
Txdqwlwdwlyh Dvvhw Sulflqj Lpsolfdwlrqv ri
Hqgrjhqrxv Vroyhqf| Frqvwudlqwvú

Ihuqdqgr Doyduh}
Xqlyhuvlw| ri Fklfdjr/ Xqlyhuvlgdg Wrufxdwr Gl Whood dqg Q1E1H1U1

Xuedq M1 Mhupdqq
Wkh Zkduwrq Vfkrro/ Xqlyhuvlw| ri Shqqv|oydqld dqg Q1E1H1U1

Pdufk 5333

Devwudfw

Zh vwxg| wkh dvvhw sulflqj lpsolfdwlrqv ri dq hfrqrp| zkhuh vroyhqf|
frqvwudlqwv duh hqgrjhqrxvo| ghwhuplqhg wr ghwhu djhqwv iurp ghidxowlqj
zkloh doorzlqj dv pxfk ulvn vkdulqj dv srvvleoh1 Wr kljkoljkw wkh gl>hu0
hqfhv zlwk vwdqgdug prghov zh vroyh dqdo|wlfdoo| iru h!flhqw doorfdwlrqv
dqg iru wkh fruuhvsrqglqj dvvhw sulfhv/ sruwirolrv kroglqjv/ dqg vroyhqf|
frqvwudlqwv iru d vlpsoh h{dpsoh1 Wkhq zh fdoleudwh d pruh jhqhudo prgho
wr XV djjuhjdwh dv zhoo dv lglrv|qfudwlf lqfrph surfhvvhv1 Zh ?qg htxlw|
suhpld/ ulvn suhpld iru orqj whup erqgv/ dqg Vkdush udwlrv ri pdjqlwxghv
vlplodu wr wkh XV gdwd iru orz ulvn dyhuvlrq dqg d orz wlph0glvfrxqw idfwru1
Wkh htxloleulxp lq wkh fdoleudwhg hfrqrp| glvsod|v olwwoh ulvn vkdulqj> zkhq0
hyhu vroyhqf| frqvwudlqwv elqg/ wkh| doorz iru vpdoo dprxqwv ri eruurzlqj1
Wr h{sodlq wkh lqwxlwlrq ehklqg wkh uhvxowv iru wkh fdoleudwhg hfrqrp| zh
fkdudfwhul}h wkh ghyldwlrqv iurp lqghshqghqfh ri djjuhjdwh dqg lqglylgxdo
lqfrph xqfhuwdlqw| wkdw surgxfh htxlw| dqg whup suhpld1

úZh zrxog olnh wr wkdqn iru wkh frpphqwv dqg vxjjhvwlrqv iurp R1 Dwwdqd}lr/ G1 Edfnxv/
Y1 Fkdul/ K1 Froh/ E1 Gxpdv/ W1 Nhkrh/ Q1 Nrfkhuodnrwd/ G1 Ohylqh/ H1 Suhvfrww/ I1 Shuul/ Q1
Vwrnh|/ D1 \durq dqg wzr uhihuhhv1 Doyduh} wkdqnv wkh QVI iru ?qdqfldo vxssruw1



41 Lqwurgxfwlrq

Lw lv gl!fxow wr pdnh d ghewru sd|= ghew froohfwlrq/ olwljdwlrq/ dqg zdjh jdu0
qlvkphqw duh frvwo|/ dqg wkh hqg uhvxow lv xqfhuwdlq ehfdxvh ri wkh srvvlelolw| ri
ghfodulqj edqnuxswf|1 Prwlydwhg e| wkhvh gl!fxowlhv/ zh vwxg| d prgho zkhuh
lqglylgxdov zlwk odujh ?qdqfldo reoljdwlrqv fdqqrw frqwudfw ixuwkhu ghewv wkdw
zrxog pdnh wkhp fkrrvh wr ghidxow1 Lq wkh prgho/ lqglylgxdo lqfrph ulvnv duh
rqo| lqfrpsohwho| vkduhg dqg ehfrph rqh ri wkh ghwhuplqdqwv ri dvvhw sulfhv1

Lq d frpsdqlrq sdshu/ Doyduh} dqg Mhupdqq +5333,/ zh suhvhqw d iudphzrun
iru vwxg|lqj wkh dvvhw sulflqj lpsolfdwlrqv zkhq djhqwv fdq ghidxow rq wkhlu ghewv/
exlow rq hduolhu zrun e| Nhkrh dqg Ohylqh +4<<6,1 Lq wkh prgho/ djhqwv ghidxow rq
wkhlu ghewv li wklv pdnhv wkhp ehwwhu r>1 Zh dvvxph wkdw li djhqwv ghidxow/ wkhlu
oderu hduqlqjv fdqqrw eh vhl}hg/ exw wkh| duh h{foxghg iurp dvvhw pdunhwv iruhyhu1
Lq rxu htxloleulxp frqfhsw/ wklv odfn ri frpplwphqw uhvxowv lq vwdwh0vshfl?f dqg
djhqw0vshfl?f eruurzlqj frqvwudlqwv1 Wkhvh frqvwudlqwv hqvxuh wkdw djhqwv zloo
qrw ghidxow/ vlqfh wkh| zloo qhyhu rzh vr pxfk dv wr pdnh wkhp fkrrvh wr ghidxow1
Dw wkh vdph wlph/ wkh frqvwudlqwv hqvxuh wkdw wkhuh lv dv pxfk ulvn0vkdulqj dv
srvvleoh1 Lq wklv sdshu/ zh irfxv rq wkh txdqwlwdwlyh h>hfwv ri wkhvh hqgrjhqrxv
vroyhqf| frqvwudlqwv iru dvvhw uhwxuqv1

Rxu zrun lv uhodwhg wr wkh dvvhw sulflqj olwhudwxuh wkdw vwxglhv wkh h>hfwv ri
sruwirolr uhvwulfwlrqv/ vxfk dv Kh dqg Prghvw +4<<8, dqg Oxwwphu +4<<9, dprqj
rwkhuv1 Kh dqg Prghvw +4<<8, frqfoxgh wkdw 3qrqh ri wkh pdunhw iulfwlrqv dorqh9
zlwk wkh srvvleoh h{fhswlrq ri vroyhqf| frqvwudlqwv9fdq h{sodlq wkh dssduhqw uh0
mhfwlrq ri wkh ?uvw0rughu htxloleulxp frqglwlrq ehwzhhq frqvxpswlrq dqg dvvhw
uhwxuqv14 Lq wklv sdshu zh xvh d ixoo| vshfl?hg wkhru| wkdw hqgrjhqrxvo| ghwhu0
plqhv erwk dvvhw sulfhv dqg vroyhqf| frqvwudlqwv1

Zh vwduw e| suhvhqwlqj d vhw ri uhvxowv derxw jhqhudo surshuwlhv ri htxloleulxp
doorfdwlrqv1 Vlqfh wkh zhoiduh wkhruhpv krog/ zh fkdudfwhul}h htxloleuld e| vroylqj
d sodqqlqj sureohp1 Zh suryh wkdw lqfrpsohwh ulvn0vkdulqj lv srvvleoh rqo| iru
orz ulvn dyhuvlrq/ orz wlph suhihuhqfh sdudphwhu/ dqg iru shuvlvwhqw exw qrw wrr
yrodwloh lqglylgxdo vkrfnv1

Zh fkdudfwhul}h dqdo|wlfdoo| wkh h!flhqw doorfdwlrqv dqg wkh fruuhvsrqglqj
dvvhw sulfhv/ sruwirolr kroglqjv/ dqg vroyhqf| frqvwudlqwv iru d vlpsoh fdvh1 Zh
fkdudfwhul}h wkh w|sh ri sdudphwhuv wkdw gholyhu gl>huhqw ohyhov ri ulvn0vkdulqj/
vkrz wkdw wkh lqwhuhvw udwh lv orzhu wkdq lq hfrqrplhv zlwkrxw vroyhqf| frqvwudlqwv/
dqg looxvwudwh wkdw srru djhqwv idfh elqglqj vroyhqf| frqvwudlqwv1 Zh fdoleudwh
lw wr d vlpsoh lqglylgxdo lqfrph surfhvv dqg vkrz wkdw iru orz ulvn dyhuvlrq wkh
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sulflqj nhuqho fdq eh yrodwloh hqrxjk wr sdvv wkh Kdqvhq0Mdjdqqdwkdq whvw1
Iru d ghwdlohg txdqwlwdwlyh dqdo|vlv zh vshfli| dq hqgrzphqw surfhvv wkdw

doorzv ydu|lqj ghjuhhv ri ghshqghqfh ehwzhhq djjuhjdwh dqg lqglylgxdo lqfrph
xqfhuwdlqw|1 Xvlqj prghudwh ydoxhv iru ulvn dyhuvlrq dqg orz wlph0glvfrxqw idfwruv/
dqg fdoleudwlqj wkh lqfrph surfhvvhv wr djjuhjdwh dqg krxvhkrog X1V10gdwd/ wkh
prgho jhqhudwhv ulvn suhpld iru htxlw| dqg iru orqj whup erqgv vlplodu wr wkh rqh
lq wkh XV gdwd1 Wkh htxloleulxp doorfdwlrqv iru wkh fdoleudwhg hfrqrp| h{klelw
olplwhg ulvn vkdulqj/ zklfk lv dwwdlqhg e| vroyhqf| frqvwudlqwv wkdw/ zkhq wkh|
elqg/ doorz iru vpdoo dprxqwv ri ghew1 Lq wklv fdvh wkhuh lv qr 3ulvn0iuhh udwh
sx}}oh/4 dv lqwhuhvw udwhv duh orzhu wkdq lq wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw
hfrqrp|1 Lq idfw/ wr h{sodlq ulvn0iuhh udwhv lq wkh rughu ri 4( shu dqqxp/ wkh
prgho uhtxluhv d wlph0glvfrxqw idfwru wkdw lv orzhu wkdq wkh rqhv w|slfdoo| xvhg
lq rwkhu vwxglhv1 Ilqdoo|/ zh fkdudfwhul}h wkh ghyldwlrqv iurp lqghshqghqfh ri
djjuhjdwh dqg lqglylgxdo ulvnv wkdw jhqhudwh htxlw| dqg whup suhpld1 Wkh htxlw|
suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq lqglylgxdo lqfrph ulvn dqg wkh
frqwhpsrudqhrxv djjuhjdwh lqfrph jurzwk1 Wklv uhvxow lv gulyhq e| vroyhqf|
frqvwudlqwv wkdw elqg iuhtxhqwo|/ dv rssrvhg wr wkh zhoo nqrzq uhvxowv e| Pdqnlz
+4<;9,/ Zhlo +4<<5,/ dqg Frqvwdqwlqlghv dqg Gx!h +4<<9, wkdw uhtxluh frqyh{lw|
ri wkh pdujlqdo xwlolw|1 Wkh whup suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq
wkh iruhfdvw ri ixwxuh lqglylgxdo lqfrph ulvn dqg djjuhjdwh lqfrph jurzwk1

Frpsduhg zlwk vhyhudo vwxglhv rq lqfrpsohwh pdunhwv hfrqrplhv/ rxu vwxg|
gl>huv dorqj vrph ri wkh iroorzlqj glphqvlrqv14 Iluvw/ zh kdyh frpsohwh pdunhwv
zkhuh hyhu| fodlp fdq eh wudghg dqg sulfhg> prvw lqfrpsohwh pdunhwv prghov
frqvlghu rqo| d yhu| olplwhg vhw ri dvvhwv1 Vhfrqg/ lq rxu prgho wkh h{whqw ri
ulvn0vkdulqj ghshqgv rq wkh frvwv dqg ehqh?wv ri ghidxowlqj1 Lq prvw lqfrpsohwh
pdunhw prghov/ wkh h{whqw ri ulvn0vkdulqj ghshqgv sulpdulo| rq wkh dvvxpswlrqv
derxw dydlodeoh dvvhwv1 Wklug/ lq rxu prgho djhqw0vshfl?f dqg vwdwh0vshfl?f vro0
yhqf| frqvwudlqwv elqg iuhtxhqwo|> lq prvw lqfrpsohwh pdunhwv prghov sruwirolr
frqvwudlqwv uduho| elqg1 Ilqdoo|/ rxu prgho lv yhu| wudfwdeoh vlqfh zh vroyh d sodq0
qhu*v sureohp dqg wkhq frpsxwh wkh sulfhv iru wkh fruuhvsrqglqj htxloleulxp9
lqfrpsohwh pdunhwv prghov duh vroyhg gluhfwo| dv d frpsolfdwhg ?{hg srlqw ryhu
pdunhw sulfhv1 Jlyhq wkh wudfwdelolw| dqg wkh suhvhqfh ri frpsohwh pdunhwv zh duh
deoh wr vwxg| htxlw|/ rqh0shulrg erqgv/ dqg wkh hqwluh whup vwuxfwxuh ri lqwhuhvw
udwhv1

Lq vhfwlrq 5 zh suhvhqw wkh hqylurqphqw1 Vhfwlrq 6 suhvhqwv wkh htxloleulxp

4Iru lqvwdqfh/ Frqvwdqwlqlghv dqg Gx!h +4<<9,/ Nuxvhoo dqg Vplwk +4<<:, Pdqnlz +4<;9,/
Khdwrq dqg Oxfdv +4<<9,/ Pdufhw dqg Vlqjohwrq +4<<<,/ Whophu +4<<6,/ dqg ]kdqj +4<<:,1
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zlwk vroyhqf| frqvwudlqwv1 Lq vhfwlrq 7 zh fkdudfwhul}h wkh rswlpdo doorfdwlrqv1
Lq vhfwlrq 8 zh vroyh dqg dqdo|}h d vlpsoh wzr vwdwh fdvh1 Vhfwlrq 9 frqwdlqv
wkh fdoleudwlrq dqg wkh txdqwlwdwlyh ?qglqjv ri d pruh jhqhudo fdvh1 Vhfwlrq :
frqfoxghv1 Dq dsshqgl{ frqwdlqv wkh surriv1

51 Hqylurqphqw

Zh frqvlghu d sxuh h{fkdqjh hfrqrp| zlwk wzr +w|shv ri, djhqwv1 Djhqwv* hq0
grzphqwv iroorz d ?qlwh vwdwh Pdunry surfhvv> djhqwv* suhihuhqfhv duh lghqwlfdo
dqg jlyhq e| wlph0vhsdudeoh h{shfwhg glvfrxqwhg xwlolw|1 Zh dgg wr wklv vlp0
soh hqylurqphqw sduwlflsdwlrq frqvwudlqwv ri wkh iroorzlqj irup= wkh frqwlqxdwlrq
xwlolw| lpsolhg e| dq| doorfdwlrq vkrxog eh dw ohdvw dv kljk dv wkh rqh lpsolhg e|
dxwdufk| dw dq| wlph dqg iru dq| klvwru|1

Zh xvh d Pdunry fkdlq zlwk jhqhulf hohphqwv 5 5 ~c d vhw zlwk ù hohphqwv1
Zh uhihu wr hohphqwv ri ~ dv ~ ' i\�c \2c ééééc \ùj/ dqg wr wkh wlph | uhdol}dwlrq
ri wkh surfhvv dv 5|1 Zh xvh 5| ' E5fc 5�c 52c éééc 5|ä iru wkh ohqjwk | klvwru| ri 51
Zh xvh á iru wkh pdwul{ frqwdlqlqj wkh wudqvlwlrq suredelolwlhv/ dqg ZE5|m5f ' 5ä
iru wkh fruuhvsrqglqj frqglwlrqdo suredelolwlhvé Zh xvh wkh qrwdwlrq iSðj dqg
ieðj iru wkh vwrfkdvwlf surfhvv ri frqvxpswlrq dqg hqgrzphqw ri hdfk djhqw/
khqfh iSðj ' iSðc|E5|ä G ; | è fc 5| 5 ~|j1 Zh dvvxph wkdw djjuhjdwh hqgrzphqw
e| E5

|ä ì e�c| E5|ä n e2c| E5|ä lv frqvwdqw dqg htxdo wr e15

Lqglylgxdo hqgrzphqwv duh jlyhq e| d ixqfwlrq "ð wkdw ghshqgv rqo| rq 5|/ vr
wkdw eðc| E5|ä ' "ð E5|ä1 Zh dvvxph wkdw "ð E5ä : f iru doo ð dqg 51 Wkh xwlolw| iru dq
djhqw fruuhvsrqglqj wr wkh frqvxpswlrq surfhvv iSj vwduwlqj dw wlph | dw klvwru|
5| lv ghqrwhg e| LESäE5|ä dqg lv jlyhq e|=

LESäE5|ä ì
"[
r'f

[
5|nrM~|nr

B|c|nr
ý
5|nr3�

ü
ü
ý
S|nr

ý
5|nr

üü
ZE5|nrm5|ä c +514,

zkhuh ü lv wkh shulrg xwlolw| dqg B|c|nr lv d wlph0glvfrxqw idfwru1 Zh dvvxph wkdw
ü G -n $ - lv vwulfwo| lqfuhdvlqj/ vwulfwo| frqfdyh/ dqg ä�éWkh pxowl0shulrg wlph0
glvfrxqw idfwru B|c|nrn� lv gh?qhg uhfxuvlyho| xvlqj wkh rqh0shulrg vwdwh0frqwlqjhqw
glvfrxqw idfwru q G ~ $ Efc �ä1 Vshfl?fdoo|/ B|c| E5|3�ä ì � dqg iru doo 5|nr

B|c|nrn�
ý
5|nr

ü
' B|c|nr

ý
5|nr3�

ü ü q E5|nrä 1
5Zh zloo vkrz ehorz krz wr lqwurgxfh djjuhjdwh xqfhuwdlqw| lqwr wklv qrwdwlrqdo iudphzrun1
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Qrwh wkdw wkh vwdqgdug fdvh zlwk frqvwdqw glvfrxqw idfwru q E5ä ' 7q fruuhvsrqgv
wr B|c|nr E5|nr3�ä ' 7q

r1 Dv zh zloo vkrz ehorz/ ohwwlqj wkh wlph0glvfrxqw idfwru eh
vwdwh frqwlqjhqw doorzv xv wr lqwurgxfh djjuhjdwh vwrfkdvwlf jurzwk1

Zh dvvxph wkdw wkh vkrfnv duh v|pphwulf dfurvv djhqwv lq wkh iroorzlqj vhqvh1
Ohw xv ghqrwh e| hî dqg hîâ wzr yhfwruv ri duelwudu| ydoxhv iru wkh djhqwv* hqgrz0
phqwv/ dqg ohw xv ghqrwh e| ìq dqg ìq

â
wzr duelwudu| ydoxhv iru wkh wlph0glvfrxqw

idfwru> wkhq ác "ð Eüä dqg q Eüä duh dvvxphg wr vdwlvi|

èh
í
E"� E5

âä c "2 E5âää'hîâc q E5âä ' ìq
âm E"� E5ä c "2 E5ää'hîc q E5ä ' ìq

ì
' èh

í
E"2 E5

âä c "� E5âää'hîâc q E5âä ' ìq
âm E"2 E5ä c "� E5ää'hîc q E5ä ' ìq

ì
é

Dq doorfdwlrq iSðjð'�c2 lv uhvrxufh ihdvleoh li=

S�c|
ý
5|
ü
n S2c|

ý
5|
ü
' e|

ý
5|
ü ; | è fc 5| 5 ~|c +515,

dqg lw vdwlv?hv wkh sduwlflsdwlrq frqvwudlqwv li=

LESðäE5
|ä è LEeðäE5|ä ì L ð E5|ä ; | è fc 5| 5 ~|é +516,

zkhuh zh xvh wkh qrwdwlrq L ð E5|ä wr uhihu wr LEeðäE5|ä wr hpskdvl}h wkdw lw rqo|
ghshqgv rq 5|1

H{fhsw iru wkh vwdwh0frqwlqjhqw wlph glvfrxqw idfwru rxu hqylurqphqw lv d vsh0
fldo fdvh ri wkh rqh vwxglhg e| Nhkrh dqg Ohylqh +4<<6,1 Lq sduwlfxodu/ zh frqvlghu
wkh fdvh zlwk rqh jrrg/ wzr djhqwv/ dqg zkhuh wkh sduwlflsdwlrq frqvwudlqwv kdyh
dxwdufk| dv wkh rxwvlgh rswlrq1 Lw lv lghqwlfdo wr wkh rqh vwxglhg e| Nrfkhuodnrwd
+4<<9,/ h{fhsw wkdw zh doorz iru d vwrfkdvwlf glvfrxqw idfwru dqg qrq0l1l1g1 surfhvv
iru wkh lqfrph vkrfnv1

5141 Djjuhjdwh xqfhuwdlqw|

Rxu vshfl?fdwlrq ri wkh wlph glvfrxqw idfwru dffrpprgdwhv lq d yhu| frqyhqlhqw
zd| vwrfkdvwlf djjuhjdwh lqfrph jurzwk ri wkh w|sh xvhg lq Phkud0Suhvfrww +4<;8,
dqg lq pxfk ri wkh dvvhw sulflqj olwhudwxuh1 Lq sduwlfxodu/ dq hfrqrp| zlwk vwr0
fkdvwlf jurzwk/ frqvwdqw wlph glvfrxqw idfwru/ dqg frqvwdqw uhodwlyh ulvn dyhuvlrq
fdq eh h{suhvvhg dv dq hfrqrp| zlwk frqvwdqw djjuhjdwh hqgrzphqw dqg vwdwh0
frqwlqjhqw glvfrxqw idfwru vxfk dv wkh rqh suhvhqwhg lq wkh suhylrxv vhfwlrq1 Ohw

e|n�
ý
5|c 5|n�

ü
' e|

ý
5|
ü ü bE5|n�ä dqg eðc|

ý
5|
ü
' "ðE5|ä ü e|

ý
5|
ü
iru ð ' �c 2
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dqg gh?qh ÷eðc| E5|ä ì eðc| E5|ä *e| E5|ä ' "ðE5|ä iru doo ð vr wkdw ÷e| E5|ä ' � doo 5|1
Dvvxplqj d frqvwdqw wlph0glvfrxqw idfwru q dqg d shulrg xwlolw| ixqfwlrq ri

wkh irup üESä ' S�3ò
�3ò iru vrph srvlwlyh ò +iru vlpsolflw|/ ò 9' �,> gh?qlqj ÷Sðc| E5

|ä ì
Sðc| E5

|ä *e| E5
|ä/ wkhq L Eüä vdwlv?hv

L E÷Sðä
ý
5|
ü
'

E÷Sðc| E5
|ää

�3ò

�ý ò n ÷q E5|ä
[
5|n�M~

L E÷Sðä
ý
5|c 5|n�

ü
÷Z E5|n�m5|ä c

zlwk suredelolwlhv dqg glvfrxqw idfwru

÷Z E5âm5ä ì Z E5âm5ä ü b E5âä�3òS
5â Z E5

âm5ä ü b E5âä�3ò dqg ÷q E5ä ì q ü
[
5â
Z E5âm5ä ü b E5âä�3ò é

Fohduo|/ wkh uhvrxufh dqg sduwlflsdwlrq frqvwudlqwv duh vdwlv?hg iru dq doorfdwlrq
iSðjð'�c2 lq dq hfrqrp| zlwk djjuhjdwh jurzwk b Eüä dqg frqvwdqw glvfrxqw idfwru
q li dqg rqo| li wkh| duh vdwlv?hg iru wkh fruuhvsrqglqj i÷Sðjð'�c2 doorfdwlrq lq wkh

hfrqrp| zlwk frqvwdqw djjuhjdwh hqgrzphqw/ glvfrxqw idfwru ÷q Eüä/ dqg suredelo0
lwlhv ÷Z1 Pruhryhu/ wkh suhihuhqfh rughulqjv duh lghqwlfdo lq wkh wzr fruuhvsrqglqj
hfrqrplhv1

61 Htxloleulxp zlwk hqgrjhqrxv vroyhqf| frqvwudlqwv

Lq wklv vhfwlrq/ zh gh?qh d frpshwlwlyh htxloleulxp zlwk frpsohwh pdunhwv lq Du0
urz vhfxulwlhv dqg zlwk hqgrjhqrxv vroyhqf| frqvwudlqwv1 Wkh vroyhqf| frqvwudlqwv
surklelw djhqwv iurp kroglqj odujh dprxqwv ri frqwlqjhqw ghew/ khqfh suhyhqwlqj
ghidxow1 Lq jhqhudo/ wkhvh vroyhqf| frqvwudlqwv zloo eh vwdwh0frqwlqjhqw/ vlqfh wkh
frvwv dqg ehqh?wv ri ghidxow ydu| zlwk wkh vwdwh1

Ohw ^| E5|c 5âä ghqrwh wkh shulrg |c vwdwh 5|c sulfh ri rqh xqlw ri wkh frqvxpswlrq
jrrg gholyhuhg dw | n �c frqwlqjhqw rq wkh uhdol}dwlrq ri 5|n� ' 5â/ lq whupv ri
shulrg | frqvxpswlrq jrrgv1 Wkh kroglqjv ri djhqw ð dw | ri wklv vhfxulw| duh
ghqrwhg e| @ðc|n�E5|c 5âä/ dqg wkh orzhu olplw rq wkh kroglqjv ri djhqw ð lv ghqrwhg
e| îðc|n�E5|c 5âäé Iroorzlqj rxu qrwdwlrqdo frqyhqwlrq/ zh xvh i^j c i@ðj dqg iîðj
iru wkh fruuhvsrqglqj vwrfkdvwlf surfhvvhv1 Iru jlyhq i^j dqg iîðj wkh sureohp
iru krxvhkrog ð lv gh?qhg dv
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ý
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n S +615,

@5â è îðc|n�
ý
5|c 5â

ü
doo 5â 5 ~é +616,

Gh?qlwlrq 6141 Dq htxloleulxp zlwk Vroyhqf| Frqvwudlqwv iîðj iru lqlwldo frq0
glwlrqv @ðcf kdv txdqwlwlhv i@ðj dqg sulfhv i^j vxfk wkdw iru ð ' �c 2/

d1 i@ðc|n� E5|c 5âäj5âM~ dfklhyhv wkh uljkw kdqg vlgh ri +614, dw 5| jlyhq @ '
@ðc| E5

|ä1
e1 pdunhw fohdulqj/ @�c| E5|ä n @2c| E5|ä ' fc doo |c doo 5|é
Iurp wkh ?uvw rughu frqglwlrq ri wkh djhqw sureohp/ rqh frqfoxghv wkdw li

dq djhqw*v pdujlqdo udwh ri vxevwlwxwlrq lv vwulfwo| orzhu wkdq wkh fruuhvsrqg0
lqj Duurz sulfh/ wklv djhqw*v vroyhqf| frqvwudlqw pxvw elqg1 Dgglwlrqdoo|/ li dq
djhqw*v vroyhqf| frqvwudlqw grhv qrw elqg/ wklv djhqw*v pdujlqdo udwh ri vxevwlwx0
wlrq pxvw htxdo wkh fruuhvsrqglqj Duurz sulfh1 Frqvhtxhqwo|/ lq dq htxloleulxp
zlwk vroyhqf| frqvwudlqwv/ Duurz sulfhv duh htxdo wr wkh kljkhvw pdujlqdo udwh ri
vxevwlwxwlrq/ l1h1

^|
ý
5|c 5|n�

ü
' 4@ 

ð'�c2
q E5|ä

üâ ESðc|n� E5|c 5|n�ää
üâ ESðc| E5|ää

Z E5|n�m5|ä é +617,

Ixuwkhupruh/ li wkh vroyhqf| frqvwudlqwv gr qrw elqg iru hlwkhu djhqw/ wkh Du0
urz sulfh +617, lv htxdo wr wkh rqh iurp wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw
hfrqrp|1

Lq sureohp +614, djhqwv qhyhu frqwhpsodwh wkh rswlrq ri ghidxow1Qrz zh pryh
wr wkh dqdo|vlv ri wkh ghflvlrq ri ghidxow> wklv frqvlghudwlrq ghvfulehv rxu wkhru|
ri wkh vroyhqf| frqvwudlqwv suhvhqwhg lq Doyduh} dqg Mhupdqq +5333,1 Wkh qh{w
frqglwlrq pdnhv wkh vroyhqf| frqvwudlqwv hqgrjhqrxv1

Gh?qlwlrq 6151 Dq htxloleulxp zlwk vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw
lv vxfk wkdw wkh vroyhqf| frqvwudlqwv vdwlvi|

aðc|n�
ý
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ý
5|n�

ü
c 5|n�

ü
' L Eeðä

ý
5|n�

ü
c +618,

iru doo | ' fc �c ééé dqg iru doo 5|n� 5 ~|n� dqg iru ð ' �c 2é

Wkh ohiw kdqg vlgh ri +618, lv wkh xwlolw| ri dq djhqw wkdw sduwlflsdwhv lq wkh
pdunhw/ vwduwlqj zlwk ?qdqfldo zhdowk îðc|n� E5|n�ä1 Wkh uljkw kdqg vlgh ri +618,
lv wkh djhqw*v xwlolw| li kh ghidxowv/ jlyhq rxu dvvxpswlrq wkdw ghidxow lv sxqlvkhg

:



e| shupdqhqw h{foxvlrq iurp dvvhw pdunhwv1 Wklv frqglwlrq hqvxuhv wkdw vroyhqf|
frqvwudlqwv suhyhqw ghidxow e| surklelwlqj djhqwv iurp dffxpxodwlqj pruh frqwlq0
jhqw ghew wkdq wkh| zloo eh zloolqj wr sd| edfn1 Dw wkh vdph wlph/ lw doorzv dv
pxfk lqvxudqfh dv srvvleoh= li wkh vroyhqf| frqvwudlqw elqgv dqg wkh frqwlqxdwlrq
xwlolw| lv vwulfwo| kljkhu wkdq wkh ydoxh ri dxwdufk|/ wkh frqvwudlqw frxog eh uh0
od{hg/ zlwkrxw lqgxflqj wkh djhqw wr dffxpxodwh vr pxfk ghew wkdw kh zloo suhihu
wr ghidxow1

Wr vlpsoli| wkh qrwdwlrq/ zh vwdwh rxu htxloleulxp xvlqj Duurz sulfhv1 Wkh
exgjhw vhw dqg wkh lqfhqwlyhv wr ghidxow duh wkh vdph zlwk dq| rwkhu g|qdplfdoo|
frpsohwh vhwv ri vhfxulwlhv/ surylghg wkdw wkh vroyhqf| frqvwudlqwv duh vwdwhg lq
whupv ri wkh ydoxh ri wkh sruwirolr dw wkh ehjlqqlqj ri wkh shulrg16 Wkxv/ wkh
ydoxh ri dq| vhfxulw|9qrw mxvw Duurz vhfxulwlhv9lv htxdo wr wkh ydoxh ri wkh vxp
+zhljkwhg e| wkh sd|r>v, ri wkh fruuhvsrqglqj Duurz vhfxulwlhv jlyhq e| +617,1 Lq
idfw/ wkh sulflqj nhuqho lv wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq/ vr wkdw iru wkh
rqh shulrg uhwxuq -|c|n� ri dq| dvvhw/ wkh iroorzlqj pxvw krog

� ' .|

é
-|c|n� ü

ë
4@ 
ð'�c2

q|
üâ ESðc|n�ä
üâ ESðc|ä

êè
é

Zh wklqn htxloleuld zlwk vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw duh lqwhu0
hvwlqj/ vlqfh wkh| uhvwulfw hqgrjhqrxvo| wkh dprxqw ri ulvn0vkdulqj dqg pdnh d
gluhfw frqqhfwlrq ehwzhhq dvvhw sulfhv dqg frqvwudlqwv rq eruurzlqj1 Lq Doyduh}
dqg Mhupdqq +5333, zh vkrz wkdw wkh ?uvw dqg vhfrqg zhoiduh wkhruhpv krog iru
rxu htxloleulxp gh?qlwlrq1 Wkh uhdvrq wkdw htxloleuld zlwk vroyhqf| frqvwudlqwv
wkdw duh qrw wrr wljkw dqg frqvwudlqhg h!flhqw doorfdwlrqv duh htxlydohqw lv wkdw
wkh frqglwlrq rq wkh vroyhqf| frqvwudlqwv +618, vhuyhv wkh vdph sxusrvh dv wkh
sduwlflsdwlrq frqvwudlqwv +516,1

Rxu lqwhuhvw lv lq dvvhw sulfhv/ exw dqdo|}lqj htxloleuld gluhfwo| lv gl!fxow1
Jlyhq wkh htxlydohqfh ehwzhhq h!flhqw doorfdwlrqv dqg htxloleuld zlwk vroyhqf|
frqvwudlqwv wkdw duh qrw wrr wljkw/ zh dqdo|}h h!flhqw doorfdwlrqv dv d zd| wr
fkdudfwhul}h htxloleulxp sulfhv1

71 Fkdudfwhul}lqj frqvwudlqhg h!flhqw doorfdwlrqv

Lq wklv vhfwlrq zh surylgh d uhfxuvlyh irupxodwlrq ri h!flhqw doorfdwlrqv/ zklfk
zh xvh wr hvwdeolvk wkh iroorzlqj surshuwlhv ri h!flhqw doorfdwlrqv1 Iluvw/ zh

6Lq wklv vhqvh/ rxu xvh ri wkh whup cvroyhqf| frqvwudlqw* lv frqvlvwhqw zlwk rwkhu vwxglhv/ iru
lqvwdqfh Kh dqg Prghvw +4<<8,1

;



fkdudfwhul}h wkh sdudphwhuv wkdw ghwhuplqh wkh h{whqw ri ulvn0vkdulqj/ zklfk doorzv
xv wr frqfhqwudwh rq wkh fdvhv lq zklfk lqglylgxdo ulvn lv lpsruwdqw iru dvvhw sulfhv1
Vhfrqg/ zh fkdudfwhul}h wkh ghflvlrq uxohv1

Frqvwudlqhg h!flhqw doorfdwlrqv duh gh?qhg dv wkh surfhvvhv iSðj wkdw pd{l0
pl}h shulrg }hur h{shfwhg olihwlph xwlolw| iru Djhqw �/ vxemhfw wr uhvrxufh edodqfh
dqg wkh sduwlflsdwlrq frqvwudlqwv iru erwk djhqwv/ jlyhq vrph lqlwldo +wlph }hur,
h{shfwhg olihwlph xwlolw| iru Djhqw 2é Rswlpdo doorfdwlrqv vroyh wkh iroorzlqj pd{0
lpl}dwlrq sureohp=

T WEçc 5ä ì 4@ iLES�äE5äj
vxemhfw wr +515,/ +516,/ L ES2ä E5fä è ç/ dqg 5f ' 5é

D sdlu Eçc 5ä lv lq wkh grpdlq ri T W li dqg rqo| li ET W Eçc 5ä c çä lv lq wkh xwlo0
lw| srvvlelolw| vhw iru 5f ' 5é Lqghhg wkh ixqfwlrq T WEçc 5ä ghvfulehv wkh xwlolw|
srvvlelolw| iurqwlhu dw wlph }hur zkhq 5f ' 5é

Qrz zh uhvwdwh wkh suhylrxv sureohp uhfxuvlyho|1 Zh lqwurgxfh d ixqfwlrqdo
htxdwlrq dqg uhodwh lwv ?{hg srlqwv wr wkh ixqfwlrq T W1 Wkh ixqfwlrqdo htxdwlrq lv
qrw frpsohwho| vwdqgdug1 Wkh rshudwru/ A / pdsv d ixqfwlrq T gh?qhg lq d jlyhq
grpdlq lqwr dqrwkhu ixqfwlrq ATé Xvlqj AT / d qhz grpdlq/ ghqrwhg e| ( E5ä/
lv gh?qhg dv vshfl?hg ehorz1 Vshfl?fdoo|/ T Eüc 5ä G ( E5ä $ - iru hdfk 5czkhuh
( E5ä ã dL2 E5ä c4äc dqg wkh rshudwru A jhqhudwhv AT dv

AT Eçc 5ä ' 4@ 
Sð'�c2c

çâE5âäc5âM~

+
üES�ä n q E5ä

[
5âM~

T EçâE5âäc 5âä ZE5âm5ä
,

+714,

S� n S2 é e +715,

üES2ä n q E5ä
[
5âM~

çâE5âä ZE5âm5ä è ç +716,

çâE5âä è L2E5âä doo 5â 5 ~ +717,

T EçE5âäc 5âä è L�E5âä doo 5â 5 ~é +718,

Iru wklv rshudwru wr eh zhoo gh?qhg/ T kdv wr eh vxfk wkdw wkhuh duh S�c
S2cdqg içâ E5âäj5âM~ iru zklfk wkh frqvwudlqwv +715,/ +eéô,/ +718,/ dqg +717, duh
vdwlv?hg1 Frqvhtxhqwo|/ wkh grpdlq ri AT iru hdfk 5 5 ~/ lv gh?qhg dv ( E5ä ì
iç G EAT ä Eçc 5ä è L�E5ä dqg ç è L2 E5äj é

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh ixqfwlrq T Wc gh?qhg suhylrxvo|/ dqg lwv
dvvrfldwhg grpdlq duh d ?{hg srlqw ri A 1 Krzhyhu/ wkh ixqfwlrqdo htxdwlrq +714,

<



kdv pruh wkdq rqh ?{hg srlqw= khqfh lw fdqqrw eh d frqwudfwlrq17 Lq sduwlfx0
odu/ 3dxwdufk|4 lv dozd|v d ?{hg srlqw/ vlqfh lw lv lpphgldwh wr yhuli| wkdw wkh
wulyldo ixqfwlrq ñ gh?qhg rq wkh grpdlq jlyhq e| vlqjohwrq iL2 E5äj dqg htxdo
wr ñ EL2 E5ä c 5ä ' L� E5ä lv d ?{hg srlqw ri Aé Qhyhuwkhohvv/ iru pdq| sdudphwhu
ydoxhv wkhuh duh rwkhu vroxwlrqv/ qdpho| T W1

Hyhq wkrxjk wkh A rshudwru lv qrw d frqwudfwlrq/ lw lv xvhixo lq frpsxwlqj T W1
Frqvlghu wkh rshudwru ìA gh?qhg h{dfwo| olnh A lq 714 h{fhsw wkdw wkh sduwlflsdwlrq
frqvwudlqwv iru erwk djhqwv 718 dqg 717 duh uhpryhg/ dqg ghqrwh lwv xqltxh ?{hg
srlqw e| ìT é Wkh ixqfwlrq ìT Eüc 5ä lv wkh ixoo ulvn0vkdulqj iurqwlhu zkhq 5| ' 51
Xvlqj wkh dssurdfk sursrvhg e| Deuhx +4<;;, dqg Deuhx/ Slhufh dqg Vwdffkhwwl
+4<<3, rqh fdq hdvlo| vkrz wkdw *ð4?<" A ? ìT ' T W1

7141 Ulvn0vkdulqj uhjlphv

Wklv vhfwlrq ghvfulehv wkh w|shv ri sdudphwhuv iru zklfk wklv prgho kdv dvvhw
sulflqj lpsolfdwlrqv gl>huhqw iurp wkh rqhv ri wkh uhsuhvhqwdwlyh djhqw prgho1
Ghshqglqj rq sdudphwhu ydoxhv iru suhihuhqfhv dqg hqgrzphqwv wkhuh duh wkuhh
srvvleoh 3uhjlphv4 iru wkh surfhvv iru içc 5j1 Lqghshqghqw ri wkh lqlwldo frqglwlrq
Eçfc 5fäc rqh fdq vkrz wkdw=

41 Ixoo ulvn0vkdulqj iruhyhu lv srvvleoh>

51 Rqo| olplwhg ulvn0vkdulqj lv srvvleoh>

61 Rqo| dxwdufk| lv srvvleoh1

E| ixoo ulvn0vkdulqj zh phdq wkdw wkh doorfdwlrq lv Sduhwr h!flhqw lq wkh
vwdqgdug vhqvh/ ljqrulqj wkh sduwlflsdwlrq frqvwudlqwv/ iru vrph lqlwldo frqglwlrq
Eçfc 5fä1 Sdudphwhu ydoxhv wkdw surgxfh wkh ?uvw fdvh duh qrw lqwhuhvwlqj iru xv/
vlqfh iru wkh sxusrvhv ri dvvhw sulflqj/ wkhlu lpsolfdwlrqv duh wkh vdph dv iru wkh
uhsuhvhqwdwlyh djhqw hfrqrp|1

Zh glvfxvv eulh | krz wr yhuli| zkhwkhu ixoo ulvn0vkdulqj lv srvvleoh1 Nrfkhu0
odnrwd +4<<9, suhvhqwv vx!flhqw frqglwlrqv iru hdfk fdvh zkhq wkh vkrfnv duh l1l1g1
dqg wkh glvfrxqw idfwru lv frqvwdqw1 Zh frqvlghu d voljkwo| gl>huhqw fdvh lq wkh
iroorzlqj sursrvlwlrq1

7W grhv qrw vdwlvi| rqh ri wkh Eodfnzhoo vx!flhqw frqglwlrqv iru d frqwudfwlrq/ qdpho| glv0
frxqwlqj1 W +Y . d, frxog eh eljjhu wkdq WY . ñd iru d frqvwdqw d/ vlqfh wkh ihdvleoh vhw ri
fkrlfhv iru +z+}3,, }35] lv eljjhu iru Y . d wkdq iru Y 1
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Sursrvlwlrq 7141 Ixoo ulvn0vkdulqj lv srvvleoh li dqg rqo| li/ iru doo 5f 5 ~/
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L ðE5fäé +719,

Iru looxvwudwlrq/ frqvlghu wkh fdvh zlwk d frqvwdqw glvfrxqw idfwru q dqg ~ '
i\�c \2j/ zlwk "2 E\�ä ÷ "2 E\2ä c zklfk e| v|pphwu| lpsolhv "� E\2ä ' "2 E\�ä ÷
"2 E\2ä ' "� E\�ä18 Iljxuh 4 looxvwudwhv wkh fdvh zkhq ixoo ulvn0vkdulqj lv srvvleoh
iru d udqjh ri ç1 Zkhq ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkhuh duh wzr fdvhv= rqh
fdvh lq zklfk dxwdufk| lv wkh rqo| ihdvleoh doorfdwlrq wkdw vdwlv?hv wkh sduwlflsdwlrq
frqvwudlqwv dqg wkh rwkhu lq zklfk vrph rwkhu doorfdwlrqv vdwlvi| wkh sduwlflsdwlrq
frqvwudlqwv1 Wklv odvw fdvh lv wkh rqh wkdw zh duh lqwhuhvwhg lq/ vlqfh lw lv qrw
htxlydohqw wr d uhsuhvhqwdwlyh djhqw hfrqrp|1 Iljxuh 5 looxvwudwhv wkh fdvh zkhq
ixoo ulvn0vkdulqj lv qrw srvvleoh1

Zklfk fdvh dssolhv ghshqgv rq sdudphwhu ydoxhv dv h{sodlqhg lq wkh iroorzlqj
uhpdun1 Wkhvh sdudphwhuv ghwhuplqh wkh uhodwlyh dwwudfwlyhqhvv ri dxwdufk| wr
vrph irup ri ulvn vkdulqj1 Lqwxlwlyho|/ sdudphwhu ydoxhv wkdw pdnh wkh sxqlvkphqw
ohvv sdlqixo/ dovr pdnh ixoo ulvn vkdulqj kdughu1

Uhpdun 41 Ohw/ ák ì kU nE�ý käá iru k 5 Efc �ä c wkhq ixoo ulvn0vkdulqj lv qrw
srvvleoh lq dq| ri wkh iroorzlqj fdvhv=

+d, Wkh wlph suhihuhqfh sdudphwhu/ 4@ 5 qE5ä lv vx!flhqwo| vpdoo>
+e, Wkh shuvlvwhqfh ri ákc k/ lv vx!flhqwo| forvh wr rqh>
+f, Wkh yduldqfh ri "ðE5ä lv vx!flhqwo| forvh wr }hur>
+g, Zlwk FUUD xwlolw|/ wkh uhodwlyh ulvn dyhuvlrq/ ò/ lv vx!flhqwo| vpdoo1
Wkh surri ri wklv uhpdun iroorzv e| wdnlqj wkh dssursuldwh olplw lq hdfk ri wkh

irxu fdvhv dqg yhuli|lqj wkdw wkh lqhtxdolw| ri wkh suhylrxv sursrvlwlrq +714, grhv
qrw krog1 Lq Doyduh} dqg Mhupdqq +5333, zh h{whqg wklv uhvxow1 Lq sduwlfxodu/ zh
vkrz wkdw/ dv wkh sdudphwhuv dssurdfk wkh olplw ydoxhv phqwlrqhg lq hdfk ri wkh
irxu fdvhv/ dxwdufk| lv wkh rqo| ihdvleoh doorfdwlrq1

Phkud dqg Suhvfrww +4<;8, dqgZhlo +4<<5, hpskdvl}h wkdw lq rughu wr surgxfh
d kljk htxlw| suhplxp dqg orz lqwhuhvw udwhv wkh uhsuhvhqwdwlyh djhqw prgho
uhtxluhv ydoxhv ri ulvn dyhuvlrq ò dqg wlph suhihuhqfh q wkdw duh kljkhu wkdq
prvw uhvhdufkhuv* sulru dvvhvvphqwv1 E| frqwudvw/ wklv prgho kdv dvvhw sulflqj
lpsolfdwlrqv gl>huhqw iurp wkh uhsuhvhqwdwlyh djhqw prgho iru orz ydoxhv ri ò dqg
q/ wkxv rxu txdqwlwdwlyh uhvxowv fdqqrw uho| xsrq kljk ydoxhv iru ò dqg q1

8Zh surylgh ixuwkhu dqdo|vlv ri wklv fdvh lq Vhfwlrq 8 ri wkh sdshu1
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7151 Ghflvlrq uxohv iru wkh sodqqlqj sureohp

Lq wklv vxevhfwlrq zh suhvhqw vrph uhvxowv derxw wkh surshuwlhv ri wkh ghflvlrq
uxohv iru frqvxpswlrq äð E5c çä dqg iru Djhqw 5*v frqwlqxdwlrq xwlolw| `5â Eçc 5ä é
Zh gh?qh M E5ä dqg u E5ä dv wkh xsshu dqg orzhu erxqg ri ( E5ä vr wkdw e|
prqrwrqlflw| ri T Eüc 5ä c

uE5ä ì L2E5ä dqg ME5ä ì T 3�Eüc 5äEL�E5ää iru 5 5 ~é
Wkh wlph vhsdudelolw| ri wkh xwlolw| ixqfwlrq lpsolhv wkdw frqvxpswlrq lv lq0

fuhdvlqj lq wkh fxuuhqw frqwlqxdwlrq xwlolw|1

Sursrvlwlrq 7151 Frqvxpswlrq lv vwulfwo| prqrwrqh rq 5c l1h1/ ;5c ä2Eçc 5ä
Eä�Eçc 5äc uhvshfwlyho|, lv vwulfwo| lqfuhdvlqj +vwulfwo| ghfuhdvlqj, lq çé

Qh{w zh dqdo|}h wkh ghflvlrq uxohv iru ixwxuh frqwlqxdwlrq xwlolw| dv d ixqf0
wlrq ri fxuuhqw frqwlqxdwlrq xwlolw|1 Zh ?qg wkdw wkh ghflvlrq uxohv duh zhdno|
lqfuhdvlqj1 Vshfl?fdoo|/ zh frqvlghu wzr fdvhv1 Iluvw/ li wkh vkrfn 5| lv uhshdwhg/
wkhq frqvxpswlrq dqg frqwlqxdwlrq xwlolw| duh wkh vdph1 Li wkh vkrfn lv gl>huhqw/
wkhq wkh ghflvlrq uxoh lv zhdno| lqfuhdvlqj lq ç1 Ixuwkhupruh/ wkh ghflvlrq uxoh
lv  dw rqo| li wkh dvvljqhg frqwlqxdwlrq xwlolw| lv vxfk wkdw hlwkhu Djhqw � ru 2 lv
frqvwudlqhg lq wkh qh{w shulrg1

Sursrvlwlrq 7161 ^L` Li 5â ' 5c wkhq zh kdyh`5âEçc 5ä ' ç +wkh 378f8uxoh4,1 ^LL`
Li 5â 9' 5 dqg E ìçcçc 5c 5âä duh vxfk wkdw +l, ç ÷ ìç dqg +ll, erwk `5âE ìçc 5ä dqg
`5âEçc 5ä duh lq wkh lqwhulru ri wkh udqjh ri `5âEüc 5ä l1h1/

`5âE ìçc 5äc`5âEçc 5ä 5 Eu E5âä c M E5âää c

wkhq `5âE ìçc 5ä : `5âEçc 5äé

81 Wkh wzr vwdwh fdvh

Wr looxvwudwh krz wkh prgho zrunv dqg wr jhw d urxjk lghd derxw lwv txdqwlwd0
wlyh srwhqwldo wr h{sodlq dvvhw uhwxuqv/ zh dqdo|}h d vlpsoh h{dpsoh1 Zh frp0
sohwho| fkdudfwhul}h wkh rswlpdo doorfdwlrqv dqg doo wkh hohphqwv ri dq htxloleulxp
zlwk vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw/ dqg zh frpsxwh vrph qxphu0
lfdo fdvhv1 Dprqj rwkhu wklqjv/ wklv h{dpsoh looxvwudwhv wkh flufxpvwdqfhv xq0
ghu zklfk djhqwv* vroyhqf| frqvwudlqwv elqg1 Pruhryhu/ rxu h{dplqdwlrq ri wkh
Kdqvhq0Mdjdqqdwkdq erxqgv vkrzv wkdw zh fdq rewdlq txdqwlwdwlyho| lqwhuhvwlqj
uhvxowv zlwk orz ulvn dyhuvlrq1
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8141 H!flhqw doorfdwlrqv

Frqvlghu wkh fdvh zlwk d frqvwdqw glvfrxqw idfwru q dqg ~ ' i\�c \2j/ zlwk
"2 E\�ä ÷ "2 E\2ä c zklfk e| v|pphwu| lpsolhv "� E\2ä ' "2 E\�ä ÷ "2 E\2ä ' "� E\�ä1
Zh ?uvw vkrz wkdw zkhq ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkh ghflvlrq uxohv lpso|
d xqltxh hujrglf vhw/ zkhuh frqwlqxdwlrq xwlolw| ç/ dqg khqfh frqvxpswlrq/ gh0
shqg h{foxvlyho| rq wkh fxuuhqw ydoxh ri 5é Vhfrqg/ zh fkdudfwhul}h wkh ydoxhv ri
frqvxpswlrq lq wkh hujrglf vhw1

Wkh ghflvlrq uxohv ri sureohp +714, duh frpsohwho| ghvfulehg e| dqdo|}lqj
wzr fdvhv1 Li 5â ' 5/ wkhq wkh rswlpdo srolf| lv wkh 78J olqh dv zh kdyh vkrzq
ehiruh1 Iru wkh uhpdlqlqj fdvh ri 5â 9' 5 / wkh iroorzlqj sursrvlwlrq/ suryhq lq wkh
dsshqgl{/ vkrzv wkdw wkh srolflhv uxohv duh frqvwdqw/ d uhvxow wkdw zh uhihu wr dv
vd|lqj wkdw wkh| duh  dw diwhu uhyhuvdo1

Sursrvlwlrq 8141 Ghflvlrq uxohv wkdw dfklhyh T duh 3 dw4 diwhu d uhyhuvdo ri wkh
vkrfn/ wkdw lv/ iru doo ç 5 ( E5ä ' du E5ä c M E5äo

`\2 Eçc \�ä ' u E\2ä ì 7çE\2ä dqg

`\� Eçc \2ä ' M E\�ä ì 7çE\�ä1

Iljxuh 6 sorwv wkh ghflvlrq uxohv `5âEçc 5ä1 Iru dq| lqlwldo Eçc 5ä/ diwhu rqh uh0
yhuvdo ri wkh vkrfn 5/ frqwlqxdwlrq xwlolw| dqg frqvxpswlrq iru Djhqw 5 zloo dwwdlq
wkh ydoxhv çE5ä dqg SE5ä/ dqg ghshqg rqo| rq wkh fxuuhqw vwdwh 51 E| lqvshfwlrq
ri wkhvh ghflvlrq uxohv/ li ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkh surfhvv iru içc 5j
kdv d xqltxh lqyduldqw glvwulexwlrq/ zlwk pdvv rq E 7ç E\�ä c \�ä dqg E 7ç E\2ä c \2ä1 Li
ixoo ulvn vkdulqj lv srvvleoh/ wkhq wkh grpdlqv ( E\�ä dqg ( E\2ä kdyh qrq0hpsw|
lqwhuvhfwlrq/ wkxv dq| frqvwdqw ydoxh ri ç lq wkdw lqwhuvhfwlrq lv rswlpdo/ dqg
khqfh dq| glvwulexwlrq ryhu ( E\�ä _( E\2ä lv dq lqyduldqw glvwulexwlrq1

Jlyhq rxu fkdudfwhul}dwlrq/ li ixoo ulvn0vkdulqj lv qrw srvvleoh/ Djhqw 5*v frq0
wlqxdwlrq xwlolwlhv lq wkh hujrglf vhw/ E 7çE\�äc 7çE\2ää/ dqg wkh fruuhvsrqglqj frq0
vxpswlrqv/ ESE\�äc 7SE\2ää/ kdyh wr vdwlvi| wkh iroorzlqj v|vwhp ri irxu htxdwlrqv=
wzr surplvh nhhslqj frqglwlrqv/

7çE\�ä ' üESE\�ää n q7Z 7çE\�ä n qE�ý 7Zä 7çE\2äc dqg

7çE\2ä ' üESE\2ää n q7Z 7çE\2ä n qE�ý 7Zä 7çE\�äc

wkh erxqgdu| frqglwlrq 7çE\2ä ' L
2E\2äc dqg/ gxh wr wkh v|pphwu| dfurvv djhqwv

dqg wkh uhvrxufh frqvwudlqw/ SE\�ä ' eý SE\2ä1 Wkh iroorzlqj Sursrvlwlrq/ suryhq
lq wkh dsshqgl{/ ghwhuplqhv dqg fkdudfwhul}hv wkh h!flhqw doorfdwlrq1
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Sursrvlwlrq 8151 Wkh v|vwhp ri irxu htxdwlrq kdv dw prvw wzr vroxwlrqv dqg dw
ohdvw rqh> dxwdufk| lv dozd|v d vroxwlrq1 Wkh vroxwlrq gl>huhqw iurp dxwdufk| lv
h!flhqw li dqg rqo| li lw kdv d vpdoohu yduldelolw| wkdq dxwdufk|/ wkdw lv/ "2 E\�ä é
SE\�ä é SE\2ä é "2 E\2ä1

8151 Htxloleulxp doorfdwlrqv

Lq wklv vhfwlrq zh frqvwuxfw wkh hohphqwv ri dq htxloleulxp zlwk vroyhqf| frq0
vwudlqwv wkdw duh qrw wrr wljkw fruuhvsrqglqj wr wkh h!flhqw doorfdwlrqv irxqg lq
wkh suhylrxv vhfwlrq1 Wklv looxvwudwhv wkh vhfrqg zhoiduh wkhruhp iru wklv hqyl0
urqphqw dqg fodul?hv krz wkh htxloleulxp zrunv1 Lq sduwlfxodu/ zh vkrz wkdw
3srru4 djhqwv duh wkh rqhv wkdw idfh elqglqj vroyhqf| frqvwudlqwv/ dqg zh vkrz
wkdw wkh lqwhuhvw udwhv lv orzhu dqg wkh sulflqj nhuqho lv pruh yduldeoh wkdq lq wkh
fruuhvsrqglqj hfrqrp| zlwkrxw vroyhqf| frqvwudlqwv1

Zh vxssruw wkh h!flhqw doorfdwlrq irxqg lq wkh suhylrxv vxevhfwlrq dv iroorzv1
Duurz sulfhv ghshqg h{foxvlyho| rq zkhwkhu wkh fxuuhqw vwdwh 5| lv wkh vdph dv
wkh vwdwh 5|n�/

^|
ý
5|c 5|n�

ü
' 7̂o li 5|n� ' 5| dqg

^|
ý
5|c 5|n�

ü
' 7̂?o li 5|n� 9' 5|c ;5|c;5|n�é

Xvlqj wkh uhodwlrqvkls gh?qlqj Duurz sulfhv lq htxdwlrq +617,/ zh rewdlq wkdw

7̂o ' q7Z iru 5â ' 5c +814,

7̂?o ' q
üâ E7S E\�ää
üâ E7S E\2ää

E�ý 7Zä iru 5â 9' 5é +815,

Vlqfh rqh shulrg erqg sulfhv duh htxdo wr wkh vxp ri wkh Duurz sulfhv/ wkh sulfh
ri dq xqfrqwlqjhqw erqg/ dqg khqfh wkh lqwhuhvw udwh �n ð/ lv frqvwdqw/ dqg htxdo
wr=

�

� n ð
' q

é
7Z n

ë
üâ E7S E\�ää
üâ E7S E\2ää

ê
E�ý 7Zä

è
é +816,

E| lqvshfwlrq ri +816,/ wkh lqwhuhvw udwh iru wkh hfrqrp| zlwk vroyhqf| frqvwudlqwv
lv orzhu wkdq wkh lqwhuhvw udwh iru wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrq0
rp|/ zklfk htxdov q1 Dovr/ e| lqvshfwlrq ri +814,/ wkh sulflqj nhuqho/ jlyhq e|
^| E5

|c 5|n�ä *Z E5|n�m5|ä lv pruh yrodwloh wkdq wkh sulflqj nhuqho ri wkh fruuhvsrqglqj
uhsuhvhqwdwlyh djhqw hfrqrp|/ zklfk lv frqvwdqw lq wklv fdvh1
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Djhqw 5*v frqvxpswlrq ghshqgv rqo| rq wkh fxuuhqw vwdwh 5|/ l1h1/ S2c|E5|c 5|n�ä '
7S E5|n�ä c ;5|c;5|n� iru wkh 7S jlyhq e| wkh h!flhqw doorfdwlrq/ dqg Djhqw 5*v sxu0
fkdvhv ri Duurz vhfxulwlhv ghshqg rqo| rq wkh vwdwh lq zklfk wkh| sd|/ @2c|n� E5|c 5|n�ä '
7@ E5|n�ä/ ;5|c ;5|n�é Djhqw 4*v frqvxpswlrq dqg Duurz vhfxulwlhv kroglqjv duh jlyhq
e|= S�c|n� E5|n�ä ' eý S2c|n� E5

|n�ä dqg @�c|n�E5|n�ä ' ý@2c|n�E5|n�äé
Zh ?qg wkh ydoxhv ri 7@ E5ä xvlqj wkh vhtxhqfh exgjhw frqvwudlqwv +615, iru

Djhqw 5 wrjhwkhu zlwk wkh uhvrxufh frqvwudlqw +515,/

7@ E\2ä '
7S E\2äý "2 E\2ä
� n ^?o ý ^o

÷ f

7@ E\�ä ' ý7@ E\2ä : fé

Wkh vljqv ri wkh dvvhw srvlwlrqv duh yhu| lqwxlwlyh1 Lqghhg/ 7@ E\�ä : f phdqv wkdw
Djhqw 5 vdyhv iru klv orz lqfrph vwdwh/ dqg 7@ E\2ä ÷ f phdqv wkdw Djhqw 5 eruurzv
djdlqvw klv kljk lqfrph vwdwh1

Wkh vroyhqf| frqvwudlqwv iru wkh kljk0lqfrph vwdwh fdq eh irxqg hdvlo| iro0
orzlqj rxu gh?qlwlrq lq htxdwlrq +618,1 Lq dq h!flhqw doorfdwlrq/ wkh frqwlq0
xdwlrq xwlolw| fruuhvsrqglqj wr wkh kljk0lqfrph vkrfn +5|n� ' \2 iru Djhqw 5,
lv jlyhq e| L ð E5|n�ä/ wkhq îðc|n� E5|n�ä ' @ðc|n� E5

|n�ä/ zklfk iru Djhqw 5 jlyhv
î E\2ä ì î2c|n� E\2c 5|ä ' 7@ E\2ä é

Wkh vroyhqf| frqvwudlqwv fruuhvsrqglqj wr wkh orz0lqfrph vkrfn +5|n� ' \�
iru Djhqw 5, fdqqrw eh ghwhuplqhg gluhfwo| iurp wkh rswlpdo doorfdwlrqv/ ehfdxvh
wkh| ghshqg rq wkh vroxwlrqv wr r>0htxloleulxp frqvxpswlrq dqg sruwirolr fkrlfh
sureohpv1 Zh vkrz lq wkh dsshqgl{ krz wr ghwhuplqh wkh frqvwudlqw lq wklv
sduwlfxodu h{dpsoh1

Sursrvlwlrq 8161 î E\�ä ì î2c|n� E5|c \�ä '
k
^?o
�3^o

l
î E\2ä é f1

Lq wklv htxloleulxp/ djhqwv duh frqvwudlqhg djdlqvw eruurzlqj djdlqvw wkh ixwxuh
vwdwh 5|n� zkhuh wkhlu lqfrph zloo eh kljk/ uhjdugohvv ri wkh fxuuhqw vwdwh 5|19 Exw
wkhuh lv dq lpsruwdqw gl>huhqfh ghshqglqj rq wkh fxuuhqw vwdwh 5|1 Li wkh djhqw
kdv klv kljk0lqfrph vkrfn +vd|/ 5| ' \2 iru Djhqw 5,/ wkh djhqw grhv qrw zdqw
wr eruurz pruh djdlqvw hlwkhu wkh edg ru wkh jrrg ixwxuh vwdwh/ vlqfh iru erwk
fdvhv/ klv pdujlqdo udwh ri vxevwlwxwlrq lv htxdo wr wkh Duurz sulfh1 Lq wklv fdvh/
kh lv dw wkh frqvwudlqw exw lw lv d3idovh fruqhu14 Li wkh vroyhqf| frqvwudlqw zhuh

9Gxh wr v|pphwu|/ wkh dvvhw srvlwlrqv dqg vroyhqf| frqvwudlqwv iru Djhqw 4 duh wulyldo/ rqfh
wkhvh duh ghwhuplqhg iru Djhqw 51
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uhod{hg d elw/ kh zrxog qrw fkdqjh wkh rswlpdo fkrlfh ri frqvxpswlrq dqg dvvhw
kroglqjv1 Rq wkh rwkhu kdqg/ li wkh fxuuhqw vwdwh lv wkh rqh zkhuh wkh djhqw kdv
klv orz lqfrph +5| ' \� iru Djhqw 5,/ wkhq wkh djhqw zdqwv wr eruurz djdlqvw klv
jrrg vwdwh/ exw kh fdqqrw1 Lq wklv fdvh/ wkh vroyhqf| frqvwudlqw elqgv dqg wkh
pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq lq 5| ' \� dqg lq 5|n� ' \2 iru
Djhqw 5 lv vwulfwo| orzhu wkdq wkh fruuhvsrqglqj Duurz sulfh1 Lq wklv vwdwh/ wkh
vroyhqf| frqvwudlqw fdqqrw eh uhod{hg zlwkrxw fkdqjlqj wkh fkrlfh ri frqvxpswlrq
dqg dvvhw kroglqjv1 Khqfh/ wkh vroyhqf| frqvwudlqwv celqg* rqo| lq wkh fdvh zkhuh
wkh djhqw*v fxuuhqw lqfrph vkrfn lv orz/ l1h1 srru djhqwv duh frqvwudlqhg iurp
eruurzlqj1

8161 Fdoleudwlrq= Ulvn0vkdulqj dqg wkh Kdqvhq0Mdjdqqdwkdq erxqgv

Zh fdoleudwh lqglylgxdo lqfrph iroorzlqj Khdwrq dqg Oxfdv +4<<9, edvhg rq d odujh
vdpsoh iurp wkh SVLG1 Lq sduwlfxodu wkh| ?qg wkdw wkh orj ri dq djhqw*v lqfrph/
uhodwlyh wr wkh djjuhjdwh/ *? "ðc|/ lv vwdwlrqdu| zlwk d ?uvw rughu vhuldo fruuhodwlrq ri
318 dqg d vwdqgdug ghyldwlrq ri 315< iru dqqxdo gdwd1 Zh vhw q ' féSD dqg h{soruh
wkh h>hfw ri ulvn dyhuvlrq iru frqvxpswlrq dqg iru dvvhw sulflqj lpsolfdwlrqv/ zh
zloo h{soruh wkh txdqwlwdwlyh h>hfwv ri q ehorz1:

Iljxuh 7 suhvhqwv wkh h!flhqw frqvxpswlrq doorfdwlrq dqg wkh fruuhvsrqglqj
htxloleulxp hohphqwv iru ydoxhv ri ulvn dyhuvlrq ehwzhhq 3 dqg 9 xvlqj wkh irupxodh
ghvfulehg deryh1 Wkh wrs sdqho glvsod|v frqvxpswlrq ri Djhqw 5 lq hdfk vwdwh/
dv d iudfwlrq ri phdq lqfrph1 Dv ulvn dyhuvlrq lqfuhdvhv/ h!flhqw doorfdwlrqv jr
iurp dxwdufk|/ wr sduwldo ulvn0vkdulqj +ulvn dyhuvlrq dssur{lpdwho| ehwzhhq 5 dqg
7,/ dqg ?qdoo| wr ixoo ulvn vkdulqj1 Lq wkh erwwrp sdqho zh glvsod| Djhqw 5*v dvvhw
kroglqjv dqg vroyhqf| frqvwudlqwv iru hdfk vwdwh1 Wkh ?jxuh vkrzv wkdw iru orz
ulvn dyhuvlrq/ zkhuh wkh htxloleulxp fruuhvsrqgv wr dxwdufk|/ dvvhw kroglqjv htxdo
vroyhqf| frqvwudlqwv/ zklfk doorz qr eruurzlqj dw doo1 Iru kljkhu ulvn dyhuvlrq/
Djhqw 5 lv frqvwudlqhg rqo| lq eruurzlqj frqwlqjhqw rq wkh uhdol}dwlrq ri vwdwh
5/ zkhq kh kdv uhodwlyho| kljk lqfrph1 Iru kljkhu ydoxhv ri ulvn dyhuvlrq/ wkh
htxloleulxp glvsod|v pruh lqvxudqfh/ zklfk lv vxssruwhg e| vroyhqf| frqvwudlqwv
wkdw doorz pruh eruurzlqj1 Iru hyhq kljkhu ohyhov ri ulvn dyhuvlrq/ wkh htxloleulxp
glvsod|v ixoo ulvn vkdulqj/ dqg wkh vroyhqf| frqvwudlqwv gr qrw elqg lq hlwkhu ri wkh

:Wkh sdudphwhuv iru wklv fdvh duh wkh iroorzlqj= ø @

é
3=:8 3=58
3=58 3=:8

è
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é
î4 +\4,
î4 +\5,

è
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vwdwhv1
Kdqvhq dqg Mdjdqqdwkdq*v yrodwlolw| orzhu erxqgv iru vwrfkdvwlf glvfrxqw idf0

wruv surylgh d frqflvh dqg zlgho| xvhg gldjqrvwlf ghylfh iru dvvhw sulflqj prghov1;

Iljxuh 8 vkrzv wkh Kdqvhq dqg Mdjdqqdwkdq yrodwlolw| erxqg iru hdfk phdq ydoxh
ri wkh nhuqho lpsolhg e| wkh gdwd/ wrjhwkhu zlwk vwdqgdug ghyldwlrq dqg phdqv ri
wkh prgho sulflqj nhuqho iru vhohfwhg ydoxhv ri ulvn dyhuvlrq1 Wkh prgho lv deoh
wr jhqhudwh nhuqhov wkdw idoo lqvlgh wkh Kdqvhq dqg Mdjdqqdwkdq erxqg iru ulvn
dyhuvlrq frh!flhqwv durxqg 51 Dv lv zhoo nqrzq/ wkh vwdqgdug hfrqrp| zlwkrxw
vroyhqf| frqvwudlqwv lv yhu| idu iurp sdvvlqj wklv whvw iru vxfk orz ydoxhv ri ulvn
dyhuvlrq1<

Wklv srvlwlyh ?qglqj dovr frq?upv hpslulfdo uhvxowv e| Kh dqg Prghvw +4<<8,
wkdw vkrz wkdw vroyhqf| frqvwudlqwv fdq sdvv d prgl?hg yrodwlolw| erxqg whvw iru
djjuhjdwh frqvxpswlrq gdwd1 D forvh orrn dw wklv slfwxuh uhyhdov wkh wzr0vlghg uroh
ri wkh ulvn dyhuvlrq frh!flhqw1 Lq prvw ri wkh dvvhw sulflqj olwhudwxuh/ lqfuhdvlqj
ulvn dyhuvlrq lqfuhdvhv wkh yrodwlolw| ri wkh sulflqj nhuqho/ ehfdxvh iru d jlyhq
frqvxpswlrq surfhvv pdujlqdo xwlolw| lv pruh yrodwloh1 Lq rxu iudphzrun krzhyhu/
wkh h{whqw ri ulvn0vkdulqj dqg wkxv wkh yrodwlolw| ri wkh frqvxpswlrq surfhvv lv
hqgrjhqrxv1 Wkh kljkhvw yrodwlolw| iru wkh sulflqj nhuqho lv dfklhyhg zlwk prghvw
ydoxhv ri ulvn dyhuvlrq/ zklfk fruuhvsrqg wr yhu| olplwhg ulvn0vkdulqj1 Wklv fdq
eh vhhq e| h{dplqlqj wkh frqvxpswlrq doorfdwlrqv/ dvvhw kroglqjv/ dqg vroyhqf|
frqvwudlqwv lq Iljxuh 7 iru ulvn dyhuvlrq ydoxhv forvh wr 51

91 Txdqwlwdwlyh suhglfwlrqv derxw dvvhw uhwxuqv

Zh qrz frqvlghu dq hqgrzphqw surfhvv wkdw doorzv iru yduldeoh ghjuhhv ri ghshq0
ghqfh ehwzhhq lqglylgxdo dqg djjuhjdwh lqfrph xqfhuwdlqw|1 Wkh irup dqg wkh
h{whqw ri wklv ghshqghqfh wxuqv rxw wr eh yhu| lpsruwdqw iru dvvhw sulfhv1 Iru
wkdw uhdvrq/ rxu remhfwlyh lq wklv vhfwlrq lv qrw rqo| wr grfxphqw wr zkdw h{whqw
d sodxvleo| fdoleudwhg prgho fdq h{sodlq d vhw ri dvvhw sulflqj prphqwv/ exw dovr
wr ghulyh vrph txdolwdwlyh surshuwlhv derxw krz vshfl?f irupv ri ghshqghqfh eh0
wzhhq lqglylgxdo dqg djjuhjdwh lqfrph xqfhuwdlqw| jhqhudwh vshfl?f dvvhw uhwxuq
surshuwlhv1

;Iru d ghwdloohg vxuyh| ri dssolfdwlrqv ri wklv whvw vhh/ iru h{dpsoh/ Frfkudqh dqg Kdqvhq
+4<<5,1

<Lqwurgxflqj djjuhjdwh xqfhuwdlqw| lqwr rxu h{dpsoh zrxog ri frxuvh jhqhudoo| jlyh ixuwkhu
yrodwlolw| wr wkh sulflqj nhuqho dqg khos lw sdvv wkh whvw1
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9141 Vshfl?fdwlrq ri wkh hqgrzphqw surfhvv

Zh vshfli| wkh hqgrzphqw surfhvv zlwk irxu ydoxhv iru wkh vkduh ri lqfrph ri hdfk
djhqw dqg wzr ydoxhv iru wkh djjuhjdwh jurzwk udwh/ uhvshfwlqj v|pphwu| dfurvv
djhqwv1 Wkh vhw ~ kdv irxu hohphqwv/ zlwk v|pphwu| zh hqg xs zlwk d wrwdo ri 43
sdudphwhuv wr eh vhohfwhg/ vl{ iru á/ wzr iru "2 Eüä dqg wzr iru b Eüä1

Wkh vxevfulswv o dqg e lqgh{ d uhfhvvlrq dqg dq h{sdqvlrq uhvshfwlyho|1 Wkh
vxevfulswv û dqg , lqgh{ d kljk0 dqg d orz0lqfrph vkduh iru Djhqw 21 Zlwk wklv
frqyhqwlrq zh kdyh43

b E\�ä ' b E\ôä ' bo ÷ be ' b E\2ä ' b E\eä c dqg

"2 E\�ä ' ",o ÷
�

2
÷ "ûo ' "2 E\ôä

"2 E\2ä ' ",e ÷
�

2
÷ "ûe ' "2 E\eä é

9151 Fdoleudwlrq ri wkh ehqfkpdun hqgrzphqw surfhvv

Zh xvh 43 prphqwv ghvfulelqj wkh djjuhjdwh dqg krxvhkrog lqfrph gdwd wr vhohfw
wkh 43 iuhh sdudphwhuv ri wkh hqgrzphqw surfhvv1 Wkh prgho shulrg lv d |hdu1
Zh irfxv rq irxu prphqwv ri X1V1 djjuhjdwh rxwsxw jurzwk lq wkh 53|û fhqwxu|/
dqg rq vl{ rwkhu prphqwv wr fkdudfwhul}h krxvhkrog lqfrph ulvn1 Wkh suhihuhqfh
sdudphwhuv/ ulvn dyhuvlrq dqg sxuh wlph glvfrxqw idfwru/ duh glvfxvvhg lq wkh qh{w
vhfwlrq1
P41 Iluvw rughu vhuldo fruuhodwlrq/ 4Ebä ' ýfé�e/ Phkud dqg Suhvfrww +4<;8,1
P51 èhEe%R@?rðJ?ä*èhEoeSerrðJ?ä ' 2éSDc QEHU exvlqhvv f|foh fkurqrorj|

iru 4;;<04<<41
Wkh ?uvw wzr prphqwv uhvwulfw wkh suredelolw| pdwul{1 Lq sduwlfxodu/ wkh| lp0

so| d 5 e| 5 pdwul{ iru wkh djjuhjdwh vwdwh rewdlqhg e| frpelqlqj wkh suredelolwlhv
iru wkh wzr uhfhvvlrq vwdwhv/ \� dqg \ô/ dqg wkh wzr h{sdqvlrq vwdwhv/ \2 dqg \e1
Jlyhq wklv pdwul{/ wkh qh{w wzr frqglwlrqv ghwhuplqh wkh wzr ydoxhv ri b1
P61 .Ebä ' �éHôI/ Phkud dqg Suhvfrww +4<;8,1
P71 7|_Ebä ' ôéD.I/ Phkud dqg Suhvfrww +4<;8,1
Wkh uhpdlqlqj iuhh sdudphwhuv duh ghwhuplqhg mrlqwo|1 Zh xvh wkh vwxglhv e|

Khdwrq dqg Oxfdv +4<<9,/ khqfhiruwk KO/ dqg Vwruhvohwwhq/ Whophu dqg \durq

43E| v|pphwu|/ iru hdfk }> dqg hdfk ydoxh ri î5 +}, wkhuh pxvw eh dqrwkhu �} vxfk wkdw î4 +�}, @
î5 +}, = Wklv lpsolhv wkdw îou . îku @ 4 dqg îoh . îkh @ 41
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+4<<:,/ khqfhiruwk VW\/ wr jxlgh xv lq ghwhuplqlqj d ehqfkpdun fdoleudwlrq144

Diwhu gh?qlqj wkhvh prphqwv dqg rxu ehqfkpdun ydoxhv/ zh glvfxvv ixuwkhu ehorz
krz wkhvh fkrlfhv duh uhodwhg wr wkh wzr ruljlqdo gdwd vwxglhv1
P81 7|_ E*? " E5ää ' fé2bSé
P91 Iluvw rughu vhuldo fruuhodwlrq/ 4 E*? " E5ää ' féDô1
Wkh odvw irxu prphqwv ghwhuplqh wkh uhodwlrqvkls ehwzhhq lglrv|qfudwlf dqg

djjuhjdwh lqfrph ehkdylru1 Frqvlvwhqw zlwk KO dqg VW\zh lqwurgxfh frqglwlrqdo
khwhurvfhgdvwlflw| ri wkh lglrv|qfudwlf lqfrphv h{foxvlyho| wkurxjk wkh suredelolw|
pdwul{/ dv vkrzq e| P: ehorz1
P:1 Wkh furvv vhfwlrqdo glvshuvlrq ri wkh vkduhv lq uhfhvvlrqv uhodwlyh wr

h{sdqvlrqv/ ño*ñe ' �1 Lq d jlyhq vwdwh/ wklv lv gh?qhg dv

ñ2 E5|ä ì �

2

[
ð'�c2

é
"ð E5|äý �

2

è2
dqg e| v|pphwu| zh kdyh ñ E\�ä ' ñ E\ôä dqg ñ E\2ä ' ñ E\eä é
P;1 Uhodwlyh vwdqgdug ghyldwlrq ri lqglylgxdo vkduhv frqglwlrqdo rq fxuuhqw

dqg sdvw uhdol}dwlrqv ri wkh djjuhjdwh vkrfn=

joâe
jeâe

ì r|_ E*? "ð E5|n�ä mb|n� ' boc b| ' beä
r|_ E*? "ð E5|n�ä mb|n� ' bec b| ' beä ' �éD é45

P<1 Uhodwlyh vwdqgdug ghyldwlrq ri lqglylgxdo vkduhv frqglwlrqdo rq fxuuhqw
dqg sdvw uhdol}dwlrqv ri wkh djjuhjdwh vkrfn=

joâo
jeâo

ì r|_ E*? "ð E5|n�ä mb|n� ' boc b| ' boä
r|_ E*? "ð E5|n�ä mb|n� ' bec b| ' boä ' �éDé

P431 Uhodwlyh vwdqgdug ghyldwlrq ri lqglylgxdo vkduhv frqglwlrqdo rq sdvw
uhdol}dwlrq ri wkh djjuhjdwh vkrfn=

jo
je
ì r|_ E*? "ð E5|n�ä mb| ' boä
r|_ E*? "ð E5|n�ä mb| ' beä ' fébDé

44Lq vrph fdvhv wkhuh duh wzr vhwv ri sdudphwhuv wkdw uhsolfdwh wkh vhohfwhg prphqwv1 Lq
wkhvh fdvhv zh slfn wkh vroxwlrq wkdw kdv ohvv yduldwlrqv lq wkh phdqv frqglwlrqdo rq zkhwkhu
wkh ghvwlqdwlrq lv d uhfhvvlrq ru dq h{sdqvlrq1 Wklv lv wkh surfhvv wkdw lv forvhu wr wkh olqhdu
surfhvvhv hvwlpdwhg e| KO dqg VW\1

45Lw fdq eh vkrzq wkdw vwg +oq îl +}w.4, mèw.4 @ èu> èw @ èh, @
vwg +oq îl +}w.4, mèw.4 @ èu> èw @ èh> îl>w, > wkdw lv/ wkh frqglwlrqdo vwdqgdug ghyldwlrq ri wkh
vkduh +dqg wkh orj, grhv qrw ghshqg rq wkh fxuuhqw lglrv|qfkudwlf vkrfn/ rqo| rq wkh djjuhjdwh
jurzwk vwdwh wkdw lv ixoo| ghvfulehg e| èw=
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Wkh iroorzlqj Wdeoh frqwdlqv wkh prphqwv lpsolhg e| wkh KO dqg wkh VW\
hvwlpdwlrq ri wkh krxvhkrog lqfrph surfhvvhv1 Iru wkh KO fdoleudwlrq wkhuh duh
wzr ydoxhv lq hdfk fhoo/ wkh ?uvw iru wkh hqwluh vdpsoh ri ;93 krxvhkrogv dqg wkh
vhfrqg iru wkh vxevdpsoh ri 65: vwrfnkroghuv1 Vlqfh KO dqg VW\ hvwlpdwh wkh
lqglylgxdo lqfrph surfhvv frqglwlrqdo rq wkh djjuhjdwh lqfrph/ zh frpelqh wkhlu
hvwlpdwhv ri wkh lqglylgxdo lqfrph surfhvv zlwk rxu vshfl?fdwlrq iru djjuhjdwh
lqfrph1 Rxu fdoleudwlrq pdlqo| iroorzv wkh KO fdoleudwlrq/ jlyhq wkdw wkh| duh
fdoleudwlqj d prgho zlwk wkh vdph lq?qlwh krul}rq/ wzr0djhqw vwuxfwxuh1 Jlyhq
wkdw hduolhu zrun rq dvvhw sulflqj zlwk lqfrpsohwh pdunhwv kdv vkrzq wkdw wkh
prphqwv ; dqg < duh lpsruwdqw zh fkrrvh d ydoxh voljkwo| kljkhu wkdq KO/ exw
vwloo ehorz VW\*v1

KO KO/ rxu b| VW\/ rxu b| Ehqfkpdun
P8 7|_E*? "ä féô*fée fé.� éô
P9 4 E*? " E5ää féDô*éô féH. éDô
P: ño*ñe �éf2*fébô �éfô*féb débôý �éf.o �
P; joâe*jeâe fébb*�é�b fébb*�é2. �éHH �éD
P< joâo*jeâo fébb*�é�b fébb*�é2. �éHH �éD
P43 jo*je �éô.*�éf� féeD*féHS fébf ébDé46

Wkh prgho fdq eh vroyhg e| lwhudwlqj rq wkh ixqfwlrqdo htxdwlrq +714,1 Iru
wkh uhvxowv suhvhqwhg lq wklv sdshu zh xvh d jxhvv dqg yhuli| vwudwhj| edvhg rq
wkh vx!flhqw frqglwlrqv suhvhqwhg lq Doyduh} dqg Mhupdqq +5333,1 H!flhqw do0
orfdwlrqv kdyh d ?qlwh qxpehu ri frqvxpswlrq ydoxhv/ exw frqvxpswlrq wdnhv/ lq
jhqhudo/ pruh ydoxhv wkdq wkh qxpehu ri vwdwhv lq ~1 Wkh pdlq dgydqwdjh ri wklv
dssurdfk lv wkdw rxu uhvxowv duh yhu| dffxudwh1

9161 Txdqwlwdwlyh lpsolfdwlrqv iru wkh ehqfkpdun fdvh

Zh grfxphqw wkh lpsolfdwlrqv iru ulvn0vkdulqj dqg dvvhw sulflqj dv d ixqfwlrq ri
ulvn dyhuvlrq/ ò/ dqg wkh sxuh wlph0glvfrxqw idfwru/ q/ iru wkh ehqfkpdun hqgrz0
phqw surfhvv1 Iljxuh 9 suhvhqwv frqvxpswlrq vkduh yrodwlolw|/ wkh dyhudjh ulvn0iuhh
udwh/ wkh htxlw| suhplxp/ dqg wkh suhplxp iru orqj whup erqgv1 Zh gh?qh htxlw|
dv d fodlp wr djjuhjdwh hqgrzphqw dqg wkh orqj whup erqg dv d uhdo frqvro1 Zh

46Wkh wzr vwxglhv gh?qh wkhlu lglrv|qfkudwlf lqfrph yduldeoh lq d voljkwo| gl>huhqw zd|1 KO
xvh | @ oq+î,/ zkhuhdv/ VW\ xvh { @ oq îl +}w,ý 4

L

S
m@4>L oq îm +}w, = Xvlqj d ?uvw rughu orj0olqhdu

dssur{lpdwlrq wkh wzr phdvxuhv gl>hu rqo| e| d frqvwdqw/ vr wkdw wkh wzr fdq eh frqvlghuhg/
wr d ?uvw dssur{lpdwlrq/ dv lghqwlfdo iru wkh prphqwv zh frqvlghu khuh1
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?qg wkdw wkh h{whqw ri ulvn0vkdulqj/ dv phdvxuhg e| wkh yrodwlolw| ri frqvxps0
wlrq vkduhv/ lv lqfuhdvlqj lq ulvn dyhuvlrq dqg wkh wlph0glvfrxqw idfwru1 Wklv lv d
txdqwlwdwlyh looxvwudwlrq ri wkh uhvxowv lq Uhpdun +4,1 Zlwk olplwhg ulvn0vkdulqj
wkhuh lv rqo| d vpdoo uhjlrq/ forvh wr wkh rqh fruuhvsrqglqj wr dxwdufk|/ zkhuh wkh
ulvn iuhh udwh dwwdlqv uhdvrqdeo| orz ydoxhv1 Lqwhuhvwlqjo|/ wkh htxlw| suhplxp lv
kljkhvw iru ydoxhv ri ulvn dyhuvlrq wkdw duh kljkhu wkdq zkdw lv uhtxluhg wr eh lq
dxwdufk|1 Ilqdoo|/ wkh vkdsh ri wkh suhplxp iru orqj whup erqgv/ dv d ixqfwlrq ri
ò dqg qc lv vlplodu wr wkh rqh iru wkh htxlw| suhplxp/ exw wkh ydoxhv duh orzhu1

Wr jdlq lqwxlwlrq derxw zkdw ghwhuplqhv wkh ohyho ri wkh ulvn0iuhh udwh/ zh
frpsduh lw wr wkh rqh ri wkh uhsuhvhqwdwlyh djhqw hfrqrp|1 Lq wkh odwhu fdvh

�

-s|c|n�
' .|

%
q

ë
e|n�
e|

ê3ò&
c

dqg wkh ulvn0iuhh udwh/ -s|c|n�c fkdqjhv rqh iru rqh zlwk fkdqjhv lq wkh wlph0glvfrxqw
idfwru q1 Lq wkh hfrqrp| zlwk vroyhqf| frqvwudlqwv wkh ulvn0iuhh udwh vdwlv?hv

�

-s|c|n�
' .|

%
q

ë
e|n�
e|

ê3ò
4@ 
ð'�c2

+ë
÷Sðc|n�
÷Sðc|

ê3ò,&
c

dqg wkxv q fkdqjhv wkh ulvn0iuhh udwhv rqh iru rqh iru d frqvwdqw frqvxpswlrq
doorfdwlrq ÷Sðc|c ÷Sðc|n�é Ehfdxvh wkh htxloleulxp doorfdwlrq ghshqgv dovr rq q wkhuh lv
d vhfrqg h>hfw rq wkh ohyho ri wkh lqwhuhvw udwh1 Iru lqvwdqfh/ li q lv orzhuhg/ wkhuh
lv ohvv ulvn0vkdulqj dqg lqglylgxdo frqvxpswlrq vkduhv ehfrph pruh glvvlplodu dqg
wkxv wkh c4@ * lqfuhdvhv/ ohdglqj wr d uhgxfwlrq lq wkh lqwhuhvw udwh1 Wklv lv dq
looxvwudwlrq ri wkh uhvxow vkrzq lq Doyduh} dqg Mhupdqq +5333, wkdw vwdwh sulfhv lq
wkh vroyhqf| frqvwudlqwv hfrqrp| duh kljkhu wkdq wkh sulfhv lq wkh fruuhvsrqglqj
uhsuhvhqwdwlyh djhqw hfrqrp|1

Lq Wdeoh 4 dqg 5/ iru rxu ehqfkpdun fdvh/ zh vhw ulvn dyhuvlrq ò ' ô/ dqg
fkrrvh q wr pdwfk wkh klvwrulfdo dyhudjh ri wkh X1V1 ulvn0iuhh udwh ri 31;3( shu
dqqxp1 Wkh lpsolfdwlrqv iurp rxu ehqfkpdun fdvh duh yhu| hqfrxudjlqj1 Zh fdq
jhqhudwh d vl}hdeoh htxlw| suhplxp zlwk orz ulvn dyhuvlrq147 Wkh yrodwlolw| ri wkh
ulvn0iuhh udwh dqg wkh suhplxp iru orqj0whup erqgv duh forvh wr wkhlu hpslulfdo
frxqwhusduwv1 Dv vxjjhvwhg e| wkh kljk yrodwlolw| ri wkh sulflqj nhuqho/ 7|_E�ä '

47Qrwh wkdw vwrfnv lq wkh prgho hfrqrp| gr qrw kdyh ohyhudjh/ wkhuhiruh zh vkrxog frpsduh
lw wr wkh xqohyhuhg htxlw| suhplxp lq wkh gdwd/ zklfk lv orzhu wkdq wkh 914;( ri wkh uhsruwhg/
ohyhuhg/ htxlw| suhplxp1
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fébb/ wkh Vkdush udwlr ri htxlw| lv kljk1 Vshfl?fdoo|/ lw vwdqgv dw 3177/ voljkwo|
kljkhu wkdq wkh klvwrulfdo dyhudjh ri 316:1 Wdeoh 4 looxvwudwhv wkdw/ frpsduhg
zlwk wkh uhsuhvhqwdwlyh djhqw hfrqrp|/ wkh uhvwulfwlrqv rq wkh sruwirolr fkrlfhv
lpsolhg e| wkh hqgrjhqrxv vroyhqf| frqvwudlqwv vxevwdqwldoo| lpsuryh wkh delolw|
wr jhqhudwh uhdolvwlf dvvhw sulflqj lpsolfdwlrqv1

Wkh lpsolhg ydoxh ri q lv orzhu wkdq wkh ydoxhv xvhg lq rwkhu vwxglhv1 Zh kdyh
iroorzhg wkh w|slfdo surfhgxuh xvhg wr lghqwli| q/ l1h1 zh kdyh fkrvhq lw wr pdwfk
wkh dyhudjh ulvn0iuhh udwh1 Dq dowhuqdwlyh zd| wr lqwhusuhw rxu fdoleudwlrq lv wkdw
wkh ydoxh ri q lv vrphzkdw ri d sur{| ri wklqjv zklfk kdyh ehhq devwudfwhg iru lq
wkh prgho dqg zklfk lq xhqfh wkh dwwudfwlyhqhvv ri ghidxow uhodwlyh wr wkh ixwxuh
dffhvv wr fuhglw pdunhwv1 Wkh odvw urz ri Wdeoh 4 suhvhqwv dq dowhuqdwlyh 3Kljk
q4 sdudphwul}dwlrq ri wkh hqgrzphqw surfhvv zkhuh lqglylgxdo vkrfnv duh pruh
shuvlvwhqw +P9 @ 1<, dqg zkhuh uhfhvvlrqv dqg h{sdqvlrqv duh pruh dv|pphwulf
+P; @ P< @ 7 dqg P43 @1;8,1 Iru wklv sdudphwul}dwlrq zh vhw ò ' ôéDé Lq wklv
fdvh/ q ' é.H lv uhtxluhg wr pdwfk wkh ulvn iuhh udwh1 Qrwlfh wkdw wkh dvvhw sulflqj
lpsolfdwlrqv duh yhu| vlplodu wr wkh suhylrxv fdvh148

Lq Wdeoh 5 zh grfxphqw wkh dprxqw ri ulvn vkdulqj dqg wkh wljkwqhvv ri wkh
vroyhqf| frqvwudlqwv1 Dq ryhudoo phdvxuh ri wkh dprxqw ri ulvn vkdulqj lv sur0
ylghg e| frpsdulqj wkh vwdqgdug ghyldwlrq ri wkh vkduhv ri frqvxpswlrq wr wkh
vwdqgdug ghyldwlrq ri wkh lqfrph vkduhv1 Iru wkh ehqfkpdun fdvh/ frqvxpswlrq
yrodwlolw|/ dw 2HéôI/ lv rqo| voljkwo| orzhu wkdq lqfrph yrodwlolw|/ 2béSI/ lqglfdwlqj
wkdw wkhuh lv olwwoh ulvn vkdulqj lq htxloleulxp1 Wkh uhvw ri Wdeoh 5 looxvwudwhv wkh
zd| lq zklfk vroyhqf| frqvwudlqwv lpsohphqw wklv olplwhg dprxqw ri ulvn vkdu0
lqj= frqvwudlqwv elqg uhodwlyho| lqiuhtxhqwo|/ zkhq wkh| elqg wkh| duh yhu| wljkw/
dqg wkh| duh vlplodu dfurvv vwdwhv1 Frqvlghu wkh ehqfkpdun fdvh1 Wkh ydoxh ri
dq djhqw*v sruwirolr lv htxdo wr wkh vroyhqf| frqvwudlqwv 2eé.I ri wkh wlph/ dqg
wkhvh frqvwudlqw elqg/ l1h1 wkh| kdyh vwulfwo| srvlwlyh Odjudqjh pxowlsolhu/ 2�éôI
ri wkh wlph149 Frqglwlrqdo rq djhqwv* sruwirolr ydoxhv ehlqj htxdo wr wkhlu vro0
yhqf| frqvwudlqwv/ wkh frqvwudlqwv duh ýféHI ri fxuuhqw lqfrph dqg 2éSI ri wkh
fruuhvsrqglqj ydoxhv iru wkh hfrqrp| zlwkrxw frqvwudlqwv1 Frqglwlrqdo rq wkh
vroyhqf| frqvwudlqwv ehlqj htxdo wkh ydoxhv ri djhqwv* sruwirolr/ wkh| gr qrw ydu|
pxfk dfurvv vwdwhv/ wkh frh!flhqw ri yduldwlrq lv eéeI1 Iru frpsdulvrq/ lq wkh

48Lqwhuhvwlqjo|/ Oljrq/ Wkrpdv dqg Zruudo +4<<:,/ xvlqj d vlplodu prgho dqg gdwd iurp lqgl0
ylgxdo frqvxpswlrq dqg lqfrph iurp srru yloodjhv/ kdyh hvwlpdwhg ydoxhv ri ñ lq wkh qhljerxu0
krrg ri 4@51

49Lq Vhfwlrq 8 zh glvfxvv lq ghwdlo wkh glvwlqfwlrq ehwzhhq kdylqj d vwulfwo| srvlwlyh Odjudqjh
pxowlsolhu dqg ehlqj dw d idovh fruqhu1
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3Kljk q4 fdvh wkhuh lv vrphzkdw pruh ulvn vkdulqj dqg wkh frqvwudlqwv duh voljkwo|
orrvhu1

916141 Frpsdulvrq zlwk rwkhu txdqwlwdwlyh vwxglhv

Rwkhu vwxglhv kdyh h{soruhg wkh frqqhfwlrq ehwzhhq olplwhg ulvn vkdulqj/ dvvhw
sulfhv/ dqg h{rjhqrxvo| jlyhq eruurzlqj frqvwudlqwv1 Iru lqvwdqfh/ Whophu +4<<6,
dqg Khdwrq dqg Oxfdv +4<<9, vkrz wkdw djhqwv fdq dwwdlq vljql?fdqw ulvn vkdulqj
zkhq idfhg zlwk wudqvlwru| lqfrph vkrfnv surylghg wkdw wkh| duh doorzhg wr wdnh
odujh vkruw srvlwlrqv1 Khdwrq dqg Oxfdv +4<<9, dovr glvsod| h{dpsohv zkhuh lp0
srvlqj vkruw0vdohv frqvwudlqwv rq rqh0shulrg erqgv lpsuryhv wkhlu prgho*v dvvhw
sulflqj lpsolfdwlrqv1

]kdqj +4<<:, suhvhqwv d prgho zlwk hqgrjhqrxv eruurzlqj frqvwudlqwv pr0
wlydwhg e| d sduwlflsdwlrq frqvwudlqw olnh rxuv1 Kh frqvlghuv d ?{hg eruurzlqj
frqvwudlqw/ lqghshqghqw ri wkh djhqw*v fxuuhqw lqfrph dqg zhdowk1 Ehfdxvh klv
eruurzlqj frqvwudlqw lv ?{hg/ lw fdqqrw eh qrw wrr wljkw lq jhqhudo1 Lq klv prgho
Djhqwv duh rqo| doorzhg wr wudgh rqh0shulrg xqfrqwlqjhqw ghew/ wkxv uhvwulfwlqj
wkh dvvhw sulflqj dqdo|vlv wr vkruw whup lqwhuhvw udwhv1 Lq wkh fdvhv suhvhqwhg lq
klv sdshu wkhuh lv frqvlghudeoh ulvn vkdulqj dqg vrphzkdw frxqwhuidfwxdo dvvhw
sulflqj lpsolfdwlrqv14: Lq rxu ehqfkpdun fdvh/ wkhuh lv olwwoh ulvn vkdulqj dqg
dvvhw sulflqj lpsolfdwlrqv duh forvhu wr wkh gdwd1 Prwlydwhg e| wklv frqwudvw/ zh
surylgh pruh ghwdlov derxw wkh gl>huhqfhv lq wkh wzr sdshuv1

Wkh gl>huhqfh ehwzhhq wkh uhvxowv lq wkh wzr vwxglhv olhv sulpdulo| lq wkh
zd| dvvhw sulfhv duh uhodwhg wr pdujlqdo udwhv ri vxevwlwxwlrq/ dqg lq wkh zd|
wkh wlph suhihuhqfh sdudphwhu q lv fkrvhq1 Ghqrwh e| -~s|c|n� dqg -

s
|c|n� wkh rqh

shulrg uhwxuq rq dq xqfrqwlqjhqw erqg lq ]kdqj*v hfrqrp| dqg lq rxuv1 Lq
]kdqj*v htxloleulxp �*-~s|c|n� ' 4@ ð'�c2.|

k
q
üâESðc|n�ä
üâESðc|ä

l
é Lq rxu htxloleulxp/ wkh

sulfh ri d rqh shulrg erqg htxdov wkh vxp ri wkh Duurz vhfxulwlhv/�*-s|c|n� '

.|

k
4@ ð'�c2 q

üâESðc|n�ä
üâESðc|ä

l
1 Fohduo| -s|c|n� é -~s|c|n�é Frqfhuqlqj wkh fkrlfh ri sdudph0

whuv/ klv hqgrzphqw surfhvvhv dqg ulvn dyhuvlrq duh vlplodu wr rxuv/ krzhyhu klv
wlph0suhihuhqfh frh!flhqw q lv forvh wr 4 zklfk lv pxfk kljkhu wkdq rxuv1 Dv d
frqvhtxhqfh/ klv h{dpsohv gr qrw uhsolfdwh klvwrulfdo phdq ulvn iuhh lqwhuhvw udwhv
ri 31;(1 Iru lqvwdqfh/ zlwk ulvn dyhuvlrq htxdo wr 6/ dv lq rxu ehqfkpdun fdvh/
wkh lqwhuhvw udwh lq klv hfrqrp| lv kljkhu wkdq 9( dqqxdoo|1

4:Iru lqvwdqfh/ wkh yrodwlolw| ri wkh sulflqj nhuqho lq ]kdqj*v sdshu lv zhoo ehorz wkh Kdqvhq0
Mdjdqqdwkdq yrodwlolw| erxqg1
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9171 Ghwhuplqdqwv ri wkh htxlw| suhplxp dqg wkh whup vwuxfwxuh

Wr xqghuvwdqg wkh ghwhuplqdqwv ri wkh htxlw| suhplxp dqg ri wkh whup vwuxfwxuh/
zh dqdo|}h wkh ehkdylru ri ulvn suhpld iru gl>huhqw w|shv ri ghshqghqfh ehwzhhq
djjuhjdwh dqg lqglylgxdo lqfrph xqfhuwdlqw|1 Zh vwduw zlwk wkh fdvh zkhuh dj0
juhjdwh dqg lqglylgxdo lqfrph vkrfnv duh lqghshqghqw1 Wkhq zh grfxphqw wkh
frqvhtxhqfhv iru dvvhw sulfhv ri wkh w|shv ri ghshqghqfh lqwurgxfhg wkurxjk khw0
hurvfhgdvwlflw| lq wkh lqglylgxdo ulvnv dv ghvfulehg e| wkh prphqwv P; wr P431
Zh ?qg wkdw wkh htxlw| suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq lqglylgxdo
lqfrph xqfhuwdlqw| dqg wkh frqwhpsrudqhrxv djjuhjdwh lqfrph jurzwk1 Wkh whup
suhplxp ghshqgv rq wkh frpryhphqw ehwzhhq wkh iruhfdvw ri ixwxuh lqglylgxdo
lqfrph xqfhuwdlqw| dqg djjuhjdwh lqfrph jurzwk1

Zh uhihu wr wkh fdvh zkhuh wkh djjuhjdwh lqfrph jurzwk vkrfn lv ðéðé_é dqg
lqghshqghqw ri wkh lqglylgxdo lqfrph vkrfn dv Lqghshqghqw ulvnv1 Wkh ?uvw sdqho
ri Wdeoh 6 glvsod|v wkh dvvhw sulflqj lpsolfdwlrqv ri wkh fdvh zlwk Lqghshqghqw
ulvnv/ iru zklfk �� ' f dqg �2c�.c�Hc�bc��f ' �14; Lq doo fdvhv suhvhqwhg
lq Wdeoh 6/ ulvn dyhuvlrq ò ' ô dqg wkh wlph0glvfrxqw idfwru q ' féDc zlwk wkhvh
ydoxhv doo wkh htxloleuld glvsod| vrph/ exw qrw frpsohwh/ ulvn0vkdulqj dv fdq eh vhhq
e| wkh idfw wkdw f ÷ 7|_E*?eSä ÷ fé2bS ' 7|_E*? "äé Zh vxppdul}h rxu ?qglqjv lq
wzr sursrvlwlrqv dqg wzr uhvxowv1

Sursrvlwlrq 9141 Zlwk Lqghshqghqw ulvnv/ lqwhuhvw udwhv duh frqvwdqw dqg wkxv
wkhuh lv qr ulvn suhplxp iru erqgv1

Dv vkrzq lq wkh dsshqgl{/ wkh dvvxpswlrq ri lqghshqghqw ulvnv lv qrw vx!flhqw
wr jhqhudwh wklv uhvxow lq jhqhudo1 Wklv uhvxow dovr ghshqgv rq wkh sduwlfxodu
qxpehu ri vwdwhv dqg djhqwv fkrvhq lq wklv fdoleudwlrq1 Qhyhuwkhohvv/ zh wklqn
wklv lv d xvhixo ehqfkpdun/ ehfdxvh vwduwlqj zlwk d fdvh wkdw kdv frqvwdqw lqwhuhvw
udwhv zloo doorz xv wr frqvlghu vhsdudwho| zkdw ghwhuplqhv whup suhpld dqg suhpld
iru sd|rxw xqfhuwdlqw|1 Lq wkh dsshqgl{ zh vkrz=

Sursrvlwlrq 9151 Zlwk Lqghshqghqw ulvnv/ wkh +pxowlsolfdwlyh, htxlw| suhplxp
lq wkh vroyhqf| frqvwudlqwv hfrqrp| lv lghqwlfdo wr wkh rqh lq wkh fruuhvsrqglqj
uhsuhvhqwdwlyh djhqw hfrqrp|1

4;Wkh hfrqrp| dovr glvsod|v v|pphwu| ehwzhhq h{sdqvlrqv dqg uhfhvvlrqv/ wkdw lv/ P5 @ 41
Wklv lv qrw qhfhvvdu| iru wkh uhvxowv suhvhqwhg khuh1 Hyhq zlwk P5 9@ 4/ wkh vdph txdolwdwlyh
surshuwlhv krog1 Iru frpsdulvrq/ Wdeoh 6 dovr glvsod|v d cQr khwhurvfhgdvwlf|* fdvh/ zkhuh
P4 @ ý3=47 dqg P5 @ 5=98 dv lq wkh ehqfkpdun fdoleudwlrq1
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Dv wkh uhdghu fdq vhh lq sdqho 4 ri Wdeoh 6/ wkh pxowlsolfdwlyh ulvn suhplxp iru
erwk hfrqrplhv lv htxdo wr féôSHbI14< Lw lv lq jhqhudo wuxh wkdw zlwk Lqghshqghqw
Ulvnv/ wkh ulvn suhplxp iru d rqh0shulrg ulvn| fodlp zlwk sd|rxw frqwlqjhqw rq wkh
djjuhjdwh hqgrzphqw lv wkh vdph lq wkh vroyhqf| frqvwudlqwv hfrqrp| dv wkh rqh
lq wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1 Dv vkrzq lq wkh dsshqgl{/
wklv htxlydohqfh uhvxow h{whqgv khuh wr wkh htxlw| suhplxp ehfdxvh lqwhuhvw udwhv
duh frqvwdqw1

Wkh iroorzlqj uhvxow looxvwudwhv d ghsduwxuh iurp Lqghshqghqw ulvnv wkdw sur0
gxfhv d gl>huhqw htxlw| suhplxp lq wkh vroyhqf| frqvwudlqwv hfrqrp|1

Uhvxow 41 D qhjdwlyh fryduldqfh ri wkh lqglylgxdo lqfrph yduldqfh zlwk wkh frq0
whpsrudqhrxv djjuhjdwh lqfrph jurzwk +�H ' �b : �, lqfuhdvhv wkh htxlw|
suhplxp dqg d srvlwlyh fryduldqfh +�H ' �b ÷ �, uhgxfhv wkh htxlw| suhplxp
uhodwlyh wr wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1

Zlwk �H ' �b : � uhfhvvlrqv duh dvvrfldwhg zlwk kljkhu lqglylgxdo lqfrph
ulvn1 Wkhuhiruh/ jlyhq wkh olplwhg dprxqw ri ulvn vkdulqj/ wkh djhqwv hqg xs
devruelqj pruh ulvn lq wkhlu frqvxpswlrq lq uhfhvvlrqv1 Wkxv/ lq uhfhvvlrqv wkh
sulflqj nhuqho lv kljkhu/ ehfdxvh yrodwlolw| lq lglrv|qfudwlf frqvxpswlrq wudqvodwhv
lqwr kljkhu ydoxhv wkurxjk wkh pd{0rshudwru/ dv lv vxjjhvwhg e| htxdwlrq +617,1
Wklv pdnhv htxlw| pruh ulvn|/ dv looxvwudwhg lq wkh vhfrqg sdqho ri Wdeoh 61 Uhvxow
4 lv uhodwhg wr d zhoo nqrzq uhvxow e| Pdqnlz +4<;8,/ zkr vkrzv wkdw wkh sulfh ri
d ulvn| vwuls zloo eh orzhu lq d vwdwlf prgho zlwk h{rjhqrxv lqfrpsohwh pdunhwv1 Lq
klv hqylurqphqw/ wkh frqyh{lw| ri wkh pdujlqdo xwlolw| lv d qhfhvvdu| frqglwlrq iru
d kljkhu suhplxp1 Frqvwdqwlqlghv dqg Gx!h +4<<8, xvh dq dvvxpswlrq dqdorjrxv
wr�H '�b : � lq d prgho zlwk h{rjhqrxvo| lqfrpsohwh pdunhwv dqg shupdqhqw
lqglylgxdo lqfrph vkrfnv wr vkrz wkdw wkh sulflqj nhuqho lv lghqwlfdo wr wkh rqh
lq dq hfrqrp| zlwk frpsohwh pdunhwv exw iru dq djhqw zlwk kljkhu ulvn dyhuvlrq1
Lq erwk fdvhv/ wkh uhvxowv iroorz iurp wkh dvvxpswlrq wkdw djhqwv kdyh frqyh{
pdujlqdo xwlolw| dqg wkdw wkhuh duh qr elqglqj sruwirolr frqvwudlqwv= khqfh doo
djhqwv kdyh wkh vdph ydoxdwlrq ri dvvhwv1 Lqvwhdg/ lq wkh hfrqrp| zlwk vroyhqf|
frqvwudlqwv/ Uhvxow 4 iroorzv iurp wkh idfw wkdw pdujlqdo ydoxdwlrqv dfurvv djhqwv
gl>hu/ dqg sulfhv duh htxdo wr wkh kljkhvw pdujlqdo udwh ri vxevwlwxwlrq1

Qrwh wkdw lqwhuhvw udwhv uhpdlq frqvwdqw hyhq li zh lqwurgxfh ghshqghqfh ri

4<Wkh pxowlsolfdwlyh htxlw| suhplxp lv gh?qhg dv Hw+Uhw>w.4,@Hw+U
i
w>w.4, ý 41 Zh gh?qh wkh

htxlw| suhplxp lq wkh vwdqgdug zd| dv H+Uhw>w.4, ý H+Uiw>w.4,1 Lq wkh fdvh frqvlghuhg iru
sursrvlwlrq 915/ wkh pxowlsolfdwlyh htxlw| suhplxp lv frqvwdqw dfurvv vwdwhv dqg wkh frqglwlrqdo
h{shfwdwlrqv ri wkh wzr uhwxuqv duh frqvwdqw1
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wkh djjuhjdwh dqg lqglylgxdo ulvn vxfk wkdw �H '�b 9' �c dv fdq eh vhhq lq wkh
vhfrqg sdqho ri Wdeoh 61 Iru wklv fdvh/ wkh ghshqghqfh lqwurgxfhg ehwzhhq wkh
djjuhjdwh dqg wkh lqglylgxdo vkrfnv grhv qrw lqwurgxfh dq| suhglfwdeoh fkdqjhv
lq wkh sulflqj nhuqho/ zklfk lv zk| lqwhuhvw udwhv uhpdlq frqvwdqw1

Wkh qh{w uhvxow lvrodwhv d ihdwxuh wkdw h{sodlqv yrodwlolw| lq lqwhuhvw udwhv dqg
wkh h{lvwhqfh ri qrq0}hur ulvn suhpld iru erqgv1

Uhvxow 51 Lqwurgxflqj ghshqghqfh ehwzhhq wkh djjuhjdwh lqfrph jurzwk dqg qh{w
shulrg*v lqglylgxdo lqfrph ulvn pdnhv wkh ulvn0iuhh udwh yduldeoh1 D srvlwlyh fr0
yduldqfh ri wkh djjuhjdwh lqfrph jurzwk dqg qh{w shulrg*v lqglylgxdo lqfrph ulvn/
��f ÷ �c fuhdwhv srvlwlyh whup suhpld1 D qhjdwlyh fryduldqfh ri wkh djjuhjdwh lq0
frph jurzwk dqg qh{w shulrg*v lqglylgxdo lqfrph ulvn/ ��f : �c fuhdwhv qhjdwlyh
whup suhpld1

Suhglfwdeoh pryhphqwv lq wkh sulflqj nhuqho duh uhtxluhg iru qrqfrqvwdqw lq0
whuhvw udwhv1 Lq wklv fdvh/ wkh suhglfwdeoh fkdqjhv duh lqwurgxfhg wkurxjk wkh
frqglwlrqdo yduldqfh ri wkh lqglylgxdo*v lqfrph153 Iru lqvwdqfh/ li lq uhfhvvlrqv
wkh yduldqfh iru qh{w shulrg*v frqvxpswlrq vkduh lv h{shfwhg wr eh orzhu wkdq lq
h{sdqvlrqv/ wkhq wkh sulfh ri erqgv lv orzhu lq uhfhvvlrqv dqg kljkhu lq h{sdq0
vlrqv/ wkxv d srvlwlyh whup suhplxp lv uhtxluhg wr frpshqvdwh erqg kroghuv1 Lq
rwkhu zrugv/ zlwk frxqwhuf|folfdo lqwhuhvw udwhv/ fdslwdo jdlqv dffuxh wr erqgkrog0
huv zkhq wkh| duh ydoxhg uhodwlyho| ohvv9uhtxlulqj srvlwlyh whup suhpld1 Sdqho 6
ri Wdeoh 6 looxvwudwhv wklv fdvh1

:1 Frqfoxvlrqv

Wkh remhfwlyh ri wklv sdshu zdv wr h{soruh wkh dvvhw sulflqj lpsolfdwlrqv ri d
prgho zlwk hqgrjhqrxvo| ghwhuplqhg vroyhqf| frqvwudlqwv1 Zh vkrz xqghu zklfk
flufxpvwdqfhv wkh hqgrjhqrxv vroyhqf| frqvwudlqwv zloo elqg dqg zh fkdudfwhul}h
wkh sulflqj nhuqho1 Zh irxqg wkdw iru sodxvleo| fdoleudwhg lqfrph surfhvvhv dqg
iru orz ydoxhv ri ulvn dyhuvlrq wkh prgho surgxfhv vroyhqf| frqvwudlqwv wkdw elqg
riwhq/ dqg dv d frqvhtxhqfh/ lqglylgxdo frqvxpswlrq lv yrodwloh hqrxjk vr wkdw wkh
uhvxowlqj sulflqj nhuqho sdvvhv wkh Kdqvhq dqg Mdjdqqdwkdq whvw1 Dgglwlrqdoo|/
jlyhq wkh fdoleudwhg fruuhodwlrqv ehwzhhq wkh lqglylgxdo lqfrph ulvn dqg wkh djjuh0
jdwh lqfrph/ wkh prgho surgxfhv vl}deoh suhpld iru htxlw| dqg orqj0whup erqgv1

53E| frqwudvw/ lq wkh vwdqgdug uhsuhvhqwdwlyh djhqw prgho ri Fdpsehoo +4<;9,/ wklv kdsshqv
wkurxjk vhuldo fruuhodwlrq lq wkh jurzwk udwh ri djjuhjdwh frqvxpswlrq1
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Zh dovr surylgh fkdudfwhul}dwlrqv ri krz wkh ghshqghqfh ehwzhhq lqglylgxdo dqg
djjuhjdwh ulvnv ghwhuplqhv erwk htxlw| dqg erqg suhpld1

Zh wklqn wkdw wklv prgho lpsuryhv rq wkh vwdqgdug uhsuhvhqwdwlyh djhqw hfrq0
rp| dqg rq wkh9duelwudu|9lqfrpsohwh pdunhwv hfrqrplhv/ vlqfh lw pdnhv wkh
sruwirolr frqvwudlqwv hqgrjhqrxv dqg vlpxowdqhrxvo| rewdlqv dvvhw sulflqj lpsol0
fdwlrqv wkdw duh forvhu wr wkh gdwd1 Qhyhuwkhohvv/ rxu dvvxpswlrq derxw sxq0
lvkphqw iurp ghidxowlqj lv dovr duelwudu|1 Zh dvvxph wkdw ghidxow lv sxqlvkhg
e| shupdqhqw h{foxvlrq ri doo dvvhw pdunhwv exw hqwdlov qr jduqlvkphqw ri oderu
lqfrph1 Lqvwhdg/ li wkh h{foxvlrq iurp dvvhw pdunhwv lv whpsrudu|/ lw zloo pdnh
ghidxow pruh dwwudfwlyh1 Rq wkh rwkhu kdqg/ li rqo| d iudfwlrq ri wkh oderu lqfrph
lv jduqlvkhg/ lw zloo pdnh ghidxow ohvv dwwudfwlyh1 Lqfrusrudwlqj wkhvh pruh uhdo0
lvwlf dowhuqdwlyhv pd| surgxfh vlplodu uhvxowv/ vlqfh wkh| frpshqvdwh hdfk rwkhu1
Zh ohdyh wkh lqyhvwljdwlrq ri wkhvh dowhuqdwlyhv/ dv zhoo dv wkh lqwurgxfwlrq ri
hqgrjhqrxv frvwo| sxqlvkphqw/ dv d wrslf iru ixwxuh uhvhdufk1

D vkruwfrplqj ri rxu dssurdfk lv wkdw ghidxow grhv qrw rffxu lq htxloleulxp/
dqg wkxv zh fdqqrw dqdo|}h lqwhuhvwlqj lvvxhv vxfk dv wkh sulflqj ri vhfxulwlhv
zlwk srvlwlyh suredelolw| ri ghidxow ru wkh lqfhqwlyhv dqg fkdudfwhulvwlfv ri djhqwv
wkdw gr ghidxow1 Zlwk uhvshfw wr wkh lqfhqwlyhv wr ghidxow/ wkh sdudphwhul}dwlrq
lq wklv sdshu glvsod|v wzr surshuwlhv1 Iluvw/ djhqwv wkdw duh fxuuhqwo| srru ?qg
wkhpvhoyhv xqdeoh wr eruurz1 Vhfrqg/ wkh vroyhqf| frqvwudlqwv suhyhqw djhqwv zlwk
kljk lqfrph uhdol}dwlrqv iurp ghidxowlqj1 Zkloh wkh ?uvw surshuw| lv uhdolvwlf/ wkh
vhfrqg lv qrw1

Dqrwkhu rshq lvvxh shuwdlqv wr wkh dprxqw ri eruurzlqj8phdvxuhg e| wkh
iuhtxhqf| dqg wkh vl}h ri wkh elqglqj vroyhqf| frqvwudlqwv1 Lq rxu ehqfkpdun
fdoleudwlrq wkh frqvwudlqwv gr qrw elqg yhu| iuhtxhqwo|/ exw zkhq wkh| gr/ lq0
wurvshfwlrq vxjjhvw wkdw wkh| doorz iru wrr olwwoh eruurzlqj1 Dq dowhuqdwlyh wr
h{dplqlqj wkh vroyhqf| frqvwudlqwv gluhfwo| lv wr frpsduh wkh h{whqw ri ulvn vkdu0
lqj lq wkh prgho zlwk wkh hpslulfdo hylghqfh1 Lq rxu ehqfkpdun fdvhv wkhuh lv
yhu| olplwhg ulvn vkdulqj1 Rxu uhdglqj ri wkh olwhudwxuh lv wkdw wkh dydlodeoh hpslu0
lfdo hylghqfh rq wklv lvvxh lv pl{hg1 Iru kljk iuhtxhqf| lqfrph fkdqjhv/ wkhuh lv
hylghqfh iru frqvlghudeoh exw idu iurp shuihfw ulvn vkdulqj +Dwwdqdvlr dqg Zhehu
+4<<5,/ Pdfh +4<<4, dqg Dwwdqdvlr dqg Gdylv +4<<9,,1 Iru orz iuhtxhqf| lq0
frph fkdqjhv/ wkh hylghqfh lqglfdwhv doprvw qr ulvn vkdulqj +Dwwdqdvlr dqg Gdylv
+4<<9, dqg Frfkudqh +4<<4,,1 Rxu dqdo|vlv lq Uhpdun 4/ sduw +e, vkrzv wkdw
shuvlvwhqw vkrfnv duh pruh gl!fxow wr vkduh1 Wkxv/ prghoolqj wkh lqfrph surfhvv
dv frpsrvhg ri d wudqvlwru| dqg d shupdqhqw frpsrqhqw/ revhuyhg vhsdudwho|/
zloo olnho| khos wr forvh wklv jds ehwzhhq wkh prgho dqg wkh hylghqfh1 Zh ohdyh
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wklv wdvn iru ixwxuh uhvhdufk1
Ilqdoo|/ wkh txdqwlwdwlyh uhvxowv lq wklv sdshu/ olnh uhodwhg zrun zlwk khw0

hurjhqrxv dvvhw sulflqj prghov uholhv rq wkh lqwhudfwlrq ehwzhhq lglrv|qfudwlf dqg
djjuhjdwh ulvn1 Ixuwkhu hpslulfdo uhvhdufk rq wklv lqwhudfwlrq vkrxog xvhixoo| frp0
sohphqw wkh frqvwuxfwlrq ri qhz prghov1
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Srolwlfdo Hfrqrp|/ 4<<4/ yro1 <</ qr1 81

Pdqnlz/ J1/ 4<;9/ 3Wkh htxlw| suhplxp dqg wkh frqfhqwudwlrq ri djjuhjdwh
vkrfnv/4 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 4:/ 544054<1

Pdufhw/ D1/ dqg N1 Vlqjohwrq/ 4<<</ 3Htxloleulxp Dvvhw Sulfhv dqg Vdylqjv ri
Khwhurjhqhrxv Djhqwv lq wkh Suhvhqfh ri Lqfrpsohwh Pdunhwv dqg Sruwirolr
Frqvwudlqwv/4 Pdfurhfrqrplf G|qdplfv/ 6 +5,/ 5760::1

Phkud/ U1 dqg H1 Suhvfrww/ 4<;8/ 3Wkh htxlw| suhplxp= D sx}}oh/4 Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 4<;8/ y48+5,/ 47804951

Vwruhvohwwhq/ N1/ F1 Whophu/ D1 \durq/ 4<<:/ 3Shuvlvwhqw lglrv|qfudwlf vkrfnv dqg
lqfrpsohwh pdunhwv/4 Fduqhjlh Phoorq Xqlyhuvlw|/ pdqxvfulsw1

Whophu/ F1/ 4<<6/ 3Dvvhw0sulflqj sx}}ohv dqg lqfrpsohwh pdunhwv/4 Mrxuqdo ri
Ilqdqfh/ 7;/ 4;3604;651

Zhlo/ S1/ 4<<5/ 3Htxloleulxp Dvvhw Sulfhv zlwk Xqglyhuvl?deoh Oderu Lqfrph
Ulvn/4 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 49/ :9<0<31

]kdqj/ K1/ 4<<:/ 3Hqgrjhqrxv eruurzlqj frqvwudlqwv zlwk lqfrpsohwh pdunhwv/4
Mrxuqdo ri Ilqdqfh/ 85+8,/ 54;:0553<1
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Dsshqgl{
Surri ri Sursrvlwlrq 7141 Ixoo ulvn0vkdulqj lv fkdudfwhul}hg e| uhvrxufh

ihdvlelolw| dqg frqvwdqf| ri wkh udwlr ri wkh pdujlqdo xwlolwlhv dfurvv djhqwv1 Li
frqglwlrq +719, lv vdwlv?hg/ wkhq wkh sduwlflsdwlrq frqvwudlqwv duh vdwlv?hg iru wkh
doorfdwlrq Sð ' e*2 1 Frqyhuvho|/ li ixoo ulvn0vkdulqj lv ihdvleoh/ fohduo| frqglwlrq
+719, lv vdwlv?hg1
Surri ri Sursrvlwlrq 7151 E| xvlqj Ehqyhqlvwh dqg Vfkhlqnpdq/ rqh vkrzv

wkdw
YT Eçc 5ä

Yç
' ýü

â Eeý ä2 Eçc 5ää
üâ Eä2 Eçc 5ää

+:14,

zklfk lv vwulfwo| ghfuhdvlqj lq ç vlqfh wkh ydoxh ixqfwlrq lv vwulfwo| frqfdyh1 Wkxv
ä2 Eçc 5ä lv lqfuhdvlqj1
Surri ri Sursrvlwlrq 7161 Wkh surri ri ^L` iroorzv iurp h{dplqlqj wkh fdvh

zkhuh qhlwkhu djhqw lv frqvwudlqhg lq wkh ixwxuh/ lq wklv fdvh/

YT Eçc 5ä

Yç
' ýü

â Eeý ä2 Eçc 5ää
üâ Eä2 Eçc 5ää

' ýü
â Eeý ä2 E`5 Eçc 5ä c 5ää

üâ Eä2 E`5 Eçc 5ä c 5ää
'
YT E`5 Eçc 5ä c 5ä

Yç
é

Ilqdoo|/ xvlqj Sursrvlwlrq +715, ^L` lv rewdlqhg1 ^LL` iroorzv iurp d yduldwlrq ri wkh
suhylrxv dujxphqw1
Surri ri Sursrvlwlrq 8141 Lq rughu wr ghprqvwudwh wklv surshuw| zh vwdwh

wkh iroorzlqj wzr ohppdv1

Ohppd :141 Li YT E 7ç E\�ä c \�ä *Yç : YT E 7ç E\2ä c \2ä *Yç wkhq wkh ghflvlrq uxohv
wkdw dfklhyh AT duh  dw diwhu uhyhuvdo1

Surri1 Wkh surri iroorzv lpphgldwho| iurp wkh ?uvw rughu frqglwlrqv ri wkh
sureohp gh?qhg e| wkh UKV ri htxdwlrq +714,1

Ohppd :151 Li wkh ghflvlrq uxohv diwhu uhyhuvdo duh  dw/ wkhq YAT E 7çE\�äc \�ä*Yç :
YAT E 7çE\2äc \2ä*Yçé

Surri1 Xvlqj wkh 378f olqh4 uhvxow iurp Sursrvlwlrq +716, dqg wkh dvvxpswlrq wkdw
wkh 3ghflvlrq uxohv duh  dw diwhu uhyhuvdo4 lq wkh wzr surplvh nhhslqj htxdwlrqv
+716, hydoxdwhg dw 7çE\�ä dqg 7çE\2äzh rewdlq

7çE\�äý 7çE\2ä '
ü Eeý ä2 E 7çE\�äc \�ääý ü Eä2 E 7çE\2äc \2ää

�ý q7Z n qE�ý 7Zä
é
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Wkh ghvluhg uhvxow qrz iroorzv e| xvlqj wkh hqyhors frqglwlrq1
Li ixoo ulvn0vkdulqj lv qrw srvvleoh/ wkhq Y ìT E 7ç E\�ä c \�ä *Yç : Y ìT E 7ç E\2ä c \2ä *Yçé

Wkh uhvxow wkdw wkh rswlpdo ghflvlrq uxohv duh  dw diwhu uhyhuvdo iru wkh ?{hg srlqw
T W iroorzv e| wkh frpelqdwlrq ri wkh suhylrxv wzr ohppdv zlwk wkh uhvxow wkdw
*ð4?<" A ? ìT ' T W1 Dw hdfk lwhudwlrq/ wkh wzr ohppdv duh dssolhg vhtxhqwldoo|
dqg wkhq wkh grpdlqv duh frpsxwhg iru AT 1 Wkh idfw wkdw wkh ghvfulehg surshuw|
lv suhvhuyhg iru wkh olplw iroorzv gluhfwo| iurp wkh idfw wkdw wkh olplw lv gl>huhq0
wldeoh1
Surri ri Sursrvlwlrq 8151 E| uhshdwhg vxevwlwxwlrq/ wklv v|vwhp uhgxfhv wr

rqh htxdwlrq/ ü2 ' û Eü2ä/ lq rqh xqnqrzq/ ü2 ì üESE\2ää/ zkhuh wkh htxdwlrq lv
gh?qhg dv=

ü2 ' ûEü2ä ì E�ý qäE�ý 2q7Z n qä

�ý q7Z L2E\2äý qE�ý 7Zä

�ý q7Z sEü2ä/ +:15,

sEü2ä ì ü Eeý ü3� Eü2ää1 Vlqfh ü lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh/ wkh
ixqfwlrq û lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{/ dqg khqfh +:15, kdv dw prvw
wzr vroxwlrqv1 Qrwlfh wkdw dxwdufk|/ l1h1/ 7ç E\ðä ' L

2 E\ðä/ 7S E\ðä ' "2 E\ðä iru ð ' �c 2
vdwlv?hv +716,/ uhvrxufh ihdvlelolw|/ dqg wkh erxqgdu| frqglwlrq/ dqg khqfh +:15,
kdv dw ohdvw rqh vroxwlrq1 Zh qrz ghvfuleh zklfk ri wkh wzr vroxwlrqv fkdudfwhul}hv
wkh h!flhqw doorfdwlrq/ zklfk zh ghqrwh dv 7ü21

Frqvlghu wkh wzr vroxwlrqv ri +:15,/ ü2, dqg ü2û/ rughulqj wkhp dv ü2, é ü2û/
zh vkrz wkdw ü2, lv wkh h!flhqw doorfdwlrq1 Iluvw/ li ü2, htxdov dxwdufk|/ wkhq ü2û
fruuhvsrqgv wr dq doorfdwlrq wkdw lv pruh yrodwloh wkdq wkh doorfdwlrq dw ü2,/ zlwk
wkh vdph phdq/ wkxv e| frqfdylw| ü2, jlyhv kljkhu xwlolw|1 Vhfrqg/ zh frqvlghu
wkh fdvh zkhuh ü2û htxdov dxwdufk|1 E| dvvxpswlrq L2E\2ä : üW

�3q +l1h wkhuh lv qr
ixoo ulvn vkdulqj,/ zklfk e| gluhfw frpsxwdwlrq lpsolhv wkdw û EüWä : üW dqg e|
frqyh{lw| ri û/ üW ÷ ü2, ru ü2û ÷ üW1 Ehfdxvh ü2û ÷ üW lv uxohg rxw li ü2û htxdov
dxwdufk|/ zh kdyh üW ÷ ü2,/ wkdw lv= e

2
÷ S,E\2ä é "2 E\2ä1 Wkxv/ ü2, kdv kljkhu

xwlolw| wkdq dxwdufk| ü2û/ dqg e| v|pphwu| "2 E\�ä é SE\�ä é SE\2ä é "2 E\2ä1
Ilqdoo|/ ehfdxvh ri frqfdylw|/ wkh sduwlflsdwlrq frqvwudlqw iru \� lv vdwlv?hg1
Surri ri Sursrvlwlrq 8161 Iru wkh jlyhq sulfhv i^j/ zh gluhfwo| fkhfn wkh

gh?qlwlrq iru vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw iru wkh srvwxodwhg vroyhqf|
frqvwudlqwv iru Djhqw 5/ iî2j1 Iru 5|n� ' \2/ zlwk lqlwldo zhdowk @|n� ' î E\2ä/
wkh h!flhqw fkrlfh iru frqvxpswlrq dqg dvvhw kroglqjv iurp wkh htxloleulxp lv
vwloo ihdvleoh zlwk wkhvh frqvwudlqwv/ dqg a2c|n�

ý
î E\2ä c E5

|c \2ä
ü
' L2 E\2ä dv lv

uhtxluhg iru vroyhqf| frqvwudlqwv wkdw duh qrw wrr wljkw1 Iru 5|n� ' \�czlwk lqlwldo
zhdowk @|n� ' î E\�ä/ iru dq| ixwxuh sdwk iru zklfk vwdwh \� frqwlqxhv wr uhshdw
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lwvhoi xqlqwhuuxswhgo| iru wkh qh{w & shulrgv/ wkh Hxohu htxdwlrq dqg wkh sulfh
^o lpso| rswlpdo lqglylgxdo fkrlfhv vxfk wkdw SE5|n� ' \�ä ' SE5|n& ' \�ä ' Sf/
@E5|n& ' \�ä ' î E\�ä dqg a2c|n&

ý
î E\�ä c E5

|c \�ä
ü
' L2 E\�ä1 Iru 5|n� ' \�czlwk

lqlwldo zhdowk @|n� ' î E\�ä/ iroorzhg e| 5|n2 ' \2/ wkh vroyhqf| frqvwudlqw zloo
elqg dw î E\2ä/ dqg iurp wkhuh rq rswlpdo frqvxpswlrq dqg sruwirolr fkrlfhv zloo
eh lghqwlfdo wr wkh rqhv lq wkh htxloleulxp/ jlyhq wkdw sulfhv duh xqfkdqjhg/ lqlwldo
zhdowk lghqwlfdo dqg frqvwudlqwv vxfk wkdw wkhvh fkrlfhv duh ihdvleoh1 Zlwk wklv
fkdudfwhul}dwlrq zh kdyh wkh iroorzlqj wzr htxdwlrqv iru Sf dqg îE\�ä/ d exgjhw
frqvwudlqw dqg wkh htxdwlrq gh?qlqj lpsolflwo| wkh vroyhqf| frqvwudlqwv=

"2 E\�ä nîE\�ä ' ^oîE\�ä n ^?oîE\2ä n Sfc dqg

a2c|n�
ý
î E\�ä c

ý
5|c \�

üü
' L2 E\�ä ' üESfä n qZL

2 E\�ä n qE�ý ZäL2 E\2ä c
zklfk jlyh wkdw Sf ' "2 E\�ä c dqg î E\�ä ' d^?o* E�ý ^oäoî E\2ä é fé Wkh vdph
dujxphqw fdq eh dssolhg iru dq| wlph shulrg> iru Djhqw 4/ wkh vroyhqf| frqvwudlqwv
duh rewdlqhg e| v|pphwu|1
Surri ri Sursrvlwlrq 9141 Dvvxph 5 fdq eh ghfrpsrvhg dv 5 ' E%c +ä 5 ~ '

f û t / dqg zkhuh b dqg îð duh ixqfwlrqv ri + dqg %/ uhvshfwlyho|1 Vshfl?fdoo|/
b G t $ -n dqg îð G f $ Efc �äé E| Lqghshqghqw Ulvnv zh phdq wkdw wkhuh
lv d suredelolw| glvwulexwlrq è dqg d vwrfkdvwlf pdwul{ ú vxfk wkdw Z E5âm5ä ì
Z EE%âc +âä m E%c +ää ' è E+âä ü ú E%âm%ä iru doo 5c 5â1

Qrz/ frqvlghu wkh sulfh ri d rqh0shulrg erqg/

q
[
%|n�

[
+|n�

4@ 
ð'�c2

%ëeSðc|n�eSðc|
ê3ò&

bE+|n�ä
3òè E+|n�ä ü ú E%|n�m%|ä é

Lq Doyduh} dqg Mhupdqq +5333, zh vkrz lq sursrvlwlrq 714; wkdw iru dq hfrqrp|
zlwk lqghshqghqw ulvnv wkh frqvxpswlrq vkduhv ÷Sð gr qrw ghshqg rq wkh djjuhjdwh
vwdwh + +rwkhuzlvh xqqhfhvvdu| yrodwlolw| lq frqvxpswlrq zrxog eh lqwurgxfhg,1
Wkxv/ wkh sulfh ri d rqh0shulrg erqg fdq eh zulwwhq dv

q

+[
+|n�

bE+|n�ä
3òè E+|n�ä

,+[
%|n�

4@ 
ð'�c2

%ëeSðc|n�eSðc|
ê3ò&

ü ú E%|n�m%|ä
,
c

dqg hdfk ri wkh wzr whupv lq fxuo| eudfnhwv fdq eh vkrzq wr eh frqvwdqw/ gxh wr
wkh lqghshqghqw ulvnv dvvxpswlrq1 E| qr0duelwudjh/ wkh ulvn suhpld iru erqgv ri
dq| pdwxulw| lv }hur1
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Surri ri Sursrvlwlrq 9151 Zh vwduw e| uhzulwlqj wkh htxlw| suhplxp dv d
zhljkwhg dyhudjh ri ulvn suhpld wr lqglylgxdo glylghqgv1 Ohw (|n& eh wkh glylghqg
ri d vwrfn dw |n&c dqg i(|n&j"&'� eh wkh glylghqg surfhvv/ dqg T| düo wkh ydoxh dw |
ri (|n&é Gh?qh wkh ydoxh ri wkh vwrfn dv T|di(|n&j"&'�o '

S"
&'� T| d(|n&o/ vr wkdw

wkh sulfh ri d vwrfn fdq eh vhhq wr eh wkh sulfh ri d sruwirolr frqwdlqlqj fodlpv
wr hdfk glylghqg/ wkdw lv/ d sruwirolr ri glylghqg vwulsv1 Wkh rqh0shulrg kroglqj
uhwxuq ri htxlw| lv=

-|c|n�di(|n&j"&'�o '
"[
&'�

ë
T|d(|n&o

T|di(|n&j"&'�o
ê
ü-|c|n� d(|n&o c

zkhuh wkh rqh0shulrg uhwxuq ri d glylghqg vwuls lv= -|c|n� d(|n&o ' T|n� d(|n&o *T|d(|n&o1
Ghqrwlqj e| �|c|n� d frqvwdqw glylghqg/ wkh frqglwlrqdo pxowlsolfdwlyh htxlw| suh0
plxp htxdov

.|E-|c|n�di(|n&j"&'�oä
-|c|n�d�|c|n�o

'
"[
&'�

ç|d(|n&o ü .|E-|c|n�d(|n&oä
-|c|n�d�|c|n�o

c +:16,

zkhuh ç| duh qrq0qhjdwlyh zhljkwv ç|d(|n&o ' T|d(|n&o*T|di(|n&j"&'�o dqg zkhuh
.|E-|c|n�d(|n&oä*-|c|n�d�|c|n�o lv wkh frqglwlrqdo pxowlsolfdwlyh ulvn suhplxp ri d
vwuls sd|lqj (|n& dw |n &1

Htxdwlrq +:16, vkrzv wkdw wkh htxlw| suhplxp lv htxdo wr d zhljkwhg dyhudjh ri
doo wkh vwuls suhpld1 Zh kdyh vkrzq lq Doyduh} dqg Mhupdqq +5333, lq Sursrvlwlrq
+714;, wkdw zlwk Lqghshqghqw ulvnv wkh ulvn suhplxp iru d rqh0shulrg glylghqg
vwuls/ wkdw lv .|E-|c|n�d(|n�oä*-|c|n�d�|c|n�o/ lv lghqwlfdo lq wkh vroyhqf| frqvwudlqw
hfrqrp| wr wkh rqh lq wkh fruuhvsrqglqj uhsuhvhqwdwlyh djhqw hfrqrp|1 Wkxv/
lq rughu wr vkrz wkdw wkh pxowlsolfdwlyh htxlw| suhplxp lv htxdo dfurvv wkh wzr
hfrqrplhv lw lv vx!flhqw wr vkrz wkdw ulvn suhpld iru vwulsv zlwk gl>huhqw pdwxulw|
gdwhv & duh htxdo iru hdfk hfrqrp| vhsdudwho|1

Zh ?uvw vkrz wkdw iru d uhsuhvhqwdwlyh djhqw hfrqrp| ulvn suhpld iru vwulsv
zlwk gl>huhqw pdwxulwlhv duh htxdo iru doo &1 Jlyhq l1l1g1 djjuhjdwh jurzwk udwhv
T|d(|n&o '

û
q.Eb�3òä

ú&
c dqg zh kdyh .|E-|c|n�d(|n&oä ' �*

û
q.Eb�3òä

ú
c dqg wkxv

.|E-|c|n�d(|n&oä

-|c|n�d�|c|n�o
'
.Eb3òä
.Eb�3òä

é

Zh qrz vkrz wkdw iru wkh vroyhqf| frqvwudlqwv hfrqrp| frqvlghuhg khuh/ ulvn
suhpld iru vwulsv zlwk gl>huhqw pdwxulwlhv duh htxdo iru doo &1 Lq Doyduh} dqg Mhu0
pdqq +5333, zh vkrz lq sursrvlwlrq 714; wkdw iru dq hfrqrp| zlwk lqghshqghqw
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ulvnv wkh frqvxpswlrq vkduhv ÷Sð gr qrw ghshqg rq wkh djjuhjdwh vwdwh + +rwk0
huzlvh xqqhfhvvdu| yrodwlolw| lq frqvxpswlrq zrxog eh lqwurgxfhg,1 Wkxv/ wkh
sulflqj nhuqho fdq eh zulwwhq dv q ibE+|n�ä3òè E+|n�äj i6 E%|n�m%|ä ü ú E%|n�m%|äj/
zkhuh wkh ?uvw sduw lq fxuo| eudfnhwv ghshqgv rqo| rq wkh djjuhjdwh vkrfn dqg
wkh vhfrqg sduw lq fxuo| eudfnhwv ghshqgv rqo| rq wkh lqglylgxdo vkrfn1 Xvlqj
wklv qrwdwlrq/ zh fdq zulwh wkdw T|d(|n�o ' q.Eb�3òä.E6äc zkhuh zh kdyh xvhg
wkh idfw wkdw/ djjuhjdwh jurzwk udwhv duh l1l1g1/ wkdw lqwhuhvw udwhv duh frqvwdqw
vr wkdw .| E6 E%|n�m%|ää ' .E6ä/ dqg wkdw wkh suredelolwlhv duh vhsdudeoh iru +
dqg % vr wkdw SJñ| EbE+|n�ä3òc6 E%|n�m%|ää ' f1 Pruh jhqhudoo|/ zh kdyh wkdw
T|d(|n&o '

û
q.Eb�3òä.E6ä

ú&
c zkhuh zh kdyh xvhg wkh dgglwlrqdo uhvxow wkdw

SJñ| E6 E%|n�m%|ä c6 E%|n2m%|n�ää ' f1 Wklv odvw uhvxow iroorzv gluhfwo| iurp wkh
idfw wkdw zlwk frqvwdqw lqwhuhvw udwhv/ whup suhpld duh doo htxdo wr }hur1 Zh wkhq
kdyh .|E-|c|n�d(|n&oä ' �*

û
q.Eb�3òä.E6ä

ú
c dqg wkxv

.|E-|c|n�d(|n&oä

-|c|n�d�|c|n�o
'
.Eb3òä
.Eb�3òä

é

Wkxv/ dv ehiruh/ wkh whup vwuxfwxuh iru vwuls suhpld lv  dw/ wkxv lw lv dw wkh vdph
ohyho dv wkh rqh ri wkh uhsuhvhqwdwlyh djhqw hfrqrp|1
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