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Abstract

Parameter Estimation in Hidden Markov Models

by

Michael Ryan Roberts

Master of Arts in Statistics

University of California, Berkeley

Professor Steven Evans, Chair

This thesis discusses parameter estimation in a nonlinear state-space framework

with possibly non-Gaussian random components. Parameters are treated from a

Bayesian perspective as unobserved random variables. A technique known as the

“reference probability method” is developed in which a change of measure decouples

the unobserved state process from the measured observation process. Under this

“reference” measure, estimates of both the state process and parameters may be

computed recursively using Zakai’s Equation. The contributions of this thesis include

illuminating the application of the technique to economics and finance, a unified

treatment of the reference probability method as it pertains to parameter estimation,

and derivations of the appropriate measure change and Zakai’s equation for a general
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hidden Markov model.
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Chapter 1

Introduction

During the past twenty years, there has been a proliferation of nonlinear, non-

Gaussian dynamic models in economics and finance. With these more complicated

models have come new challenges in parameter estimation. Many techniques rely on

approximations to the model obtained by linearizing the specification, imposing nor-

mality (quasi-maximum likelihood), or using an auxiliary model (simulated method

of moments). The accuracy of such methods depends on the degree of nonlinearity,

departure from normality, or similarity of the auxiliary model to the true model.

This thesis discusses, in a possibly nonlinear and non-Gaussian state-space frame-

work, a technique for parameter estimation that avoids such approximations. The

technique, originally introduced by DiMasi and Runggaldier (1982), begins by treat-

ing the parameters as unobserved random variables. Then, a procedure called the

“reference probability method” introduces a change of measure that transforms the
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original estimation problem so that the observable random variables are indepen-

dent and, possibly, identically distributed. Estimation is conceptually easier given

the simplified structure of the problem, and may be performed recursively using a

result called Zakai’s equation. Results are interpreted under the original probability

measure using a version of Bayes’ rule.1

Previous work on nonlinear and non-Gaussian state-space models focused on dif-

ferent approximations to either the model or the distributional assumptions. Kit-

igawa (1987) proposed a piecewise linear approximation to the filtering density of

non-Gaussian state-space models. Meinhold and Singpurwalla (1989) proposed ap-

proximations involving poly-t-distributions and a recursion for implementing a mul-

tivariate t-distribution based on the Kalman filter recursions. Other Bayesian ap-

proaches include Alspach and Sorenson (1972), Harrison and Stevens (1976), Smith

and West (1983), West et al. (1985) and Gordon and Smith (1990). Carlin et al.

(1992) present a Markov Chain Monte Carlo approach to estimating non-Gaussian

and nonlinear state space models. More recent work in this area has focused on recur-

sive estimation methods. Some examples include Pitt and Shephard (1997), Doucet

(1998), Doucet et al. (2000), and Liu and West (2000).

Elliott et al. (1995) provide a textbook treatment of the reference probability

method with emphasis on state estimation in special cases of the general model con-

sidered here. The primary contributions of this thesis are to illuminate the application

1This version of Bayes’ rule is commonly referred to as the Kallianpur-Streibel formula in the
filtering literature.
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of the technique in economics and finance, provide a unified treatment of the reference

probability method as it pertains to parameter estimation, and derive the appropriate

measure change and Zakai’s equation for a general discrete-time state-space frame-

work. As DiMasi and Runggaldier note, the approach does not provide conceptually

new results when compared to the traditional Bayesian approach. Instead, the main

advantage lies in the simplification of the basic structure of the problem and in the

use of Zakai’s equation.

Chapters 1 and 2 present background material in filtering theory and parameter

estimation in a state-space framework. Linear filtering theory is briefly reviewed,

with a discussion of the Kalman filter. A nonlinear model is then examined. Chapter

2 discusses the problem of parameter estimation. First, the special case of estimation

in a linear Gaussian model is presented, followed by a discussion of estimation in

a nonlinear model. Chapter 3 presents the general theory, followed by an example.

Chapter 4 concludes with a brief summary.
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Chapter 2

The Filtering Problem

Filtering refers to the process of estimating the state of an unobserved dynamical

system from a set of measurements, which may be contaminated by random noise.

This chapter begins with a presentation of a linear Gaussian state-space model, which

can be estimated using a recursion called the Kalman filter. The goal of this discussion

is to provide the reader with an intuitive understanding of a basic filtering problem

and its solution. The difficulties encountered in nonlinear specifications are then

discussed.
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2.1 The Kalman Filter

Consider a univariate random process evolving over time according to the following

specification:

Xt = αXt−1 + σVt (2.1)

Here {Vt} is a sequence of i.i.d. standard normal random variables, also called a

Gaussian white noise process. Equation (2.1) is defined for time periods t = 1, ..., T .

The initial state X0 is assumed to be a standard normal random variable independent

of {Vt}. The parameters α and σ are, for the time being, assumed to be known

constants.

Now assume that Xt is not observed. Instead, measurements are made on Yt:

Yt = Xt +Wt (2.2)

where {Wt} is a Gaussian white noise process independent of {Vt} and defined for

t = 1, ..., T . Equation (2.1) is called the “state equation” and specifies the dynamic

evolution of the latent process {Xt}.1 Equation (2.2) is called the “observation equa-

tion” and relates the observable process {Yt} to the latent process.2 Together, these

two equations define a state-space, or filtering, framework. This example is also an

instance of a hidden Markov model.

One goal of filtering is to recover the unobserved state process from the observa-

tions. For a number of loss functions, the optimal estimate of the state process is

1The state equation is also referred to as the “signal equation” or “transition equation”.
2The observation equation is also referred to as the “measurement equation”.
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its conditional expectation given the observations. The linear Gaussian structure in

equations (2.1) and (2.2) allows this conditional expectation to be computed recur-

sively, by a procedure called the Kalman filter. The approach used here to derive this

result follows that in Harvey (1989) and avoids the need for Hilbert space theory or

optimization methods.3

Begin by considering the conditional expectation of the state process at time t

given the observations up to time t − 1. Let Zs = (Z0, ..., Zs) for any process {Zt}

and let zs = (z0, ..., zs) denote a realization. The conditional mean of Xt given

Y t−1 = (Y0, ..., Yt−1) is given by

E
{
Xt |Y t−1

}
= αE

{
Xt−1 |Y t−1

}
(2.3)

The next step is to derive an expression for the contemporaneous conditional mean

in (2.3). Begin by considering the joint distribution of (Xt, Yt). At t = 1, the state

and observation equations are

X1 = αX0 + σV1 (2.4)

Y1 = X1 +W1 (2.5)

From (2.4) and (2.5) it is clear that X1 and Y1 are jointly normally distributed with

3In his original derivation, Kalman (1960) used the concept of orthogonal projection. Other
derivations have utilized recursive least squares (e.g. Swerling 1959, Gainer 1963, Fagin 1964, Mow-
ery 1965, and Bryson and Ho 1969), maximum likelihood (e.g. Ho 1962, Schmidt 1966, Rauch et al.
1965, and Smith et al. 1962) and the linear minimum variance estimator (e.g. Battin 1962, Battin
1964, Schmidt 1966, and Sorenson 1966).
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mean vector

(αE{X0} , αE{X0})′ (2.6)

and covariance matrix
 α2Var{X0} + σ2 α2Var{X0} + σ2

α2Var{X0} + σ2 α2Var{X0} + σ2 + 1


 (2.7)

As a consequence of joint normality, X1 is conditionally Gaussian given Y1. The

conditional mean is 4

E
{
X1 |Y 1

}
= E{X1} +

Cov{X1, Y1}
Var{Y1} (Y1 − E{Y1}) (2.8)

= αE{X0} +
α2Var{X0} + σ2

α2Var{X0} + σ2 + 1
(Y1 − αE{X0}) (2.9)

Noting that E{X1 |Y 0} = E{X1} enables (2.9) to be written as

E
{
X1 |Y 1

}
= E

{
X1 |Y 0

}
+

α2Var{X0} + σ2

α2Var{X0} + σ2 + 1

(
Y1 − E

{
X1 |Y 0

})
(2.10)

Equation (2.10) expresses the contemporaneous conditional expectation E{X1 |Y 1}

as a function of the previous period’s one-step prediction of the state, E{X1 |Y 0}.

Continuing this process for t = 2, 3, .., T will establish a recursion for the conditional

mean. However, this expression would quickly become messy because of the second

moments in the expression for the conditional mean. The next step, therefore, is to

show that the second order moments in (2.8) can be written as a set of recursions as

well.

4See Harvey (1989) for a discussion of the relevant properties of normal random variables.
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Following the approach used to derive the recursion for the conditional mean,

Var
{
Xt |Y t−1

} ≡ E

{(
Xt − E

{
Xt |Y t−1

})2 ∣∣∣Y t−1
}

= E

{(
α
[
Xt−1 − E

{
Xt−1 |Y t−1

}]
+ σVt

)2 ∣∣∣Y t−1
}

= α2Var
{
Xt−1 |Y t−1

}
+ σ2 (2.11)

Note that, by construction, the estimation error is orthogonal to the space spanned

by Y t−1. In a Gaussian framework, orthogonality is equivalent to independence so

that the conditional variance above is equal to the unconditional variance.

Returning to equation (2.10), the contemporaneous mean at time t = 1 may now

be written in terms of Var{X1 |Y 0} using the result in (2.11).

E
{
X1 |Y 1

}
= E

{
X1 |Y 0

}
+

Var{X1 |Y 0}
Var{X1 |Y 0} + 1

(
Y1 − E

{
X1 |Y 0

})

Continuing this recursion over time yields the general update formula for the condi-

tional mean,

E
{
Xt |Y t

}
= E

{
Xt |Y t−1

}
+

Var{Xt |Y t−1}
Var{Xt |Y t−1} + 1

(
Yt − E

{
Xt |Y t−1

})
(2.12)

The remaining issue is computation of the contemporaneous error variance in

equation (2.11), that is, Var{Xt−1 |Y t−1}. Beginning at time t = 1, it was shown that

(X1, Y1) is jointly normal (see equations 2.4 and 2.5) with mean vector and covariance

matrix given in equations (2.6) and (2.7). Because of the joint normality of X1 and
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Y1, the conditional variance of X1 given Y1 is

Var
{
X1 |Y 1

}
= Var{X1} − Cov{X1, Y1}2

Var{Y1}

= α2Var{X0} + σ2 − (α2Var{X0} + σ2)
2

α2Var{X0}+ σ2 + 1
(2.13)

Recognizing that Var{X1 |Y 0} = α2Var{X0} + σ2 allows (2.13) to be written as:

Var
{
X1 |Y 1

}
= Var

{
X1 |Y 0

}− Var{X1 |Y 0}2

Var{X1 |Y 0} + 1

Continuing for time t = 2, 3, ..., T yields the general update formula,

Var
{
Xt |Y t

}
= Var

{
Xt |Y t−1

}− Var{Xt |Y t−1}2

Var{Xt |Y t−1}+ 1
(2.14)

Equations (2.3), (2.11), (2.12), and (2.14) form the Kalman filter. The first two

equations (2.3 and 2.11) are called the “prediction” equations and the latter two (2.12

and 2.14) are called the “update” equations. The necessary conditions for this result

are:

1. additive Gaussian errors in both the state and observation equations, and

2. a linear specification in the state process.

Under these assumptions, the conditional density function is Gaussian and completely

characterized by its mean and variance.

Sometimes a function of the state g(Xt), for example, must be computed. In this

case, the conditional density of the state given the observations is needed and not just

an estimate of the state itself. The popularity of the Kalman filter is due to the fact
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that it presents a closed form solution for the update or filtering density, fXt|Y t(xt|yt).

This was implicitly shown above by noting that the conditional distribution of the

state given the observations is Gaussian with mean and variance given by (2.12 and

2.14). For almost all other specifications, though a recursive result is still possible,

the update density can rarely be found in closed form.

Consider the prediction density, which will be denoted by fXt|Y t−1(xt|yt−1). The

Chapman-Kolmogorov equation says.5

fXt|Y t−1

(
xt|yt−1

)
=

∫
fXt|Xt−1

(xt|xt−1) fXt−1|Y t−1

(
xt−1|yt−1

)
dxt−1 (2.15)

For the model defined in equations (2.1) and (2.2), at time t = 1 the prediction

density follows from (2.15).6

fX1|Y 0

(
x1|y0

)
= (2π)

−1/2 (
α2 + σ2

)−1/2
exp

{
−1/2

(
α2 + σ2

)−1
x2

1

}
(2.16)

This result shows that X1 is normal with zero mean and variance (α2 + σ2) and

it agrees with the prediction equations in (2.3) and (2.11). Continuing for each t

produces the general prediction density, fXt|Y t−1(xt|yt−1), which may be written as:

(2π)−1/2
(
α2Var

{
Xt−1 |Y t−1

}
+ σ2

)−1/2 ×

exp
{
−1/2

(
α2Var

{
Xt−1 |Y t−1

}
+ σ2

)−1 (
xt − αE

{
Xt−1 |Y t−1

})2}
(2.17)

The update density may be found recursively using the prediction density in con-

5The Chapman-Kolmogorov equation and its derivation may be found in Jazwinski (1970). For
ease of reference, the derivation is reproduced in the appendix.

6A derivation of (2.16) may be found in the appendix.
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junction with7

fXt|Y t

(
xt|yt

)
=
fYt |Xt(yt|xt) fXt|Y t−1(xt|yt−1)

fYt|Y t−1(Yt|yt−1)
(2.18)

Postponing the derivation to the appendix, the update density at time t = 1 is

fX1|Y 1

(
x1|y1

)
= (2π)−1/2

(
α2 + σ2

α2 + σ2 + 1

)−1

exp

{
−1

2

(
α2 + σ2

α2 + σ2 + 1

)−1

×
[
x1 − α2 + σ2

α2 + σ2 + 1
y1

]2
}

(2.19)

This density corresponds to a normal random variable with mean

α2 + σ2

α2 + σ2 + 1
y1

and variance

α2 + σ2

α2 + σ2 + 1

which agree with the update equations in (2.12) and (2.14). Continuing for each t,

the general update density, fXt|Y t(xt|yt), may be written as

(2π)
−1/2

[
Var
{
Xt |Y t−1

} − (Var{Xt |Y t−1})2

(Var{Xt |Y t−1} + 1)

]−1/2

exp


−1

2

[
Var
{
Xt |Y t−1

} − (Var{Xt |Y t−1})2

(Var{Xt |Y t−1} + 1)

]−1

×

[
xt −

(
E
{
Xt |Y t−1

}
+

Var{Xt |Y t−1}
Var{Xt |Y t−1} + 1

(
yt − E

{
Xt |Y t−1

}))]2
}

(2.20)

7A derivation of equation (2.18) may be found in the appendix.
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2.2 A Nonlinear Filter

Now consider a modification to the observation process in (2.2)

Yt = exp(Xt)Wt (2.21)

Equations (2.1) and (2.21) correspond to a popular specification in finance for asset

prices called a “stochastic volatility model”. In this framework, the observed process

Yt corresponds to the change in an asset price or the return on an asset. The unob-

served state Xt is the volatility of the asset. The popularity of this model is due to

its generalization of the Black-Scholes option pricing model by allowing for volatility

clustering.8

The problem that the nonlinearity in (2.21) introduces is most clearly seen by

considering the update density, equation (2.18). The denominator of this expression

is fYt|Y t−1(yt|yt−1). At time t = 1, this density may be computed using the Chapman-

Kolmogorov equation as

fY1|Y 0

(
y1|y0

)
=

∫
fY1|X1

(y1|x1) fX1|Y0
(x1|y0) dx1 (2.22)

The first density in (2.22) follows immediately upon inspection of (2.21). Conditional

on X1, Y1 is Gaussian with mean 0 and variance exp(2X1). The second density is the

prediction density of X1 and is shown above in equation (2.16). Substituting explicit

8There are numerous references on stochastic volatility models. Several treatments include Hull
and White (1987), Harvey et al. (1994) and Jacquier et al. (1993). For a review of the literature,
see Ghysels et al. 1996.



13

expressions for these densities into (2.22) yields

fY1|Y 0

(
y1|y0

)
=

∫
(2π)

1/2
exp

{
−1

2

y1

exp(2x1)

}

× (2π)
1/2 (

α2 + σ2
)−1/2

exp

(
−1

2

x2
1

(α2 + σ2)

)
dx1 (2.23)

The integral in equation (2.23) cannot be evaluated in closed form. Since the update

density feeds into the prediction density, future prediction densities (t = 2, ..., T ) will

be intractable as well. Thus, in this model and almost all other nonlinear models, the

filtering and prediction densities must rely on numerical integration each period.
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Chapter 3

Parameter Estimation

In most Economic and Financial applications of state-space models, the parame-

ters of the system are unknown and must be estimated from the data along with the

state process. This chapter begins with a presentation of the parameter estimation

problem and one common solution in the linear Gaussian case. This is followed by a

discussion of the problem in a nonlinear setting and the associated difficulties.

3.1 Linear Gaussian Models

Consider the linear Gaussian model in equations (2.1) and (2.2). Assuming the

parameters α and σ are now unknown constants, one estimation technique is maxi-

mum likelihood. Let θ = (α, σ)′ denote the parameter vector. The likelihood function
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will be denoted by l(Y1, ..., YT |θ) where

l(Y1, ..., YT |θ) = fY1(y1)
T∏

s=2

fYs|Y s−1

(
ys|ys−1, θ

)
(3.1)

Here, fY1 is the marginal density of the initial observation and fYs|Y s−1 is the con-

ditional density of Ys given the path of the process up to the previous time period,

Y s−1. Since Yt is Gaussian, the conditional densities are Gaussian and fully specified

by the conditional mean and variance. The conditional mean is

E
{
Yt |Y t−1

}
= E

{
Xt +Wt |Y t−1

}
(3.2)

= E
{
Xt |Y t−1

}

and the conditional variance is

Var
{
Yt |Y t−1

}
= E

{(
Yt − E

{
Yt |Y t−1

})2 ∣∣∣Y t−1
}

(3.3)

= E

{(
Xt − E

{
Xt |Y t−1

}
+Wt

)2 ∣∣∣Y t−1
}

= Var
{
Xt |Y t−1

}
+ 1

The likelihood function may be written explicitly as

l(Y0, ..., YT |θ) = (2π)
−T/2

T∏
s=1

exp

{
−1

2

(ys − E{Xs |Y s−1})2

Var{Xs |Y s−1} + 1

}
(3.4)

This is not a closed form expression for the likelihood function since it involves

the Kalman filter recursions, which are nonlinear functions of previous estimates.

Maximization of the likelihood function may be performed numerically with the

Kalman filter supplying estimates of E{Xt |Y t−1} and Var{Xt |Y t−1} (and conse-

quently E{Xt |Y t} and Var{Xt |Y t}).
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3.2 Nonlinear and Non-Gaussian Models

Now consider performing maximum likelihood estimation in the nonlinear setting

of equations (2.1) and (2.21) . The likelihood may still be written as in (3.1), however,

evaluation of each term in the product will require numerical integration as indicated

by equation (2.23). The resulting likelihood function is a high dimensional integral

that must be maximized, a daunting task beyond a few observations.

Though Markov Chain Monte Carlo has been used for the purpose of evaluating

high-dimensional integrals, it’s accuracy and efficiency is closely tied to the dimension

of the problem. In addition, incorporating new observations as they become available

is non-trivial since the simulation must be re-run on an even higher- dimensional

integral.

Taking a Bayesian approach and treating the parameters as random variables

does not avoid the problem of an intractable likelihood function. For example, one

might use the posterior expectation of a parameter as a possible point estimate.

Unfortunately, computation of this expectation requires the likelihood function, as

Bayes’ rule makes all too clear.

What DiMasi and Runggaldier (1982) proposed was to treat the parameters of the

system as elements of the state process. This enables the use of the filtering recursions

so that computation of parameter estimates may be performed sequentially through

time. This does not solve the problem of intractable densities, but it does eliminate

the need for performing high-dimensional integration. The approach effectively trans-
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lates a high dimensional integration problem into a series of low dimensional integrals.

The remainder of this thesis will focus on this approach.
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Chapter 4

The Reference Probability Method

This chapter presents a parameter estimation technique using the reference prob-

ability method. It begins by discussing the general theory, followed by an example to

illustrate the application.

The basic approach of the technique may be summarized as follows. The param-

eters of the system are treated as unobserved elements of the state process. A new

probability measure is constructed such that the observation process is a sequence

of independent random variables. This is accomplished using a discrete time version

of Girsanov’s theorem to decouple the observation and state equations. Under the

new measure, a recursion is derived for an unnormalized conditional density of the

state process given the observation path. Parameter estimates (e.g. condtional mean,

mode, etc.) are then computed sequentially using the recursion and translated back

under the original measure using a version of Bayes’ theorem.
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4.1 General Setup

The general setup begins with the state equation:

Xt = at(Xt−1, θ) +Bt(Xt−1, θ)Vt (4.1)

Equation (4.1) defines an Rn-valued stochastic process {Xt} for t = 1, ...T . The

driving process {Vt} is independent over time, Rq-valued, and has corresponding

densities {πt}. These densities need not be Gaussian and may vary over time. The

drift function at ∈ Rn and volatility matrix Bt ∈ Rn×q are Borel-measurable for all t.

At time t = 0, the process starts at X0 = V0 implying that the density of X0 is π0.

The observation equation is given by:

Yt = ct
(
Xt, Y

t−1, θ
)

+Dt

(
Xt, Y

t−1, θ
)
Wt (4.2)

Equation (4.2) defines an Rm-valued stochastic process {Yt} for t = 1, ..., T . The

driving process {Wt} is independent over time, Rm-valued, and has corresponding

densities {ϕt}. These densities are not necessarily Gaussian and may vary over time

as well. The driving processes, {Vt} and {Wt}, are assumed independent of one

another. The functions ct ∈ Rm and Dt ∈ Rm×m are Borel-measurable for all t. In

addition, Dt is assumed to be nonsingular for all t. The parameter vector θ ∈ Rk has

density ρθ and is assumed independent of both {Vt} and {Wt}. All random variables

are defined on a probability triple, (Ω,F ,P).
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4.1.1 Measure Change

This subsection constructs a new probability measure Q � P such that the ob-

servation process is independent of the state process and parameters. Inspection of

(4.2) reveals that both the drift term ct and the volatility term Dt of the observation

process must be changed in order to remove the dependence of Yt on Xt, Y
t−1, and θ.

In discrete time, changing measures is equivalent to performing a change of variables.

Thus, by an appropriate change of variable, both the conditional mean and variance

of the process may be altered.

Define Q as

dQ = L−1
T dP, (4.3)

=

T∏
s=1

ψ−1
s (Xs, Y

s, θ) dP (4.4)

where

ψ−1
s (Xs, Y

s, θ) =
∣∣det

(
Ds

(
Xs, Y

s−1, θ
))∣∣ ϕs(Ys)

ϕs(Ws)
(4.5)

To show that Q is indeed a probability measure, first note that Q is nonnegative by

construction. Letting F+
t = σ {Xt+1, Y t, θ}

EP

{
L−1

t

∣∣F+
t−1

}
= L−1

t−1EP

{
ψ−1

t

(
Xt, Y

t, θ
)∣∣F+

t−1

}
= L−1

t

∣∣det
(
Dt

(
Xt, Y

t−1, θ
))∣∣EP

{
ϕt(Yt)

ϕt(Wt)

∣∣∣∣F+
t−1

}

= L−1
t−1

∣∣det
(
Dt

(
Xt, Y

t−1, θ
))∣∣ ∫

R m

ϕt(Xt + wt)

ϕt(wt)
ϕt(wt) dwt (4.6)
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The change of variable given by the observation equation (4.2) implies that the

integral in (4.6) may be written as

∫
R m

ϕt(Xt + wt) dwt =

∫
R m

ϕt(yt)
dyt

|det(Dt(Xt, Y t−1, θ))| (4.7)

Substituting (4.7) into (4.6) implies

EP

{
L−1

t

∣∣F+
t−1

}
= L−1

t−1

showing that L−1
t is a P-martingale with respect to F+

t .1 The unconditional expec-

tation of a martingale is just the expectation of the initial value so that, repeating a

previous argument

EP

{
L−1

1

}
= EP

{
L−1

1

∣∣F+
0

}
= EP

{
ψ
(
X1, Y

0, θ
) ∣∣F+

0

}
=

∣∣det
(
D1

(
X1, Y

0, θ
))∣∣EP

{
ϕ1(Y1)

ϕ1(W1)

∣∣∣∣F+
0

}

=
∣∣det

(
D1

(
X1, Y

0, θ
))∣∣ ∫

R m

ϕ1(X1 + w1)

ϕ1(w1)
ϕ1(w1) dw1

=
∣∣det

(
D1

(
X1, Y

0, θ
))∣∣ ∫

R m

ϕ1(X1 + w1) dw1

The change of variable illustrated in (4.7) shows that this last expression is equal

to one. Thus, Q is a nonnegative measure that integrates to one, and is therefore a

probability measure.

1Using this result and the conditional version of Bayes theorem, Lt can be shown to be a Q-
martingale.

EQ

{
Lt |F+

t−1

}
=

EP

{
LtL

−1
t

∣∣F+
t−1

}
EP

{
L−1

t

∣∣F+
t−1

} =
1

L−1
t−1

= Lt−1
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Before deriving the distributional properties of Yt under Q, the following lemma

is presented as it will be used throughout the remainder of the thesis.2

Lemma 1 Consider a probability space (Ω,F ,P) and let G be a sub-sigma field of F .

Let Q be a probability measure absolutely continuous with respect to P and denote the

Radon-Nikodym derivative by L = dP/dQ. Then, for any set B ∈ F

EP{1B |G}EQ{L |G} = EQ{1B |G} (4.8)

where equality is P − a.s.

It is now conjectured that under the measure Q defined in (4.3):

1. the observation process is independent of the state process and parameter vec-

tor, and

2. the observation process is independent over time with densities {ϕt}

Let f be a test function and define F−1
t = σ {Xt, Y t−1, θ}. Then, by Lemma 1,

EQ

{
f(Yt) |F−1

t

}
=

EP

{
f(Yt)L

−1
t

∣∣F−
t

}
EP

{
L−1

t

∣∣F−
t

}
=

L−1
t−1EP

{
f(Yt)ψ

−1
t (Xt, Y

t, θ)
∣∣F−

t

}
L−1

t−1EP

{
ψ−1

t (Xt, Y t, θ)
∣∣F−

t

}
=

EP

{
f(Yt) |det(Dt(Xt, Y

t−1, θ))|ϕt(Yt) /ϕt(Wt) |F−
t

}
EP

{|det(Dt(Xt, Y t−1, θ))|ϕt(Yt) /ϕt(Wt) |F−
t

} (4.9)

2This lemma and its proof are given by Karatzas and Shreve (1991), page 193. A proof of the
lemma as it is stated here may be found in the appendix for completeness, but does not differ in
any meaningful way from that found in Karatzas and Shreve.
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The denominator of (4.9) is equal to

∫
R m

∣∣det
(
Dt

(
Xt, Y

t−1, θ
))∣∣ ϕt(Xt + wt)

ϕt(wt)
dwt

=

∫
R m

∣∣det
(
Dt

(
Xt, Y

t−1, θ
))∣∣ϕt(Xt + wt) dwt

=

∫
R m

ϕt(yt) dyt

= 1 (4.10)

which follows from the change of variable argument used above (equation 4.7). A

similar argument shows that the numerator of (4.9) is equal to

∫
R m

f(Y )
∣∣det

(
Dt

(
Xt, Y

t−1, θ
))∣∣ϕt(Xt + wt) dwt

=

∫
R m

f(Y )ϕt(yt) dyt

Defining f(yt) to be the indicator function I(y1t ≤ k1, ..., ymt ≤ km) shows that the

denisty of Yt under the measure Q is given by ϕt. Note that this expression is a

function of only the scalar constants (k1, ..., km) and is therefore independent of the

state process, the parameter vector and all previous observations. Since the time

period is arbitrary, this independence holds over all time periods.

4.1.2 Zakai’s Equation

The next step is to derive Zakai’s equation, which will enable recursive computa-

tion of an unnormalized conditional density of the state process and parameter vector
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given the observations. From (4.3) and (4.4), LT = dP/dQ has the general form:

LT =
T∏

s=1

ψs(Zs, Y
s) (4.11)

where, under the measure Q, {Zt} is a vector-valued Markov process independent of

{Yt} with density pt(zt) and transition density p(zt|zt−1) . Define

Ut ≡ ut

(
Zt, Y

t
)

= EQ{Lt |Fy
t ∨ σ {Zt}} (4.12)

and, for measurable f , define

V f
t ≡ vf

t

(
Y t
)

= EQ {f(Zt)Lt |Fy
t } (4.13)

From the definition of Ut and V f
t ,

V f
t = EQ{f(Zt)Lt |Fy

t }

= EQ{f(Zt) EQ{Lt |Fy
t ∨ σ {Zt}}|Fy

t }

=

∫
f(z)ut

(
z, Y t

)
pt(z) dz (4.14)

The second line above follows from the law of iterated expectations. The third line

above follows from the independence of {Zt} and {Yt} under Q so that the expectation

is with respect to the unconditional density of Zt.

From Lemma 1, it follows that

EP{Zt |Fy
t } =

EQ{ZtLt |Fy
t }

EQ{Lt |Fy
t }

(4.15)

Defining

qt

(
Zt|Y t

) ≡ ut

(
Zt, Y

t
)
pt(Zt) (4.16)
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enables (4.15) to be written as

EP{f(Zt) |Fy
t } =

∫
f(zt) qt

(
zt|Y t

)
dzt

/∫
qt

(
zt|Y t

)
dzt (4.17)

The function qt(Zt|Y t) is referred to as an “unnormalized” condtional density of Zt

for reasons made clear by equation (4.17). The next theorem shows how qt(Zt|Y t)

may be computed recursively.

Theorem 1 (Zakai’s Equation) Let {Zt} be a Markov process independent of {Yt}

with transition density p(zt|zt−1) and unconditional density pt(zt) under the probability

measure Q. Suppose further that the Radon-Nikodym derivative is given by LT =

dP/dQ and may be expressed as in (4.11). Then the unnormalized conditional density

qt(Zt|Y t) defined by (4.16) may be computed recursively as follows:

qt

(
Zt|Y t

)
= ψt

(
Zt, Y

t
) ∫

p(Zt|zt−1) qt−1

(
zt−1|Y t−1

)
dzt−1 (4.18)

q0(Z0) = p0(Z0) (4.19)

Proof: From the definitions in (4.12) and (4.16),

qt

(
Zt|Y t

)
= EQ

{
Lt |Y t, Zt

}
pt(zt)

= EQ

{
t∏

s=0

ψs(Zs, Y
s)

∣∣∣∣∣Y t, Zt

}
pt(Zt)

= ψt

(
Zt, Y

t
)

EQ

{
t−1∏
s=0

ψs(Zs, Y
s)

∣∣∣∣∣Y t, Zt

}
pt(Zt)

= ψt

(
Zt, Y

t
)

EQ

{
Lt−1 |Y t, Zt

}
pt(Zt) (4.20)

Consider the conditional expectation of the product function,

EQ

{
g
(
Y t−1

)
h
(
Zt−1

) ∣∣Y t, Zt

}
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This expectation equals

g
(
Y t−1

)
EQ

{
h
(
Zt−1

) ∣∣Y t, Zt

}
= g

(
Y t−1

)
EQ

{
h
(
Zt−1

) ∣∣Zt

}
= g

(
Y t−1

) ∫
h
(
zt−1

) pZt(z0, ..., zt−1, zt)

pt(Zt)
dz0 · · · dzt−1

=

∫
g
(
Y t−1

)
h
(
zt−1

) pZt(z0, ..., zt−1, zt)

pt(Zt)
dz0 · · · dzt−1

=

∫
g
(
Y t−1

)
h
(
zt−1

) pZt−1(z0, ..., zt−1) p(zt|z0, ..., zt−1)

pt(Zt)
dz0 · · · dzt−1

=

∫
g
(
Y t−1

)
h
(
zt−1

) pZt−1(z0, ..., zt−1) p(zt|zt−1)

pt(Zt)
dz0 · · · dzt−1

=
EQ{g(Y t−1)h(Zt−1) p(Zt|Zt−1)}

pt(Zt)
(4.21)

The monotone class theorem allows one to extend this argument to Lt−1, which is a

function of (Zt−1, Y t−1). Thus,

EQ

{
Lt−1 |Y t, Zt

}
=

EQ{Lt−1p(Zt|Zt−1)}
pt(zt)

(4.22)

Substituting this result into equation (4.20) implies

qt

(
Zt|Y t

)
= ψt

(
Zt, Y

t
) EQ{Lt−1p(Zt|Zt−1)}

pt(zt)
pt(Zt)

= ψt

(
Zt, Y

t
)

EQ{Lt−1p(Zt|Zt−1)}

= ψt

(
Zt, Y

t
)

EQ

{
EQ

{
Lt−1p(Zt|Zt−1) |Y t−1, Zt−1

}}
= ψt

(
Zt, Y

t
)

EQ

{
p(Zt|Zt−1) EQ

{
Lt−1 |Y t−1, Zt−1

}}
= ψt

(
Zt, Y

t
) ∫

p(Zt|zt−1) EQ

{
Lt−1 |Y t−1, Zt−1

}
pt−1(zt−1) dzt−1

= ψt

(
Zt, Y

t
) ∫

p(Zt|zt−1) qt−1

(
zt−1|Y t−1

)
dzt−1 (4.23)
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completing the proof. �

For the model defined in equations (4.1) and (4.2), Zakai’s equation is

qt

(
Xt, θ|Y t

)
=

∣∣det
(
Dt

(
Xt, Y

t−1, θ
))∣∣−1 ×

ϕt

(
D−1

t (Xt, Y
t−1, θ) [Yt − ct(Xt, Y

t−1, θ)]
)

ϕt(Yt)
×∫

p(Xt|xt−1) qt−1(xt−1, θ|Yt−1) dxt−1 (4.24)

q0(X0, θ) = π0(X0) ρθ(θ) (4.25)

4.2 An Example

This section applies the technique discussed above to the nonlinear example from

chapter 2. For ease of reference, the state and observation equations are repeated

here.

Xt = αXt−1 + σVt (4.26)

Yt = exp(Xt)Wt (4.27)

where {Vt} and {Wt} are independent Gaussian white noise processes. The initial

state X0 is assumed to be standard normal and independent of the parameter vector

(α, σ), which is assumed to have a bivariate standard normal distribution.3

3While the model parameterization and prior assumptions on the initial state and parameter
vector would be suspect in most applications, the point here is merely to illustrate the technique
with as little complication as possible.
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4.2.1 Measure Change

The first step is to construct a new probability measure Q, absolutely continuous

with respect to P, such that {Yt} is an i.i.d. sequence of standard normal random

varables. Referring to equation (4.27), this entails “removing” the exp(Xt) term so

that, in effect, Yt = Wt. This is accomplished by defining Q as:

dQ =
T∏

s=1

φ (Ys)

φ (Ws)
dP (4.28)

= L−1dP (4.29)

where φ (·) is the standard normal density. Under Q the observation process is Gaus-

sian white noise, independent of the state process and parameters. This is easily

confirmed using the same arguments as in the previous subsection.

In order to explicitly derive Zakai’s equation for the model in (4.26) and (4.27),

two components are needed. The first component is the distribution of the initial

state variable and parameter vector (X0, α, σ). By assumption, this distribution is

simply the product of three standard normal distributions. Thus,

q0(X0, α, σ) = φ(X0)φ(α)φ(σ) (4.30)

Next, the transition density of the state process is needed. Examination of (4.26)

reveals that

p(Xt|Xt−1) = φ

(
Xt − αXt−1

σ

)
|σ|−1

(4.31)



29

This implies Zakai’s equation for t = 2, ..., T is

qt

(
Xt, α, σ|Y t

)
=

φ(Yt/ exp(Xt))

φ(Yt)
×∫

φ

(
Xt − αxt−1

σ

)
|σ|−1 qt

(
xt−1, α, σ|Y t−1

)
dxt−1 (4.32)

One possible point estimate of α in equation (4.26) is the posterior conditional

mean, EP

{
α |Y T

}
. According to equation (4.17), this is equal to

∫ ∫ ∫
αqT (xT , α, σ|Y t) dxTdαdσ∫ ∫ ∫
qT (xT , α, σ|Y t) dxTdαdσ

(4.33)

with qT (XT , α, σ|Y t) defined in (4.32).

Evaluation of the integrals in (4.33) may be carried out by sequential Monte Carlo

methods.4

4See Doucet (1998), Doucet et al. (2000), and Pitt and Shephard (1997) for a discussion of such
methods.
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Chapter 5

Conclusion

This thesis has discussed a technique for parameter estimation in state-space mod-

els that are possibly nonlinear and non-Gaussian. The approach allows for on-line

computation of estimates by relying on recursive computation of an unnormalized

conditional density of the parameters. Thus, as new data becomes available, param-

eter estimates can be updated far more efficiently than if a non-recursive approach

had been used.

One potential drawback to this approach is the accumulation of approximation

error. At each time step, numerical integration must be performed. As one iterates

through time, the errors at each time step are propagated into the next time step.

Therefore, evaluation beyond a certain number of time steps should be performed

with caution and perhaps calibrated against a full estimation of the model by Markov
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Chain Monte Carlo methods, for example.1

1For a discussion of this issue see Liu and West (2000).
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Appendix A

Derivations

A.1 Bayes’ Rule

This section proves Lemma 1 (Bayes’ rule) as it is presented in equation (4.8).

It must be shown that for all A ∈ G and B ∈ F
∫

A

EP{1B |G}EQ{L |G}dQ =

∫
A

EQ{1BL |G} dQ (A.1)

The right hand side of (A.1) is

∫
A

EQ{1BL |G}dQ =

∫
A

1BLdQ

=

∫
A

1B dP

= P {A ∩B}

Letting PG and QG denote the restriction of P and Q to G, the left hand side of (A.1)
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is

∫
A

EP{1B |G}EQ{L |G} dQ =

∫
A

EP{1B |G} dPG
dQG

dQG

=

∫
A

EP{1B |G} dPG

=

∫
A

1BdPG

=

∫
A

P {B|G}dP

= P {A ∩ B}

The equivalence in (A.1) has been proven and the result follows. �

A.2 Chapman-Kolmogorov Equation

Let {Xt} be a Markov process and {Yt} another stochastic process. Then the

Chapman-Kolmogorov equation says

fXt|Yt−1
(xt|yt−1) =

∫
fXt|Xt−1

(xt|xt−1) fXt−1|Yt−1
(xt−1|yt−1) dxt−1 (A.2)

Proof: The approach is to show that the expectation of both sides with respect

to Y t−1 are equal. Beginning with the left hand side of (A.2)

E
{
fXt|Y t−1

(
xt|yt−1

)}
=

∫
fXt|Y t−1

(
xt|yt−1

)
fYt−1(yt) dy

t−1

=

∫
fXt,Y t−1

(
xt, y

t−1
)
dyt−1

= fXt(xt)
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The expectation of the right hand side of (A.2) with respect Yt−1 is

E

{∫
fXt|Xt−1(xt|xt−1) fXt−1|Yt−1(xt−1|yt−1) dxt−1

}

=

∫ ∫
fXt|Xt−1

(xt|xt−1) fXt−1|Yt−1
(xt−1|yt−1) fYt−1(yt) dxt−1dy

t−1

=

∫ ∫
fXt|Xt−1

(xt|xt−1) fXt−1|Yt−1
(xt−1|yt−1) fYt−1(yt) dy

t−1dxt−1

=

∫
fXt|Xt−1

(xt|xt−1)

∫
fXt−1|Yt−1

(xt−1|yt−1) fYt−1(yt) dy
t−1dxt−1

=

∫
fXt|Xt−1

(xt|xt−1)

∫
fXt−1,Yt−1(xt−1, yt−1) dy

t−1dxt−1

=

∫
fXt|Xt−1

(xt|xt−1) fXt−1(xt−1) dxt−1

= fXt(xt)

where the third line above follows from Fubini. The result follows. �

A.3 Derivation of Equation (2.18)

The relation in equation (2.18) begins with Bayes’ rule

fXt|Y t

(
xt|yt

)
=
fY t|Xt(y

t|xt) fXt(xt)

fY t(yt)
(A.3)

The next step is to use the conditional independence of Yt given Xt. This enables the

factorization of fY t|Xt(y
t|xt)

=
fYt|Xt(yt|xt) fY t−1|Xt(y

t−1|xt) fXt(xt)

fY t(yt)
(A.4)
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The remaining steps follow from basic properties of joint and conditional densities.

=
fYt |Xt(yt|xt) fY t−1,Xt(y

t−1, xt)

fY t−1(yt−1) fYt |Y t−1(yt|yt−1)

=
fYt |Xt(yt|xt) fXt,Yt−1(xt, y

t−1)

fYt|Y t−1(yt|yt−1)

A.4 Derivation of the Prediction and Update Den-

sities

This section derives the prediction and update densities found in equations (2.17)

and (2.20).

A.4.1 Prediction Density

From the Chapman-Kolmogorov equation, the prediction density at time t = 1 is

computed as follows.

fX1|Y0(x0|y0) =

∫
fX1|X0(x1|x0) fX1|Y0(x0|y0) dx0

=

∫ (
2πσ2

)−1/2
exp

{
− 1

2σ2
(x1 − αx0)

2

}
× (A.5)

(2π)−1/2 exp
{−1/2 (x0)

2} dx0

= (2π)−1 (σ)−1 exp

{
− 1

2σ2

(
x2

1 − 2αx1x0 + α2x2
0

)− 1

2
x2

0

}

= (2π)−1 (σ)−1 exp

{
− 1

2σ2
x2

1

}
×

exp

{
− α2

2σ2
x2

0 −
1

2
x2

0 +
αx1

σ2
x0

}
(A.6)
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An intermediate step is to complete the square in the exponential.

(
− α2

2σ2
− 1

2

)
x2

0 +
αx1

σ2
x0 =

(−α2 − σ2

2σ2

)
x2

0 +
αx1

σ2
x0 (A.7)

Define

a =

(−α2 − σ2

2σ2

)

b =
αx1

σ2

then

(−α2 − σ2

2σ2

)
x2

0 +
αx1

σ2
x0 = ax2

0 + bx0

= a

(
x2

0 +
b

a
x0 ±

(
b

2a

)2
)

= a

(
x2

0 +
b

a

)
− b2

4a

Substituting for a and b gives

−1

2

(
α2 + σ2

σ2

)(
x0 +

2σ2αx1

2σ2 (−α − σ2)

)2

+
1

2

(
α2x2

1

σ2 (α2 + σ2)

)
(A.8)

Equation (A.6) may now be written as

fX1|Y0
(x0|y0) = (2π)−1/2 (σ)−1 exp

{
− 1

2σ2
x2

1 +

(
α2

σ2 (α2 + σ2)

)
x2

1

}
×

∫
(2π)−1/2 exp

(
−1

2

(
σ2

α2 + σ2

)−1 (
x0 +

2σ2αx1

2σ2 (−α− σ2)

)2
)
dx0

The integral above is a normal density kernel with incomplete constant of integra-

tion. Therefore, the integral evaluates to
√
σ2/ (α2 + σ2). After some algebra, the

prediction density becomes

fX1|Y0(x0|y0) = (2π)
−1/2 (

α2 + σ2
)−1/2

exp

(
−1

2

(
α2 + σ2

)−1
x2

1

)
(A.9)
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implying that the conditional density of X1 given Y0 (which is simply the uncondi-

tional density of X1) is normal with mean 0 and variance (α2 + σ2).

A.4.2 Update Density

The update density follows from the relation in equation (2.18). The derivation

begins at time t = 1 with the denominator of (2.18).

fY1|Y0
(y1|y0) =

∫
fY1|X1

(y1|x1) fX1|Y0
(x1|y0) dx1

=

∫
(2π)−1/2 exp

(
−1

2
(y1 − x1)

2

)
×

(2π)−1/2
(
α2 + σ2

)−1/2
exp

(
−1

2

(
α2 + σ2

)−1
x2

1

)
dx1

= (2π)
−1/2 (

α2 + σ2
)−1/2

exp

(
−1

2
y2

1

)
×∫

(2π)
−1/2

exp

(
−1

2

(
−2y1x1 + x2

1 +
x2

1

α2 + σ2

))
dx1 (A.10)

In order to evaluate the integral, the exponential is rewritten to resemble a normal

density kernel by completing the square. Define

a = −α
2 + σ2 + 1

2 (α2 + σ2)

b = y1

Completing the square yields

a

(
x1 +

b

2a

)2

− b2

4a

Substituting for a and b gives

(
−α

2 + σ2 + 1

2 (α2 + σ2)

)(
x1 − 2 (α2 + σ2)

α2 + σ2 + 1
y1

)2

+
(α2 + σ2)

2 (α2 + σ2 + 1)
y2

1
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The integral in equation (A.10) may now be written as

∫
(2π)

−1/2
exp

{(
−α

2 + σ2 + 1

2 (α2 + σ2)

)
×

(
x1 − 2 (α2 + σ2)

α2 + σ2 + 1
y1

)2

+
(α2 + σ2)

2 (α2 + σ2 + 1)
y2

1

}
dx1

This integrand is a normal density kernel with incomplete normalizing constant. The

integral therefore evaluates to

(
α2 + σ2

α2 + σ2 + 1

)1/2

Substituting this result into (A.10) and some algebra reveals that fY1|Y0
(y1|y0) is

(2π)−1/2 (α2 + σ2 + 1
)−1/2

exp

{
−1

2

(
α2 + σ2 + 1

)−1
y2

1

}
(A.11)

Thus, the conditional density of Y1 given Y1 is normal with mean 0 and variance

(α2 + σ2 + 1).

The update density may now be found using the relation in (2.18).

fX1|Y1(x1|y1) =
fY1|X1

(y1|x1) fX1|Y0
(x1|y0)

fY1|Y0
(y1|y0)

=
(2π)

−1/2
exp

{
− (y1−x1)2

2

}
× (2π [α2 + σ2])

−1/2
exp

{
− x2

1

2(α2+σ2)

}
(2π [α2 + σ2 + 1])−1/2 exp

{
− y2

1

(α2+σ2+1)

}
Algebra and completing the square of the resulting exponential reveals that the update

density for the initial time period to be

(2π)−1/2

(
α2 + σ2

α2 + σ2 + 1

)−1/2

exp

{
−1

2

(
α2 + σ2

α2 + σ2 + 1

)−1 [
x1 − α2 + σ2

α2 + σ2 + 1
y1

]2
}

(A.12)
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Using the prediction and update densities in conjunction with the Chapman-

Kolmogorov theorem and the relation in equation (2.18) produces the general predic-

tion and update densities.


