxevwlwxwlrq/ wkh vkduh ri grphvwlf fodlpv dv dw ehvw f�Dc zlwk �

>
' D/ zkhuhdv

Iuhqfk dqg Srwhued +4<<4, uhsruw wklv wr eh ryhu f�b� Rqh zd| wr lqwhusuhw wkh
uhvxow lv wkdw/ dowkrxjk wkh qrqvhsdudeoh suhihuhqfhv pdnh lqyhvwruv wlow wrzdugv
grphvwlf fodlpv/ lw lv qrw hqrxjk wr ryhufrph wkh ghpdqg iru iruhljq fodlpv iru
khgjlqj wkh qrqwudgdeoh oderu lqfrph1 Lqghhg/ zlwk vhsdudeoh xwlolw|/ wkh gr0
phvwlf htxlw| vkduh htxdov k3Z

�3k
' ��S.Dc gxh wr wkh srzhuixo ghpdqg iru iruhljq

fodlpv iru khgjlqj wkh qrqwudgdeoh oderu lqfrph1

47Wkh Plfkljdq wlph vxuyh| uhsruwv qrqvohhslqj wlph vshqw zrunlqj lq wkh pdunhw dw 3=66/

vhh Juhhqzrrg/ Urjhuvrq dqg Zuljkw +4<<8,1 Frroh| dqg Suhvfrww +4<<8, hvwlpdwh � @ 3=9= Iru

ulvn dyhuvlrq/ � @ 8 lv frqvlvwhqw zlwk Fdpsehoo +4<<9,1
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Lq Wdeoh 4 zh suhvhqw dq dqdo|vlv ri wkh vhqvlwlylw| wr fkdqjlqj vrph nh|
sdudphwhu ydoxhv1 Lqfuhdvlqj ulvn dyhuvlrq/ iru lqvwdqfh wr 43/ zrxog lqfuhdvh wkh
vkduh ri grphvwlf fodlpv wr f�DD zlwk �

>
' D1 Ghfuhdvlqj wkh oderu vkduh k zrxog

dovr lpso| pruh krph eldv ehfdxvh wkh khgjlqj ghpdqg iru oderu lqfrph zrxog
eh zhdnhu1 Ilqdoo|/ wkh vhqvlwlylw| wr wkh wlph doorfdwlrq sdudphwhu ? lv uhodwlyho|
 dw durxqg rxu ehqfkpdun ydoxh1

81 Frqfoxglqj uhpdunv

Zh kdyh vkrzq krz wr vroyh iru dq djhqw*v sruwirolr lq d zruog zlwk hqgrjhqrxv
oderu vxsso| fkrlfh1 Iru wkh v|pphwulf/ fdvh zh ixoo| vroyh iru wkh djhqw*v sruwirolr
dv d ixqfwlrq ri suhihuhqfh dqg whfkqrorj| sdudphwhuv1 Zh kdyh dujxhg wkdw wkh
phfkdqlvp uhtxluhg wr h{sodlq krph0eldv lv txdolwdwlyho| frqvlvwhqw zlwk wkh vslulw
ri krxvhkrog surgxfwlrq prghov1

Ghvslwh vrph surjuhvv wrzdugv vroylqj wkh krph0eldv sx}}oh/ txdqwlwdwlyho|/
rxu prgho fdqqrw dorqh h{sodlq wkh sx}}oh1 Rqh pd| eh whpswhg wr vshfxodwh dw
wklv srlqw derxw wkh srwhqwldo iru vrph qhz prgho hohphqwv1 D �uvw h{whqvlrq
pd| eh wr lqfoxgh vkrfnv wr oderu vkduhv vr dv wr euhdn wkh shuihfw fruuhodwlrq
ri wkh lqfrphv wkdw jr wr fdslwdo dqg oderu1 Wklv zloo uhgxfh wkh ghpdqg iru
iruhljq vkduhv wr khgjh wkh qrqwudgdeoh oderu lqfrph/ vhh iru lqvwdqfh Erwwd}l/
Shvhqwl dqg YdqZlqfrrs +4<<9,1 Krzhyhu/ rq wkh qhjdwlyh vlgh/ wklv vkrxog dovr
orrvhq wkh olqn ehwzhhq wkh uroh ri oderu dv d suhihuhqfh vkliwhu dqg grphvwlf
htxlw| dv d khgjh iru lw1 D vhfrqg h{whqvlrq frxog eh vkrfnv wr wkh ckrxvhkrog*
surgxfwlrq whfkqrorj|1 Lw vhhpv olnho| wkdw vrph vshfl�fdwlrq ri wkh fryduldqfh
pdwul{ iru vxfk vkrfnv frxog h{sodlq wkh revhuyhg krph eldv1 Krzhyhu/ jlyhq
wkh gl!fxow| lq rewdlqlqj d phdvxuhphqw ri wkhvh vkrfnv/ dq h{sodqdwlrq edvhg
rq h{rjhqrxv suhihuhqfh vkliwhuv vhhpv qrw yhu| dsshdolqj1 D wklug srvvlelolw|
frxog eh wr frqvlghu wudqvdfwlrq frvwv wkdw zrxog pdnh lw pruh frvwo| wr rzq
iruhljq htxlw| dqg wkxv lpsolflwo| uhgxfh wkhlu h{shfwhg uhwxuq1 Wkh fdofxodwlrqv
e| Iuhqfk dqg Srwhued +4<<4, vxjjhvw wkdw dq h{sodqdwlrq uho|lqj h{foxvlyho| rq
wudqvdfwlrq frvwv vhhpv lpsodxvleoh1 Krzhyhu/ wudqvdfwlrq frvwv wrjhwkhu zlwk
qrqvhsdudeoh suhihuhqfhv dsshduv wr eh d pruh surplvlqj dyhqxh1
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Table 1

Sensitivity to parameter values

Domestic portfolio component

Benchmark 0.49
γ = 2 0.33
γ = 10 0.55
α = 0.5 0.59
α = 0.7 0.32
n = 0.25 0.48
n = 0.4 0.48

(Benchmark: 1/ µ  = 5, γ  = 5, n = sc = 0.33, α  = 0.6)



Dsshqgl{

Dowkrxjk lw lv vwudljkwiruzdug wr vkrz wkdw wkh vroxwlrq kdv d wzr0ixqg surshuw|/
lw grhv qrw vhhp frqyhqlhqw wr vroyh wkh sureohp gluhfwo| lq wklv irup1 Lqvwhdg/
zh xvh d wkuhh0ixqg vwuxfwxuh ri wkh prgho wkdw lv uhodwlyho| hdv| wr vroyh dqdo|wl0
fdoo|1 Lqghhg/ dv vxjjhvwhg e| htxdwlrq +518,/ frpelqlqj htxdwlrq +514, dqg +515,/
frqvxpswlrq fdq eh zulwwhq dv

_S� ' qt� _t n q�� _� n q?� _?�c +814,

zkhuh _t / _� / dqg _?� fdq eh lqwhusuhwhg dv ulvn idfwruv1 Khuh zh zloo qhhg
wr gh�qh 6 ixqgv wkdw surylgh wkh lqfrph wr vxssruw rswlpdo frqvxpswlrq1 Lq0
vshfwlrq ri wkh �uvw rughu frqglwlrqv vxjjhvwv zk| wkh wkuhh0ixqg vroxwlrq lv pruh
wudfwdeoh1 Dv vkrzq lq htxdwlrq +518,/ vroylqj iru frqvxpswlrq dv d ixqfwlrq ri
wkh wkuhh idfwruv fdq eh grqh uhfxuvlyho| e| vlpso| vxevwlwxwlqj rxw wkh pxowlsolhu/
_b
b
1 Iru wkh wzr0ixqg fdvh/ �qglqj wkh zhljkwv/ �`�

� / dqg wkh frh!flhqwv #`�
� dqg

#�� c lq htxdwlrq +614, uhtxluhv vroylqj vlpxowdqhrxvo| wkh 2a n � htxdwlrqv ri wkh
prgho1 Dv zh zloo vkrz ehorz/ rqfh wkh wkuhh0ixqg sureohp lv vroyhg/ wzr ri wkh
wkuhh ixqgv duh lghqwlfdo/ zklfk jlyhv xv wkh srvwxodwhg wzr0ixqg vroxwlrq1

41 Gh�qlwlrq ri wkh htxlw| pxwxdo ixqgv

Dv d �uvw vwhs/ zh gh�qh wkuhh ixqgv frpsrvhg ri lqglylgxdo frxqwulhv* htxlw|
vkduhv= d zruog htxlw| ixqg/ wkh frxqwu|*v grphvwlf htxlw| ixqg dqg d zruog khgjh
ixqg iru oderu vxsso| vkrfnv1

Iluvw/ wkh zruog htxlw| ixqg sd|v wkh iroorzlqj uhwxuq=

_, '
a[

�'�

��_i� '
a[

�'�

��E�� k��_+�c

zkhuh erogidfh qrwdwlrq lv xvhg wr glvwlqjxlvk sruwirolr sd|rxwv iurp rwkhu txdq0
wlwlhv1 Lghdoo|/ zh zrxog olnh wkh uhwxuq wr wklv zruog htxlw| ixqg/ wr ghshqg rqo|
rq wkh zruog rxwsxw ri wkh frqvxpswlrq jrrg/ l1h1/ zh zrxog olnh _, wr ghshqg
rqo| rq _t 1 Wklv fdq eh dffrpsolvkhg e| fkrrvlqj wkh sruwirolr zhljkwv �� wr
vdwlvi|

�� ' `
Z�

E�� k��

4<



vr wkdw
S

a

�'�
��E� � k�� _+� ' `_t 1 Ixuwkhu/ uhtxlulqj wkdw

S
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�'�
�� ' � gh0

whuplqhv wkh frqvwdqw ` '
kS
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�'�
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l
3�

1 Zlwk wkh sruwirolr zhljkwv
ghwhuplqhg lq wklv zd|/ zh pd| zulwh=

_, ' \._t� +815,

Vhfrqg/ wkh grphvwlf htxlw| ixqg uhwxuqv=

_i� ' E�� k��_+� ' E�� k��dkE+�*?��_?� n E+�*���_��o�

Qrupdoo|/ zh zrxog vroyh wklv htxdwlrq e| vxevwlwxwlqj rxw wkh hqgrjhqrxv ydul0
deoh lq wkh uljkw kdqg vlgh/ _?�/ exw iru rxu sxusrvh ri vroylqj iru sruwirolr vkduhv
zh zloo vxevwlwxwh rxw wkh surgxfwlylw| vkrfn/ _��1 Wr gr wklv/ zh xvh wkh olq0
hdul}hg yhuvlrq ri wkh �uvw rughu frqglwlrq iru oderu vxsso|/ +516,/
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o*#� � Frpelqhg zlwk htxdwlrq +517,

zh fdq vxevwlwxwh rxw _b*b dqg _S�*S�1 Wkh grphvwlf htxlw| uhwxuq lv wkhq irxqg
wr ghshqg rq doo wkuhh ulvn idfwruv=

_i� ' \t

�
_t n\�

�
_� n\?

�
_?�c +816,

zlwk wkh \ frh!flhqwv ehlqj ixqfwlrqv ri wkh gl�huhqw ghpdqg hodvwlflwlhv/ sur0
gxfwlrq hodvwlflwlhv dqg frxqwu| zhljkwv1

Ilqdoo|/ zh gh�qh wkh zruog khgjh ixqg iru oderu vxsso| vkrfnv=
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Zh zdqw wklv ixqg wr eh xvhixo lq khgjlqj wkh ulvn dvvrfldwhg zlwk zruog gh0
pdqg vkrfnv rq frqvxpswlrq frplqj iurp fkdqjhv lq wkh zruog oderu vxsso|1 Zh
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wkhuhiruh uhtxluh wkdw lwv uhwxuq grhv ghshqg rqo| rq wkh zruog ulvn idfwruv/ _t
dqg _�c exw qrw rq dq| _?� gluhfwo|1 Wklv fdq eh dffrpsolvkhg e| fkrrvlqj wkh
sruwirolr zhljkwv �M
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51 Vxssruwlqj rswlpdo frqvxpswlrq

Vxevwlwxwlqj iru _t / _� / dqg _?� iurp +815,0+817,/ zh kdyh=
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zkhuh wkh frh!flhqwv�dqg wkxv wkh kroglqjv�iru hdfk ri wkh pxwxdo ixqgv duh=
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iurp yduldeohv lq wkh wh{w zlwk wkh vdph qdph,

61 Ghwhuplqlqj wkh frh!flhqwv iru wkh v|pphwulf fdvh

Iluvw/ gluhfw vxevwlwxwlrq vkrzv wkdw erwk zruog ixqgv duh lghqwlfdo=
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Wkdw lv/ wkh zruog ixqgv duh mxvw htxdoo| zhljkwhg/ zlwk xqlwv htxdo wr rqh frxq0
wu|*v vl}h vkduh1 Vr wkdw e| dgglqj i. dqg iM zh rewdlq wkh wzr0ixqg vroxwlrq1

Wkh frh!flhqwv i./ie/ iM fdq eh ghwhuplqhg lq wkuhh vwhsv1

41 E| gluhfw vxevwlwxwlrq
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zkhuh 0?c� lv wkh codpegd0frqvwdqw* ru frpshqvdwhg oderu vxsso| hodvwlflw|
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51 Whglrxv/ exw vwudljkwiruzdug vxevwlwxwlrq/ xvlqj wkh suhylrxv uhvxow/ vkrzv
wkdw

ie ' �iM �

61 Xvlqj wkh uhvxowv iurp wkh wzr suhylrxv vwhsv/ vlpsoh vxevwlwxwlrq jlyhv wkh
uhvxow
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Wkxv zh kdyh wkh uhvxow lq htxdwlrq +714, lq wkh wh{w1
71 Ghwhuplqlqj wkh frh!flhqwv iru wkh vshfl�f xwlolw| ixqfwlrq

Xvlqj surshuwlhv ri frqvwdqw uhwxuqv wr vfdoh djjuhjdwruv/ vhh iru lqvwdqfh lq
Ihujxvrq +4<97,/ zh fdq pdnh wkh iroorzlqj vxevwlwxwlrqv=
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iurp zklfk htxdwlrq +715, lq wkh wh{w iroorzv lpphgldwho|1
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