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Abstract

We study the possibility of trade for purely informational reasons. We depart from
previous analyses (e.g. Grossman and Stiglitz 1980 and Milgrom and Stokey 1982)
by allowing the final payoff of the asset being traded to depend on an action taken
by its eventual owner. We characterize conditions under which equilibria with trade

exist.
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1 Introduction

Following Grossman and Stiglitz (1980) and Milgrom and Stokey (1982), economists
have reached a consensus that under many circumstances trade between individuals
based solely on informational differences is impossible.! This result is often described
as the “no trade” or “no speculation” theorem. The underlying argument is, at
heart, straightforward. If a buyer is prepared to buy an asset from a seller for price
p, then the buyer must believe that, conditional on the seller agreeing to the trade,
the asset value exceeds p in expectation. But conversely, knowing this the seller
is at least as well off keeping the asset. Perhaps motivated by a perception that
information-based trade does in fact occur, a large subsequent literature has explored
conditions under which the “no trade” conclusion does not hold. For example,
Morris (1994) and Biais and Bossaerts (1998) show that information-based trade is
possible without common priors;*> Dow et al (1990) and Halevy (2004) show that
information-based trade is possible under non-standard preferences; and the finance
market microstructure literature introduces “noise traders” to allow for information-
based trade.?

In this paper we show that even under completely standard assumptions the no
trade theorem need not hold in a production economy.* In particular, in many cases
the holder of an asset must make a decision that affects its value. If better information

leads to superior decisions, then the information released in trade is socially valuable.

1See also Jaffe and Rubinstein (1975, Corollary to Theorem 2), Kreps (1977), Tirole (1982), and

Fudenberg and Levine (2005).
2Without common priors, Milgrom and Stokey’s belief concordancy condition need not hold.
3See Kyle (1985) and Glosten and Milgrom (1985); and Dow and Gorton’s (2008) recent survey.
4A number of classic papers (notably, Hirshleifer 1971) note the distinction between information

in an exchange economy and information in a production economy. However, the literature on
the possibility of trade between differentially and privately informed parties has focused almost

exclusively on information in an exchange economy.



This possibility, which is implicitly ruled out in existing no trade theorems, and

neglected by the subsequent literature, is enough to generate information-based trade.

AN EXAMPLE

The intuition for our results is best illustrated by an example.® A risk neutral agent
(the seller) owns an asset that he can potentially trade with a second risk neutral
agent (the buyer). The asset’s payoff depends on two factors: an underlying but
currently unobservable fundamental 6 € {a, b}, and what the eventual asset owner
chooses to do with the asset. If § = a, the right action to take is A, while if
0 = b the right action is B. The asset pays 1 if the (f-contingent) right action is
taken, and 0 otherwise. The buyer and seller have the same “skill” in taking actions
A and B, so that the action-contingent asset payoffs for both parties are as given
above. One possible interpretation is that the asset is a debt claim and the action
is a restructuring decision (e.g., liquidation vs. reorganization). Similarly, the asset
may be a controlling equity stake in a firm.°

Both the buyer and seller receive private and partially informative signals about
the true fundamental 6. Specifically, if # = a then each agent observes a signal s*
with certainty, while if § = b each agent has a strictly positive probability of observing
either s® or s*. Consequently, an agent who observes s knows the fundamental is
0 = b, while an agent who observes s® attaches strictly positive probability to both
0 = a and # = b. For this example, we assume only that the probability of § = a
given that the seller observes s® is above 1/2,7 and that the probability of § = a given

5The example that follows is a modified version of one that appeared in earlier versions of the

paper. We thank an anonymous referee for suggesting the change.
6Less extreme, the asset may simply be a large but non-controlling block of shares or debt claims:

what matters is that the asset-owner has some control over the decision, rather than absolute control.
"This is necessarily the case if the two possible realizations of 8 are equally likely.



that both agents observe s is in turn strictly greater.®

Fix a price p that lies between these two probabilities, and consider the following
trading game: after observing their signals, the buyer and seller simultaneously an-
nounce whether they are prepared to trade the asset at the (exogenously fixed) price
p. We claim the following is an equilibrium: the buyer offers to buy independent of
his signal, and the seller offers to sell if and only if he observes signal s*.

First, consider the situation faced by the seller. If he ends up with the asset, he
must decide what to do using only his own information. On the one hand, if he sees
signal s* and does not sell, he knows § = b and takes action B for a payoff of 1, which
exceeds the price p offered. On the other hand, if he sees signal s* and does not sell,
he thinks the probability of fundamental a is above 1/2, and so takes action A; in
this case, his expected payoff is less than the price p offered. Consequently, he offers
to sell if and only if he sees s°.

Second, consider the situation faced by the buyer. On the one hand, if he sees
signal s°, he knows 6 = b and hence that he should take action B. He values the
asset at 1, which exceeds the price p. On the other hand, if he sees signal s*, then he
combines this with the equilibrium information that the seller observes s* whenever
the buyer actually has a chance to acquire the asset. Consequently, the buyer takes
action A if he acquires the asset after seeing s®, since he thinks the probability of
0 = a is above 1/2. Moreover, the buyer’s valuation of the asset exceeds the price p.
Hence the buyer offers to buy regardless of his signal.

Note that both parties are strictly better off under the trade, even after condi-
tioning on any information they acquire in equilibrium. This is exactly what Milgrom
and Stokey prove is impossible in their framework, and the reason it is possible here is
that the asset value endogenously depends on the information possessed by its owner.

In contrast, in papers such as Grossman and Stiglitz, and Milgrom and Stokey, asset

8This is necessarily the case if the two agents’ signals are independent conditional on 6.



holders have no decision to make since the final asset payoffs are exogenous to the
information possessed by its owner.

In the example, trade transfers the asset from the seller when he observes signal
s* to the buyer. Trade creates value because it leads to a better decision after the
seller sees s® and the buyer sees s®. Specifically, after these signals the seller would
take action A because he observes only signal s*; while the right action is B, and the
buyer takes this action. In essence, trade transfers the asset from an agent who is
likely to make the wrong decision to one who is more likely to make the right decision.

The feature that the buyer sometimes takes a different action than the seller
would have taken if he (conterfactually) retained the asset is a general one — see
part (iii) of Theorem 1 below. In this sense, trade is necessarily associated with a
change in action. Two possible applications include the role of vulture investors in
debt restructuring, and corporate raiders. With regard to the former, it is widely
perceived that vulture investors’ behavior in restructuring negotiations differs from
that of the original creditors (see, e.g., Morris 2002). With regard to the latter, there
is evidence that large scale layoffs and divestitures follow takeovers (see, e.g., Bhagat

et al 1990).

DiscussioN

One way to view our analysis is as saying that existing no-trade results have a smaller
domain of application than is traditionally believed. Specifically, to separate trade
for informational reasons from trade for preference reasons, papers such as Milgrom
and Stokey impose a requirement that the initial allocation is ex ante Pareto efficient.
To ensure there is no preference motive for trade in our framework, we assume that
all agents are risk-neutral. So if one defines an allocation simply as specifying who
owns the asset, along with a distribution of the numeraire good, any initial allocation

is Pareto efficient.



On the other hand, one could instead define an allocation in our framework as
a mapping from the set of signals agents receive (e.g., {s“,sb} X {s“,sb} in the
example) into decisions (e.g., A vs. B) and transfers of the asset and numeraire
good. This is what Holmstrom and Myerson (1983) refer to as a “decision rule.” The
initial “decision rule” in our example (i.e., seller keeps the asset and takes a decision
based only on his own information) is Pareto inefficient. Hence using this definition
the Pareto efficiency requirement rules out too much, as our analysis demonstrates:
trade is necessarily for information reasons, since there is no preference motive for
trade.

Returning to Holmstrom and Myerson, they study a wider class of economies than
those covered by no-trade papers: agents’ actions may affect output, as in our model.
They establish the following mechanism-design result: if a “decision rule” is ex ante
Pareto efficient out of incentive-compatible allocations, it is still Pareto efficient out
of incentive-compatible allocations at the interim stage. However, in common with
most mechanism-design papers, Holmstrom and Myerson are silent on the actual
mechanism that delivers the ex ante Pareto efficient allocation. The contribution
of our paper is to show that trade — a widely observed mechanism that has long
interested economists, and has many appealing features — is a mechanism capable
of improving upon the status quo allocation in which the seller keeps the asset and
takes a decision based only on his own information. Indeed, in our example trade

results in the first-best outcome.?

9This is not true in our more general model below. This raises the question of what the optimal
mechanism is. Absent information acquisition costs, there is a simple mechanism that has the first-
best outcome as an equilibrium: simply ask the buyer to announce his signal, and let the seller
keep the asset. However, clearly this simple mechanism fails with even a small cost of information
acquisition. In contrast, we show in Proposition 1 that agents would pay to acquire their information
in the trade mechanism we study. We leave the complicated question of the optimal mechanism with

information acquisition costs for future research.



PAPER OUTLINE

In Section 2 we review related papers not already discussed. In Section 3 we present
the general model, which closely resembles the example above but with the binary
action set and signal space replaced with an arbitrary action set and continuous signal
space.

In Section 4 we establish a simple necessary and sufficient condition trade. Of
course, in general the conditions under which trade is possible depend to some extent
on the institutional environment. However, it is also clear that we want our results to
be as independent as possible of a priori assumptions about the trading environment.
To meet these objectives, we establish a necessary condition for trade to occur in a
very wide class of trading mechanisms. Specifically, we follow the literature and ask
whether it is possible for there to be common knowledge of gains from trade. We
then show that our necessary condition is also sufficient for at least one simple trading
mechanism, in which the price is exogenously set.

In Section 5 we then consider trade in two settings where the price is endogenous.
First, we analyze a trading mechanism in which the buyer makes a take-it-or-leave-
it offer. Second, we consider trade in a competitive equilibrium. In Section 6,
we consider how our results change if agents can also trade a security whose payoff
directly depends on the action eventually taken. Finally, Section 7 concludes with
an extended discussion of two remaining issues: an alternative interpretation of our
model in which the action is a hedging decision; and the effect of the information

used to assess a trade.

2 Related literature

We have already reviewed much of the related literature. To the best of our knowl-

edge the only previous consideration of trade for purely informational reasons in an



economy in which asset owners must decide how to use their assets is a chapter of
Diamond’s (1980) dissertation.'® He derives conditions under which a rational expec-
tations equilibrium (REE) with trade exists when there are two types of agents: one
type is uninformed, while the other type observes a noisy signal. The main differ-
ences between our paper and his are that (i) we study trade between agents who both
possess information, (ii) we show that as a consequence, information is never fully
revealed, and (iii) instead of restricting attention to the competitive (REE) outcome,
in the spirit of Milgrom and Stokey (1982) we allow for all possible trading mech-
anisms. Moreover, Diamond’s assumption that one side of the trade is completely
uninformed means that assets always flow from the less to the more informed party.!*
In contrast, when both parties to the trade have some information, assets can flow to
the party with lower quality information.

Our paper is also related to a growing “feedback” literature dealing with models
in which investors trade with the understanding that the equilibrium price affects real
decisions and hence the profitability of their trades: see Dow and Gorton (1997) for
an early example, and Guembel and Goldstein (2008) or Bond et al (forthcoming)
for more recent contributions. However, the models in this literature rely on noise-
traders to generate trade, and say nothing about the possibility of trade when there

is no exogenous source of noise.

0T ess closely related is a recent working paper of Tetlock and Hahn (2007), who show that a
decision maker would be willing to trade and act as a loss-making market maker in “weather”

securities (or more generally, securities whose value is exogenous to the decision).
"Diamond does consider an equilibrium in which uninformed agents end up holding the asset.

However, to support the equilibrium he must assume that uninformed agents learn only from the

price at which the trade takes place, and not from the volume of trade.



3 The model

Our model is closely related to the opening example. As in the example, there are two
risk neutral agents, who we refer to as a seller (agent 1) and a buyer (agent 2).'? The
seller owns an asset. The payoff from the asset depends on the combination of the
action taken by the asset-owner and the realization of some fundamental 6 € {a, b}.
Neither agent directly observes the fundamental 6, but before meeting, both agents
1 = 1,2 receive noisy and partially informative signals s;. Whereas in the example
signals were binary, in our main model they have full support in R.*?

The eventual asset owner must decide what action to take. Regardless of whether
the asset-owner is agent 1 or 2, the range of available actions is given by a compact
set X', with a typical element denoted by X. (In the opening example, X is simply
the binary set {4, B}.) We write v (X, 0) for the payoff when action X is taken and
the fundamental is 6, where v (-, 0) is continuous as a function of X. We emphasize
that the asset payoff is independent of the identity of the asset-owner — both agents

1 and 2 are equally capable of executing all actions in X.

PRE-TRADE INFORMATION

The information structure of the economy is described by a probability measure space
(Q,F,u), where Q = {a,b} x R? and F is the o-algebra {{a},{b},{a,b}} x B>
(Throughout, we denote the Borel algebras of R and R?* by B and B? respectively.)

We write a typical state as w = (0, s1, s2), where @ is the fundamental, s; is the signal

12Qur analysis can be extended to cover risk-averse agents with constant absolute risk aversion
preferences (see Section 7). However, the risk-neutrality assumption has the advantage of making

clear that any trade is for information reasons.
13We use the assumption that signals are drawn from a continuum to establish the general existence

of an equilibrium with trade. Specifically, the assumption allows us to use standard fixed-point

arguments for continuous functions.



observed by the seller (agent 1) and s, is the signal observed by the buyer (agent 2).
Fori=1,2 and 6 = a,b let ¢ : B — R be the conditional distribution of s; given 6.
We write F? and f? respectively for the associated distribution and density functions,
which we assume to be continuous, and make the following additional assumptions.
(I) The signals s; and s are conditionally independent given 6.1 (IT) For ¢ = 1,2 and

0 = a,b the conditional distribution ¢ has full support. (III) For i = 1,2 signal s;

— fi(sd) .
= be(SZ) 1S

strictly increasing in s;. Moreover, we assume that the likelihood ratio is unbounded,

satisfies the strict monotone ratio likelihood property (MLRP), i.e., L; (s;)

ie.,

L;(s;) — 0,00 as s; — —00, +00. (1)

That is, there are extreme realizations of each agent’s signal that are very informative
— even if an agent’s signal is generally uninformative. (We stress that none of
the necessary conditions established in our main result, Theorem 1, depend on the
assumption of unbounded likelihood ratios. See also the discussion on page 18.)

Agent i directly observes only his own signal. Formally, the information of agents
i = 1,2 before trade is given by the sub c-algebras F; = {a,b} x B x R and F, =
{a,b} x R x B.

TRADE

An allocation in our economy is a pair of mappings x : Q@ — {1,2} and 7 : Q@ — R

where k specifies which agent owns the asset, and 7 specifies a transfer from agent 2

14We use conditional independence in two places in the proof of our main result, Theorem 1.
First, in the proof of part (ii), the assumption is used to evaluate inequality (26). Here, it would
be straightforward to substantially weaken the assumption of conditional independence. Second,
in the proof of the sufficiency half of part (i), the assumption is used to show that the system of
equations (15) - (18) has a solution. However, we stress that conditional independence is a sufficient
but not necessary condition for common knowledge of gains from trade to exist. This is illustrated

by the example in the introduction, where conditional independence is not assumed.



to agent 1. Since neither agent observes the fundamental # both x and 7 must be
measurable with respect to the o-algebra {a,b} x B?. Let (%,#) denote the initial
allocation, in which agent 1 owns the asset and no transfer takes place: (&, 7) = (1,0).
A trade is simply an allocation (k,7) that differs from the initial allocation with

strictly positive probability.

POST-TRADE INFORMATION

After trade, agent i’s information is given by a o-algebra F"" C F, where F; C
FF™ C {a,b} x B*>. That is, each agent remembers his own signal, and learns at
most the other agent’s signal.

Each agent observes the outcome of the trade, and updates his information accord-
ingly. Formally, x and 7 are F;""-measurable. Moreover, in principle it is possible
that the trade mechanism entails the release of additional information to agent i. In
this case, the o-algebra generated by (k,7) would be a strict sub-algebra of F/".

An important object in our analysis is the probability that an agent attaches
to fundamental a (or b) conditional on some information. Notationally, for any o-
algebra G let Q (w; G) denote the conditional probability of {a} x R? in state w relative
to G.

ENDOGENOUS ASSET VALUES

The eventual asset owner must select an action X € X without knowing the re-
alization of fundamental 6. For each candidate action X he can evaluate the ex-
pected payoff under that action. We denote this expected payoff by V (¢; X) =
qu (X,a) + (1 — q)v (X,b), where ¢ denotes the probability the agent places on fun-

damental a. Since the asset owner chooses the action with the highest expected

10



payoff, his valuation of the asset is given by

V(g) = maxV(q; X). (2)

XekX

Note that V is continuous over [0, 1], and hence bounded.'® Moreover, because V is
the upper envelope of linear functions it is convex. Economically, the convexity of V'
corresponds to the fact that information is valuable because it allows the asset-holder

to select an action better suited to the fundamental 6.

COMMON KNOWLEDGE OF GAINS FROM TRADE

As discussed on page 6, we follow the literature and ask whether it is possible for
there to be common knowledge of gains from trade, with the gains from trade strictly
positive with strictly positive probability. Formally, if the seller and buyer’s informa-
tion is given by G; and G, respectively, an event D is common knowledge if it differs
from a member of G; NG, by a null set (Nielsen 1995). Consequently, evaluated using
information G; and G,, there exists common knowledge of strict gains from trade if

there exists D € G; N Gy such that for almost all w’ € D, both the seller and buyer

15We have assumed that the fundamental 6 is binary-valued. The significance of this assumption
is that it allows us to define the asset value V as a function of a one-dimensional summary statistic,
namely the probability ¢ that the fundamental is a. That is, uncertainty is unidimensional. Uni-
dimensionality greatly facilitates the derivation of sufficient conditions for trade in Theorem 1. We
conjecture the necessary conditions of Theorem 1 would extend to more general state spaces.

It should also be noted that it is possible to obtain a similarly tractable unidimensional framework
with a richer set of fundamentals, though at the cost of introducing more assumptions on the asset
payoff functions v (X,6). For example, one could allow the fundamental 6 to be drawn from an
arbitrary subset of R, but restrict the asset payoff to take the form v (X,0) = K (X) + M (X) 6 for
an arbitrary pair of continuous functions K and M. In this case, the expected asset payoff given
action X is a linear function of the expected value of #, and so one can define an analogous function
to V that depends only on a one-dimensional variable (i.e., the expected value of 6 as opposed to

the probability of a).

11



are better off in expectation, i.e.,

Eylm (@) +1(k(w) =)V (Q (w; FI™)) 1G1, & 2 Eu [V (Q (w;G1)) [G1, W]
Ey[=m () +1(k () =2)V(Q (w; F57)) G2, 0] 2 0

and such that there exists a non-null subset D’ € F of D such that for almost all
w' € D', at least one of the two inequalities holds strictly.

For most of the remainder of the paper we assume that the buyer and seller use
their post-trade information, F;"" and F;°", to evaluate a trade, and so common
knowledge is evaluated using the o-algebra F;"" N Fy". We make this assumption
for two reasons. First, having agents evaluate a trade using relatively fine information
biases our analysis against finding common knowledge of gains from trade. Second,
the assumption is used in prior analyses: in particular, it is used in analyses based on
competitive equilibria (e.g., Kreps 1977), and (at least in our reading) it is used by
Milgrom and Stokey (1982).® Nonetheless, in Section 7 below we discuss how this
assumption affects our results, and consider the case in which the buyer and seller
instead evaluate a trade using their pre-trade private information (i.e., F; and F3).

Setting G; = F.°", and using the fact that 7 and x are measurable with respect

)

to F;°" and F3°", we obtain:

Definition 1. There exists common knowledge of strict gains from trade if there

exists D € F{"" N F3" such that for almost all w € D,

T (W) +1(k(w) =) V(Q W F1) = V(Q(w; 1)) (3)
—m (W) +1(k(w) =2)V(Q(w; F5™")) 20, (4)

16Ty Milgrom and Stokey, agent i evaluates the trade according to “his information at the time
of trading, including whatever he can infer from prices or from the behavior of other traders” (page
19). As Dow et al (1990) and Rubinstein and Wolinsky (1990) make clear, however, Milgrom and

Stokey’s result does not depend on the information used to evaluate a trade: see Section 7 below.
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and such that there exists a non-null subset D' € F of D such that for almost all

w € D', at least one of the two inequalities holds strictly.

The above definition covers both states in which the asset changes hands (x (w) =
2) and those in which the seller keeps the asset (k(w) = 1). In the latter case,
inequalities (3) and (4) imply that in almost all states that the seller keeps the asset,
no money is transfered (7 (w) = 0). This observation allows us to simplify the

condition for common knowledge of strict gains from trade:

Lemma 1. There exists common knowledge of strict gains from trade if and only if
there exists D € F;"" N Fy'™ such that the buyer acquires the asset for allw € D, and

for almost all w € D,
V(Q(w; F3") 2 m(w) = VI(Q (w; F1™7)) (5)

and there exists a non-null subset D' € F of D such that for almost all w € D', at

least one of the two inequalities holds strictly.

All proofs are in the appendix.

4 Analysis

In this section we establish necessary and sufficient conditions for the existence of
common knowledge of strict gains from trade.

It is useful to first reconsider the opening example, which is displayed graphically
in Figure 1. Recall that in the example trade occurs whenever the seller sees signal
s*. The buyer’s valuation when trade occurs is driven by the probability he places on
fundamental a, i.c., Pr (a|s*s®) or Pr (a|s*s), depending on his own signal realization.
Trade is possible because the value of the asset given these probabilities exceeds the
value of the asset when the probability of fundamental a is Pr(a|s®), which is the

information the seller has.

13
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Figure 1: The graph displays V (¢; X) for the opening example: the action set is
X = {A, B} and both the buyer and seller observe signals drawn from {s“, sb}. The

bold line is the upper envelope of these two functions, and corresponds to the function

V(q).
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The key feature of the example that determines how the value of the asset varies
across the probabilities Pr (a]s?s®) > Pr (a|s®) > Pr (a|s®s®) is that the asset is worth
more if the realization of 6 is known for sure than if there is some small uncertainty
about its realization, regardless of whether the realization of 6 is a or b. In other
words, more precise information is better.

This condition can be more formally stated as follows. Define h(q) as the

=_1
— q(1—q)
precision (i.e., the reciprocal of variance) of the Bernoulli distribution with success

probability ¢. Then the condition is:'”

Precision Condition (Precision is valuable) 3h and € > 0 such that Vq,q, if

h(q) > h(q') > h and |q — ¢'| <, then V(q) > V(¢).

In contrast, if instead the asset-owner has no action choice, then the asset must
be more valuable in one fundamental than the other. In this case, the precision
condition cannot hold; and the asset value must be greater at Pr (a|s*) than one of
Pr (a|s*s”) and Pr (a|s*s’), implying that at least one of the buyer and seller is made
worse off after at least one of the signal pairs s%s® and ss°.

Our main result establishes that the precision condition is both necessary and
sufficient for the possibility of common knowledge of strict gains from trade. Addi-

tionally, it characterizes two features that any such trade must exhibit:

Theorem 1. (i) Common knowledge of strict gains from trade can exist if and only if
the asset value is increasing in the precision of information for sufficiently high levels
of precision of information, i.e., the precision condition holds. Whenever common
knowledge of strict gains from trade exists, (ii) the buyer sometimes learns something
when he acquires the asset; and (i) there exists a non-null set of states in which the

buyer acquires the asset, and in which his action differs from the action the seller

17Geometrically, the precision condition is equivalent to non-monotonicity of V. See Lemma 2 in

the appendix.
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would take if (counterfactually) he controlled the asset in the same state.

We have already discussed the necessity half of part (i) of the theorem. We now
discuss the remainder.

Clearly if a condition is necessary for trade, it must be so under any mechanism
while, sufficiency depends, in part, on the trading mechanism used. In showing the
sufficiency of the precision condition for trade, we use a constructive proof for arguably
the simplest mechanism possible: a non-strategic third-party — a “broker” — sets a
price p, and then the buyer and seller simultaneously and publicly announce whether
they wish to trade at price p. The proof shows that this mechanism allows trade for
any price p above min V' but below min {V (0),V (1)} (note that under the precision
condition the function V" has an interior minimum).

Specifically, the proof shows that for any such price p there exists an equilibrium of
the following form: the seller offers to sell when he sees a signal s; € ST = 51, 51], and
the buyer offers to buy if he sees a signal s, € ST = R\ (s,,52). In this equilibrium,
the buyer offers to buy whenever his signal is either high or low, that is, when it
is relatively informative of the fundamental. —Under the precision condition, the
buyer’s valuation of the asset is relatively high at such signals because the precision
of information is high. Similarly, the seller offers to sell when he sees an intermediate
signal, that is, a signal that is relatively uninformative about the fundamental. Given
the precision condition, the seller’s valuation is relatively low at such signals.

Our proof establishes the existence of a continuum of equilibria, indexed by the
trade price p. Comparing the lowest price p = minV to the highest price p =
min {V (0),V (1)}, the buyer’s demand (i.e., the probability of accepting the price)
decreases (from 1 to 0), while the seller’s supply increases (from 0 to 1). That is,
the comparative static across equilibria generates a downwards sloping demand curve

and an upwards sloping supply curve.!®

18Because of the interdependency between the buyer and seller, more conditions would be required

16



In equilibrium, trade transfers control of the asset from an agent who has received
an uninformative signal to one who has received an informative signal. Moreover,
because of its contingent nature trade also reveals information about the agents’
signals to each other. Specifically, when the seller retains the asset he learns whether
or not the buyer’s signal is in SI; and when the buyer acquires the asset, he learns
that the seller’s signal is in ST. The fact that buyer learns something in equilibrium is
a more general property that must hold under any mechanism. Part (ii) of Theorem
1 shows that trade is not possible if it does not convey some information to the buyer.
This conclusion is very much in line with the existing no-trade literature. At the
same time, and as part (i) makes clear, trade is at least sometimes possible if it
enables the buyer to learn the seller’s signal.

To understand this point, it again helps to reconsider the opening example. Sup-
pose that trade occurred in this example without the buyer learning anything about
the seller’s signal. For specificity, suppose further that trade only occurs when the

19 Recall that agents always learn at least the information re-

buyer sees signal s®.
vealed by the trade allocation. Consequently, for the buyer not to learn anything
trade must occur after both signal pairs s%s® and s°s®. So when trade occurs, the
buyer places probability Pr (a|s*) on the fundamental being a; while the seller places
probability Pr (a|s*s*) or Pr (a|s’s*) on the fundamental being a, depending on his
own signal realization. Because information is valuable the asset value V is convex
— see the discussion following (2). Consequently, the asset value at at least one of
Pr (a]s®s®) and Pr (a|s’s*) must exceed the asset value at Pr(a|s®). But then the

seller’s valuation exceeds the buyer’s valuation in at least one of the signal realizations

5?5 and s’s?, ruling out the possibility of common knowledge of gains from trade.

to establish that the demand (respectively, supply) curve is monotonically downwards (respectively,

upwards) sloping.
9Gimiliar arguments apply for the cases of trade following signal s°, and trade after both buyer

signal realizations.
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The proof of part (ii) of Theorem 1 is along the same lines as the above discussion
of the example. The main complication in the formal proof is the need to form
conditional probabilities for arbitrary information possessed by the seller. At the
same time, the proof is simplified somewhat by our assumption of unbounded likeli-
hood ratios (see (1)). We emphasize, however, that (as the example illustrates) this
property is not essential for the result, and a proof for the case of finite signal spaces
— and hence bounded likelihood ratios — is available on the authors’ webpages.

Finally, consider part (iii) of Theorem 1, which states that trade is associated
with a change in action. An immediate implication of Lemma 1 is that common
knowledge of strict gains from trade exists only if there exists D € F"" N Fy'™ such
that

| V@) -V @ FE () >0, (©
Inequality (6) represents the benefits of trade. Since the buyer’s information in state
w is different from the seller’s, he potentially takes a different action. This causes
the value of the asset when owned by the buyer to potentially diverge from the value
of the asset owned by the seller, in spite of their equal ability to execute all actions
X € X. Part (iii) of Theorem 1 follows almost immediately from (6). Moreover,
note that this conclusion is also a corollary of Milgrom and Stokey’s main result.

Finally, as an immediate corollary of part (i) of Theorem 1 we obtain:

Corollary 1. Common knowledge of strict gains from trade can exist only if (i) there
is no dominant action, i.e., IX € X such that v (X,0) > v (X',0) for all X' # X
and 0 = a,b; and (ii) there is no dominant fundamental, i.e., 70 € {a,b} such that
v(X,0) >v(X,0) forall X € X and 0" # 0.

An important implication of the no-trade theorems established in the existing
literature is that economic agents would not spend resources to acquire information.

In contrast, our next result shows that this is not true in our model.?® The key reason

20For other papers in which agents spend resources to acquire information prior to trade even in
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is, of course, that information is valuable. The non-trivial aspect of the result consists
of showing that an agent’s information is valuable above-and-beyond the information

he acquires from the other agent in the course of trade.

Proposition 1. Suppose the buyer and seller must each incur a cost k > 0 in order
to observe their signals. Fiz any price p € (min V,min{V (0),V (1)}). Provided the
information acquisition cost k is sufficiently small there exists an equilibrium of the
third-party posted price mechanism in which both the buyer and seller acquire their

signals and trade occurs with positive probability.

5 Endogenous prices

The third-party posted price mechanism we considered above describes many trading
environments well. For example, both buyers and sellers take the price as exogenous
when they submit market orders; in upstairs trades, in which the upstairs broker

! and in crossing networks (POSIT is a well-known example) in

proposes the price;?
which the price is determined elsewhere. Nonetheless, in many other situations the

price is set endogenously.

BUYER PROPOSES PRICE

One simple trade mechanism in which prices are set endogenously is that in which

the buyer makes a take-it-or-leave-it offer to buy the asset for a price p, and the

the absence of exogenous noise, see, for example, Berk (1997) and Jackson and Peck (1999).
2IMany large trades occur in “upstairs” markets, i.e., are trades in which “buyers and sellers

negotiate in the ‘upstairs’ trading rooms of brokerage firms” (Booth et al, 2002). Identifying
upstairs trades is relatively hard, but using detailed data from Finland Booth et al report that

upstairs trades account for 50% of total volume.
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seller either accepts or rejects. We analyze exactly this mechanism in Appendix B,
and establish that when the precision condition holds, there are at least some cir-
cumstances in which common knowledge of strict gains from trade are possible in the
buyer-proposed price mechanism. Moreover, we show that the buyer’s proposed price
necessarily communicates some of the buyer’s information to the seller. Specifically,
it is impossible to have a meaningful probability of trade in an equilibrium in which
trade occurs at only one price. So trade must occur at at least two distinct prices,
and which price the buyer proposes reveals information about the buyer’s signal to
the seller. In equilibrium, the buyer is willing to offer different prices because the

higher price is associated with a higher acceptance probability.

DECENTRALIZATION

An alternative way to endogenize prices is as part of a competitive equilibrium. Ac-
cordingly, we next show that the trade constructed in the sufficiency half of part (i) of
Theorem 1 can be decentralized as a competitive equilibrium. Specifically, we show
that there is a generalized rational expectations equilibrium (GREE) in which the
buyer acquires the asset for price p whenever the signal pair (sy, s9) lies in ST x ST
where p, ST, and ST are as in the proof of part (i) of Theorem 1. We discuss below
why we are using GREE as our competitive equilibrium concept rather than a REE.

A GREE differs from a REE in that agents condition on information beyond that
contained in the price — in particular, in the most standard application a GREE
allows agents to condition on volume (Kreps 1977; Allen and Jordan 1998; Schneider,
forthcoming). In our setting, volume equals 1 if x (w) = 2 (the buyer acquires the

asset), while volume equals 0 if k(w) = 1 (the seller keeps the asset). Let F'2

22We assume that the buyer’s offer p is constrained to lie within some finite set P. In other words,
the buyer’s action set is finite. As is well-known, equilibrium existence is not guaranteed in games

with infinite action sets.
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denote the o-algebra relating to the join of the buyer’s and seller’s information, i.e.,
F12 = {{a,b}} x B2, Decentralization in a competitive equilibrium requires that
agents should be able to buy/sell the quantity they desire at the posted price, and
that markets then clear. Formally, then, a GREE in our setting is a pair of F12-
measurable functions p : @ — R and x : £ — R such that for almost all w € €,

either

ki (w) =Land V (Pr(als1,p(w), r(w))) = p(w) and V (Pr(als,p (W), k (w))) < p(w)
(7)

or

k(w)=2and V (Pr(als;,p(w),k (w))) <p(w) and V (Pr(a|ss,p (w),k(w))) > p(w).

(8)

Conditions (7) and (8) say that either volume is 0 and the price is such that the

seller is happy not to sell (given the information revealed by price, volume, and the

seller’s own signal) and the buyer is happy not to buy; or that volume is 1 and the
price is such that the seller is happy to sell and the buyer is happy to buy.

Let V attain its minimum value over [Q, cﬂ, where ¢ = ¢ if V' has a unique min-
imizer (as observed above, V has an internal minimum under the precision condi-
tion). We claim the following is a GREE. If the state w belongs to the trade set
{a,b} x ST x ST then trade occurs, s (w) = 2, at the specified price, p (w) = p. If
instead the state w lies outside the set {a,b} x ST x ST then the price equals the full
information value of the asset, p (w) = V (Pr(a|s1, s2)), and trade may or may not
occur: K (w) = 1if Pr(alsi, s2) < g and k (w) = 2 if Pr(alsy, s2) > G. As we explain
below, the buyer and seller are indifferent between trading and not trading in this
second region.

Given that p, ST and ST are taken from an equilibrium in the third-party posted
price mechanism, it is immediate that when w € {a,b} x ST x ST condition (8)

holds. Moreover, there are strict gains from trade for almost all such states: the
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buyer strictly prefers to buy, and the seller strictly prefers to sell.

If instead w ¢ {a, b} x ST x ST, the conjectured GREE features a price and volume
that fully reveal all relevant information, namely Pr (a|s, s5). This follows from the
convexity of V', which ensures that any value above min V' is associated with at most
two probabilities, ¢ < g and ¢” > @, say. The conjectured GREE entails different
volumes for these two probabilities: volume equals 0 if Pr (a|sy, s2) = ¢’ and equals 1
if Pr(als, s2) = ¢". (If Pr(als1, s2) € [g,q] then price and volume reveal only that
Pr (als, s2) lies in [g,q|, but this is still sufficient to infer that the value of the asset
given s; and sy is min V). Because price and volume together reveal Pr (a|sy, s2),
both the buyer and seller are indifferent between trading and not trading at the
price V (Pr (a|s1, s2)). Consequently, the conjectured x and p do indeed constitute a
GREE.

We conclude with a discussion of why we have worked with GREE and not REE.
There are two reasons. First, our agents are risk-neutral, and so as Kreps (1977)
observes, there may exist pathological REE in which an agent is unconditionally
worse off in equilibrium than if he simply stuck with his original endowment; and
these equilibria are ruled out if agents are allowed to condition on volume, as in a
GREE.?

Second, we need to ensure that markets clear for all w ¢ {a,b} x ST x ST and
the only way we have found to do this is to make sure that the buyer and seller value
the asset equally in these states. In turn, the only way we have found to guarantee
equal valuation by the two parties is to have Pr (a|s;, s2) fully revealed in equilibrium
in states in {a,b} x ST x SI. However, because the precision condition implies non-
monotonicity of V', price alone is generally insufficient for full revelation. Note that

if the signal space were instead finite (as in the opening example) then generically a

2See Kreps (1977) and Dow and Gorton (1995) for alternative ways to avoid equilibria with this

unattractive property.
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price V (Pr (a|s1, s2)) would reveal Pr (a|sy, s2). Moreover, note that conditioning on
volume gives agents no extra information in the interesting part of the equilibrium,
namely {a,b} x ST x ST since here the price of p alone tells agents that the signal

pair lies in ST x ST which is the only information communicated in equilibrium.

6 Complete markets

No-trade theorems are predicated on the assumption that agents have already ex-
hausted all preference motives for trade (i.e., Pareto efficiency). This assumption is,
in turn, often justified by appeal to an assumption of complete markets (see Milgrom
and Stokey, 1982, page 17).2* Logically separate, the extent of market completeness
is related to the number of assets available for trade. In turn, the dimensionality of
the price vector affects how much information is revealed in equilibrium: see Allen
(1981, 1982), or for a more specific example, Marin and Rahi (2000).

By construction, our model ensures that agents have no preference motive for
trade — regardless of the extent of market completeness. However, the extent to
which trade reveals information is critically important for our results. On the one
hand, by part (ii) of Theorem 1 the buyer must learn something from trade. On the
other hand, an immediate implication of part (iii) of Theorem 1 is that a trade must
stop short of revealing all information.

Earlier, we showed how the trade constructed in part (i) of Theorem 1 can be
decentralized. In doing so, we assumed that the buyer and seller trade only the
main asset of our model. In this section we show that the possibility of decentralized
trade depends critically on the extent of market completeness, because this affects
the informativeness of equilibrium prices.

Specifically, we move towards market completeness and introduce action-securities

24See also Blume et al (2006).
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that pay 1 if the asset owner takes a particular pre-specified action, and 0 otherwise.
These securities are in zero net supply. A GREE now allows agents to condition on
the price and volume of each of the traded securities. For conciseness, we restrict
attention to the case where there are just two possible actions, X = {A, B}.

In sharp contrast to our above decentralization of an equilibrium with strict gains

from trade, for the case with action-securities we establish:

Proposition 2. Suppose an action-security linked to action A is available for trade.
Then in any GREE,? in almost all states both the buyer and seller are indifferent

between trading and not trading both the main asset and the action-security.

The intuition behind Proposition 2 is straightforward. Trade in the action-
security reveals what action the asset owner is going to take. But given this, the
agent who ends up without the asset has at least as much information as the agent
who ultimately holds the asset: the agent without the asset knows both his own sig-
nal, plus a summary statistic — namely, the action to be taken — of all information
held by the other agent. In this case, prices communicate too much information, and
trade becomes impossible.

Finally, in light of Proposition 2 it is worth stressing that action-securities of the
type described can only exist under the relatively stringent condition that the action

taken is observable and verifiable.

7 Discussion

In this paper we have shown that if asset payoffs are endogenously determined by

the actions of agents, then trade based purely on informational differences is possible.

25The only role that conditioning on volume plays in the proof of Proposition 2 is to rule out the
kind of pathological equilibria identified by Kreps (1977) — see earlier discussion on page 22. With
this caveat, the result covers REE as well as GREE.
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This conclusion stands in sharp contrast to the existing literature, which takes asset
values as exogenous. Trade transfers control of the asset from an agent who has
received an uninformative signal to one who has received an informative signal. Even
without the presence of noise traders, agents in our model would be prepared to
spend resources to acquire information; and this information is subsequently partially
revealed by trade.

The main empirical implication of our model is that trade affects the action taken:
when the buyer acquires the asset, he (at least sometimes) takes an action that is
different from the one the seller would have taken. As we discussed, this implication is
consistent with both firm policy after takeovers and with different creditor behaviors
in debt restructuring, though other explanations are certainly possible.

We conclude the paper with an extended discussion of two remaining issues:

HEDGING AS AN ACTION

In our model agents choose an action that directly affects the payoff produced by the
asset. In some circumstances it is possible to reinterpret this action as a hedging
decision taken after the asset is traded, which leaves asset cash flows unchanged and
instead affects the utility of a risk averse agent holding the asset.

Specifically, consider the following setting. The buyer and seller are now risk
averse, with constant absolute risk aversion (CARA) utility, u (x) = —e™7*, and with
the same degree of risk-aversion. Write R for the stochastic (but now exogenous)
payoff eventually produced by the asset. The distribution of R differs across 8 = a, b.
The initial wealth levels of the buyer and seller are W, and W5 respectively.

After trading the main asset, both the buyer and seller can trade a second risky
security and a risk free security with a third trader. We assume that this third trader
is risk neutral, which allows us to assume that the returns of these two additional

securities are independent of the buyer and seller’s demands for them. We normalize
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the gross risk free return to unity, and write r for the gross return of the second risky
security, which we assume is independent of 6.

Importantly, because the seller and buyer are equally risk averse, and the main
asset is indivisible, the only possible motive for trading the main asset from the seller
to the buyer stems from differential information.?

The expected utility of an agent with wealth W who owns the main asset and be-
lieves that the probability of fundamental a is ¢ is given by U (W, q)
= max, F[u(W — x4+ R+ rz)|q], while the expected utility of an agent who does
not own the main asset is simply U (W) = max, E[u(W —z +rxz)]. The ana-
logue of the trade condition (5)is U (W) + 7 (w)) > U (W1, Q (w; F1°)) together with
U(Wy —7(w),Q (w; Fy'™)) > U (Wsy). Given the CARA assumption, there exists a
negative-valued function v and a negative constant ¥ such that U (W, q) = e""Wv (¢)

and U (W) = e "™ p. Consequently, the analogue of the trade condition (5) can be

written as

L @B s 1y

(@Q (w; 1))
¥ v o y v

which is identical to (5) with V' (q) replaced by —% In @. All our prior results then

, (9)

extend directly to this alternative interpretation.

Note that because this reinterpretation relates to an exchange economy, the no-
trade theorem implies that the initial allocation is Pareto inefficient. Specifically, the
initial allocation has the seller exposed to the entire risk R of the main asset, while the
Pareto efficient allocation would entail allocating this risk entirely to the risk-neutral
third trader. As such, this reinterpretation is applicable only when the main asset is
indivisible, and has unverifiable cash flows (so that no mimicking security can exist)
that only the buyer and seller can access (but that the third trader cannot, which is
why he does not hold the asset).

Under this reinterpretation, our model is a simple and stylized model of dynamic

26Formally, see inequality (9) below.
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trading between differentially informed agents. In a first round of trading, differen-
tially informed agents trade in anticipation of engaging in a second round of trade.
Possessing more information in the first round increases an agent’s continuation util-
ity in the second round. Relative to the large literature on dynamic trading, in our
case trade in the first round takes place only for informational reasons:?” to reiterate,
absent informational differences there is no reason for the buyer to hold the indivisible

main asset instead of the seller.

INFORMATION USED TO EVALUATE THE TRADE

Kreps (1977) contains an early statement of the no-trade conclusion, stated for com-
petitive (REE) equilibria. In competitive settings, agents are effectively able to
decline a trade after observing the information revealed by the terms of trade. As
discussed on page 12, we have conducted our analysis under the same assumption.
However, and as forcefully observed by Dow et al (1990),%® the no-trade result still
holds if instead agents must agree (or not) to a trade based only on coarser informa-
tion, such as each agent’s pre-trade information. As such, no-trade theorems are not
driven by information revelation, in the sense that they do not depend on an agent
being able to reject a trade after seeing the proposed terms of trade.

In contrast, in our setting in which information-based trade is possible, the infor-
mation that agents use to evaluate a trade does matter, and using coarser information
makes trade easier. To illustrate this point, we give an example in which (i) agents
evaluate a trade using just their pre-trade private information (i.e., F; and F3), as
opposed to information revealed by trade (i.e., F;"" and F,""), (ii) the precision con-

dition fails, but (iii) common knowledge of strict gains from trade exist. Together

27See, for example, Grundy and McNichols (1998), Wang (1993), and Foster and Viswanathan
(1996). In these and other papers, trade between differentially informed investors takes place in the

presence of a stochastic supply shock (i.e., noise traders).
28See their Proposition 2.8. See also Conclusion 2 of Rubinstein and Wolinsky (1990).
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with Theorem 1, this example demonstrates that the information agents use to eval-
uate a trade affects the circumstances under which common knowledge of gains from
trade can exist. In other words, in our setting — unlike in the standard no-trade
framework — it matters whether agents can commit to a trading mechanism before
seeing the actual terms of trade.

The example is as follows. The two fundamentals are equally likely, Pr(a) =
Pr(b). There are two actions, X = {A, B}. Payoffs are v(A,a) = 2, v(A4,b) = 0,
v(B,a) = v(B,b) = 1. Note that the precision condition is violated because V is
monotonically increasing.

Define s, by Pr(als;) = 1/2. Choose any 5o. Note that Pr(a|ss < 53) < 1/2 <
Pr(alsy > 53). Choose §; > s, such that Pr(a|s; and sy < 53) < 1/2.

Consider the trade (k,7) in which the buyer buys the asset for a price 1 if and
only if s; € (s4,51) and sy < §;. Because the ultimate asset-owner must decide
between actions A and B after trade occurs, we also need to specify the post-trade
information, F;"" and F,"™: when the seller sees a signal s; € (s;,5;), he learns
whether the buyer’s signal is in (—o00, S2) or (53,00). When the buyer sees a signal
Sy < 52, he learns whether the seller’s signal is in (s;, 51) or R\ (sq, 51).

We will show that there is common knowledge of gains from trade when the trade
is evaluated using the agents’ pre-trade private information, i.e., F; and F,. Note
that we deliberately follow the no-trade literature and say nothing about what trading
mechanism leads to this allocation. Instead, all we impose is the common knowledge
of gains from trade requirement: agents are allowed to stick with the no-trade outcome
(no transfer of asset or money) after seeing their private signals.

Because the asset is worth a minimum of 1, for all signal realizations s, the buyer
is trivially at least weakly better off under the trade. Since no transfer occurs if

s1 & (s4,51), the seller is trivially indifferent between trade and no-trade for these
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signal realizations. Hence the only non-trivial step is to show that for all s; € (s;, 51),
1 x Pr(sy < Sg|s1) + V (Pr(alsy, s2 > 82)) Pr(sy > 8s|s1) > V (Pr(als1)).  (10)
First note that since information is always weakly valuable,

V (Pr (alsi, s2 < 82)) Pr(s2 < Sa|s1)+V (Pr (alsi, s2 > $2)) Pr(s2 > 5als1) >V (Pr(alsy)) .
(1)

By construction, for all s; € (s, 51) an asset owner who believes the probability of a is

either Pr (a|s;) or Pr(alsy, s2 > S2) takes action A, while an asset owner who believes

the probability of a is Pr (a|s1, s2 < 83) takes action B. Consequently, giving the seller

information about whether s, is above or below 5, is strictly valuable, since it changes

his action with strictly positive probability. Moreover, since V' (Pr (als, s2 < $2)) =1

the left hand sides of inequalities (10) and (11) coincide. Hence (10) holds, estab-

lishing that common knowledge of strict gains from trade exist in the example when

agents evaluate the trade using their pre-trade private information — even though

the precision condition does not hold.
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A Mathematical proofs

Proof of Lemma 1: Sufficiency is immediate. For necessity, suppose there is
common knowledge of strict gains from trade. So there exists a set D with the
properties given in Definitition 1. Since 7 (w) = 0 for almost all w € D for which the

seller keeps the assest, inequalities (3) and (4) hold with equality for almost all such
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w € D. So the event DN{w|x (w) = 2} is non-null, and moreover, lies in F;""NF,"".

This completes the proof. |
Lemma 2. The precision condition is satisfied if and only if V' is non-monotone.

Proof: It is immediate that the precision condition implies that V' is non-monotone.
For the reverse implication, note that non-monotonicity of V' together with convexity
imply that there exist ¢ € (0,1) and ¢ € [¢,1) such that V is strictly decreasing
over [0,q) and strictly increasing over (¢,1]. Fix ¢ < min {g, 1— cj}. Let h =
max {h (¢ —¢),h(g+¢)}. Then if ¢ and ¢ are such that h(g) > h(¢') > h and
lq —q'| <e¢,either ¢ < ¢ < qorq>q >¢ Ineither case V(q) > V(¢') and hence
the precision condition is satisfied. |
Proof of Theorem 1:

Part (i), necessity: Suppose to the contrary that the precision condition is not
satisfied but there is a trade (k, ) such that common knowledge of strict gains from
trade exists. By Lemma 2 V is monotone. Without loss, suppose V is weakly
increasing.

By Lemma 1, there exists D € F"" N F;"" and D’ € F satisfying the properties
stated in the lemma. It follows from (5) that Q (w; F3"™) > @ (w; F;"") for almost
all w € D and Q (w; Fy") > Q (w; Fi77) for almost all w € D’. By the definition of
conditional probability, for ¢ = 1,2,

/D Q (w; F&™) u(dw) = o (D 1 {a} x B2) |

and so
/D (Q (@i F5™) — Q (ws F1™)) i (duo) = 0. (12)

This gives a contradiction, since the left hand side of (12) can be decomposed as

’

[, Q@A QAN n) + [ (@A) - QA n (),

where the first term is weakly positive and the second term is strictly positive. [
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Part (i), sufficiency: We prove the sufficiency of the precision condition for
common knowledge of strict gains from trade by showing that an equilibrium of the
form described on page 16 exists.

We start with some preliminaries. Recall that L; (s;) denotes the likelihood ra-
tio of signal s;; likewise, for any set S such that n{ (S) > 0, we let L; (S) denote
the likelihood ratio n¢ (S) /n? (S). The asset value V is defined as a function of
q, the probability the asset holder attaches to fundamental a. In the trade equi-
libria under consideration, for the seller the conditional probability ¢ is of the form
Pr (alsy,so ¢ S ), while for the buyer it is of the form Pr(als; € S{,sz). It is
convenient to rewrite these probabilities as

II:—((Z))LI (Sl) L2 (R\Sg)

PUO T (s1) Ly (R\ST) + 1

Pr (a|81,52 ¢ S2T) =

Pr(b)
Pra) 1,1 (ST Ly (s5)
o) 1 2 (52
Pr (a\sl S S?, 82) = Prz)(b) (T ! ) .
le (Sl )LQ (82) + 1
Next, define a mapping from likelihood ratios to probabilities by
Pr(a)
q(L) = % for any L € [0, 00),
0 L+1

along with a transformation V¢ of V that takes a likelihood ratio L as its argument,
i.e., V! =V oq. By hypothesis the precision condition is satisfied, and so V' in non-
monotonic. Combined with convexity of V', this implies that there exist probabilities
¢t € (0,1) and ¢** € [¢*,1) such that V is strictly decreasing over [0, ¢*), flat over
[¢*,¢™], and strictly increasing over (¢**,1]. Since ¢ is strictly increasing in L,
L* = ¢ '(¢*) and L** = ¢~ (¢**) are well-defined, and V* is strictly decreasing over
[0, L*), flat over [L*, L*™], and strictly increasing over (L**, co).

We show there exists an equilibrium of the type described, i.e., ST = [s;,5;] and

ST =R\ (s,,5,). If the seller sees signal s; his payoff from offering to sell is
Pr (82 € S§|$1> p+ Pr (82 ¢ S§|81) VZ (Ll (81) Loy (R\Sg)) ,
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while his payoff from not offering to sell is
Pr sy € Syls1) V' (Lu (s1) Lo (7)) + Pr (s2 & Sy [s1) V' (L1 (s1) Lo (R\S3)) -
Thus it is a best response for the seller to offer to sell whenever s; € ST if and only if
VE(Li(s1) Lo (93)) < pforall sy € S
V(L (s1) Lo (S7)) > p for all s; ¢ ST
By continuity and the shape of V¥, these conditions are satisfied if and only if
V(L (s1) L2 (S3)) =V (L1 (51) L2 (S3)) = p. (13)
Likewise, in order for the buyer to offer to buy whenever s, € S7,
vt (L1 (Sip) L, (32)) > p for all sy € S;F
VE(Ly (S]) La(s2)) < pforall sy ¢Sy,
and these conditions are satisfied if and only if
V(L (ST) La(s)) = VO (L1 (ST) L2 (52)) = p. (14)

Thus a trade equilibrium exists if and only if there exist s;, 51 # s;, Sy, S2 # S, such
that (13) and (14) hold.

From the shape of V¥, there exists a unique pair L and L such that L < L* <
L* < L,and V(L) = V* (E) = p. Consequently, a trade equilibrium of the type
described exists if and only if there exist s;, 51 # s;, Sy, S2 # s, satisfying the

following system of four equations:

Ly (1) Lo(R\ (55, 52)) = L (15)
Ly (51) La(R\ (85, 52)) = L (16)
Ly ([s1,51]) La(sy) = L (17)
Ly ([s1,51]) La(32) = L. (18)
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To complete the proof we show that such a quadruple does exist. First note that

(15) and (16) imply

and (17) and (18) imply
Eigz% - % <1 (20)

Fix s, and solve for §;(s;) > s, from (19). Similarly solve for sy(s,) > s, from (20).

Substituting for 5,(s;) and Sa(s,), rewrite (15) and (17) as
Ly (1) La(R\ (89, 52(s5))) = L (21)

Ly (81, 51(s1)]) La(sy) = L. (22)

Observe that §; (s;) — £oo as s; — Foo. Consequently Li([sy,51(s1)]) — oo as
s; — oo and Ly([s;, 51(s;)]) — 0 as s; — —oo. Thus from (22) define s, (s;), and
note that s, (s;) — Foo as s — +o0.

Also observe that $5(s,) — £o00 as s, — F00, and so Ly (R\ (s,,52)) — 1 as
Sy — F00. So substituting in for s, (s,), the lefthand side of (21) approaches 0 as
s; — —oo and grows without bound as s; — oco. By continuity it follows that there

exists some s; such that

Ly (s1) La(R\ (85 (s1) - 52(s5 (51)))) = L.

completing the proof. |
Part (ii): Suppose to the contrary that there is a trade (k,m) such that common
knowledge of strict gains from trade exists, and such that the buyer learns nothing
whenever he acquires the asset. By Lemma 1, there exists D € F;"" N Fy"" and
D' C D satisfying the properties stated in the lemma.

Choose an integer n such that D' N {a,b} x R x [n,n + 1] has strictly positive
mass. Let D, (respectively, D! ) be the subset of D such that the buyer’s signal lies in
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[n,n + 1], and (5) holds (respectively, (5) holds with at least one inequality strict).?
Since the buyer learns nothing when he acquires the asset, @ ((6,s1,s2);F5") =
Q ((0,51,52); F2) = Pr(alsy) for all (0,s1,s0) € D. Let ¢ = Pr(als; =n) and
g = Pr(alss =n+ 1), so that

Q (w; F3™) € [q,q] for w € D, (23)
We claim that
inf Q(w; F"") <qg<qg< sup Q (w;Fy"). (24)
wEDn - wEDy,

This implies the result, as follows. For w € D,,, the buyer pays less than his valuation
of the asset, i.e., (5) holds. Combined with (23) and the convexity of V, it follows
that

T(w) SV(Q(w; F3T) <max{V (q) .V (a)}.

Given that V is convex, (24) implies

max {V (¢),V (q)} < max {V ( inf Q (w;]—"f”r)) vV (sup Q (w;ff’”)) } . (25)

weDy, weD,

On the one hand, consider the case in which inequality (25) holds strictly. Then
since V' is continuous there must exist w € D,, such that V (Q (w; F;"")) > 7 (w), i.e.,
the seller’s valuation strictly exceeds the price paid, contradicting inequality (5).

On the other hand, consider the case in which inequality (25) holds with equality.
Given the convexity of V', it follows that V' must be constant over the interval between
inf,ep, @ (w; F1°") and sup,,cp, @ (w; F;°"). But then the buyer and seller value the
asset equally over all D,,, contradicting the supposition of strict gains from trade over
the non-null subset D!, of D,,. This completes the proof of the claim.

To complete the proof of part (ii), we must establish (24). First, suppose that

contrary to the claim, inf,ep, @ (w; F{"") > ¢. By definition, D € F}"", so from the

Note that D,, and D!, are both F-measurable since both inequalities in (5) contain only F-

measurable functions.
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definition of conditional probability, for any s;

/ Q (W F2™) p (dw) = (D 0 ({a} % (—00,51) X R)).
DNn({a,b}x(—o0,s1)xR)

Since D,, C D and by supposition Q (w; F;"") > g over D,,

/ Q (w; F2) o (dw)
DN({a,b}x(—o0,s1)xR)

> / Q (w3 F™) pr (dw)
Dnn({a,b} x(—o0,s1)xR)

> guu (Do 0 ({a,b} x (—00,51) X R)) .

So

g < DN {a} x(00,51) XR))
=7 p(Dan(fa, b} x (=00, 81) X R)):

By definition, D € F,"" and the buyer acquires the asset in all states in D. Since

(26)

the buyer learns nothing when he acquires the asset, D € F; and so is of the form
{a,b} x R x ST, where S] € B. Since D and D,, are non-null, both n{ (S7) and
nY (S2T N[n,n+ 1]) are strictly positive for § = a,b. So inequality (26) rewrites to

Pr (a) ni ()
Pr(a) FY (s1) ni (53 N [n, n+1]) (b)Fl(Sl)m(ST [n,n+1])°

q=

But since the likelihood ratio is unbounded (see (1)) the righthand side converges to
0 as s; — —00,* giving a contradiction and thus showing inf ep, @ (w; F™") < g¢. A
parallel argument implies § < sup,cp @ (w;F;""), completing the proof. |
Part (iii): Suppose to the contrary that there is a trade (k,7) such that common
knowledge of strict gains from trade exists, but the buyer almost always takes the

same action the seller would take if he controlled the asset in the same state. So

30As noted in footnote 14, the assumption of conditional indepence of the seller and buyer sig-

nals is used in this argument. More generally, the righthand side of (26) can be written as

D,Nn({a —00,8 R DN({a —00,8 R . . .
#’z%nm(gg}xx((im_’;l))x Xﬂég) :((Dn ﬂ(({{a}}xx((foo,sll))xx]R))))' Under the relatively mild assumptions that the first

of these fractions converges to 0 as s; — —oo, and the second is bounded above as s; — —oo, the

assumption of conditional independence can be straightforwardly relaxed here.
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VI(Q (w; F™)) =V (Q (w; Fi'M)) for almost all w €  such that x (w) = 2. But this
contradicts (6). |
Proof of Proposition 1: The asset value V is convex. The key to the proof is the

following observation: for any set So C R, Jensen’s inequality implies

E[V (Pr(a|{s1} x S2))|s2 € Sa]

= Z Pr (9|82 - SQ) /_OO V(Pl" (CL| {Sl} X SQ)) ff (31)d81
> 3" Pr(flss € So) V (Pr(alSz)) = V (Pr (alSy)).

0=a,b
Given the precision condition V' cannot be linear over its domain [0,1]. The un-
bounded likelihood assumption ensures that Pr (a| {s1} x S3) varies from 0 to 1 as s,
increases from —oo to co. Hence the above inequality must be strict. Likewise, and by
a parallel argument, for any S; C R, E'[V (Pr (a|S) x {s2}))|s1 € Si] > V (Pr(a|Sh)).
We show that the equilibrium established in part (i) of Theorem 1 remains an
equilibrium when the buyer and seller must pay k to acquire their signals. For an

information acquisition cost of k = 0, the seller’s equilibrium utility is

p Pr (Sl c Sir,SQ S Sg)
+E [V (Pr(a|{s1} x S3)) |s1 ¢ ST,s2€ 53| Pr(s1 ¢ S],s2€57)
+E [V (Pr(al{s1} x R\S3))] Pr(s2 ¢ 57 ). (27)

Because the seller could instead always offer to sell, this quantity exceeds
pPr(ss€5;)+E [V (Pr(a|{si} xR\S3)) |s2 ¢ S5 | Pr(s2 ¢ 57),
which by above is in turn strictly greater than
pPr(s2 €57) +V (Pr(aR\S3)) Pr(sy ¢ 57).

This last expression equals the seller’s payoff under the deviation in which he does

not buy his signal and always trades. Similarly, the seller’s equilibrium utility (27)
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is greater than his payoff from never trading,

E[V (Pr(al{si} x57))|s2 € S5]Pr(ss €53)
+E [V (Pr (a\ {s1} x R\SzT)) |so ¢ Sﬂ Pr (32 ¢ SzT)

which is in turn strictly greater than
V (Pr(a|S3))Pr (s, €55)+V (Pr(alR\S;))Pr(ss ¢ S7),

the value of the asset to the seller if he observes only the buyer’s announcement of
whether or not he is prepared to buy. So for all information acquisition costs k that
are sufficiently low the seller chooses to buy his information.

For an information acquisition cost of k = 0, the buyer’s equilibrium utility is
E [V (Pr(a|lS] x {s2})) —plsi € S{,s0 € S5 | Pr(s1 € S],s2,€ 57).
Because the buyer could instead always offer to buy, this exceeds
E [V (Pr(alST x {s2})) —pls1 € S| Pr(S]),
which in turn strictly exceeds
(V (Pr (a\S{)) - p) Pr (Sip) ,

the buyer’s payoff under the deviation in which he does not buy his signal and always
trades. Finally, if the buyer deviates to not buying the signal and never trading, his
payoff is simply zero, and which is strictly less than his equilibrium utility. Again,
for all information acquisition costs k that are sufficiently low the buyer chooses to
buy his information. |
Proof of Proposition 2: Fix a GREE, with p: 2 — R the equilibrium price of the
main asset, and Q7 the subset of states in which the buyer acquires the main asset.

Partition Q7 into Q4 and Q% according to the action the buyer takes. Denote
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agent i’s equilibrium information by F***. Let Q4 (w) be the seller’s conditional
probability that the state is in Q% in state w.

The heart of the proof is the following claim, proved below:

Claim: Q4 (w) = 1 for almost all w € Q% and Q4 (w) = 0 for almost all w € QL.

The claim establishes that the seller knows what action the buyer will take in
every state in which he acquires the asset. Consider now the counterfactual in which
the seller keeps the asset over Q7 but continues to have information F7°*. By the
claim, it is feasible for the seller to exactly mimic the action taken by the buyer in
the conjectured equilibrium. Consequently, the seller’s valuation of the asset over
QOF is at least as high as the buyer’s,

LvQE At = [ v(Qus)n).

But the equilibrium conditions imply that for almost all w € Q7

V(Q Wi F3™)) 2 p(w) 2 V(Q (w: F7°))

These two inequalities together imply that for almost all w € QT

V(Q (w; F3")) = p(w) =V (Q (w; F*)),

so that both the buyer and seller are indifferent between trading the main asset and
not trading it. The claim also implies that the equilibrium price of the action-security
must equal 1 in almost w € Q% and 0 in almost w € Q% likewise implying that both
the buyer and seller are indifferent between trading the action-security.

Finally, an analogous argument to the above implies that over the remaining states
O\QT both the buyer and seller are indifferent between trading and not trading both
the main asset and the action security.

Proof of Claim: We prove that Q4 (w) = 1 for almost all w € Q% (the proof of
the other statement is identical).

The case p (Q%) = 0 is immediate.
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For the case p (€4) > 0, we first show that Q4 (w) € {0,1} for almost all w €
QL. Suppose to the contrary that there exists Qc Q% such that p <Q) > (0 and
Q4 (w) € (0,1) for all w € Q. Let Q be the set of all states w € QT such that there
exists some @ € Q at which the seller places the same probability on action A, i.e.,
Qa4 (w) = Q4 (@), and the price-volume vectors in w and & coincide. The set € is

FP*"_measurable, and contains Q. Because Q4 (w) < 1 for all w € Q, we know

| Qi@ <u@.

By the definition of conditional probabilities,

[@sru@r =u(@nas).

So p (2N QY) < u (), implying that & N QF is non-null.

Let wg be a typical member of € N QL. By the construction of €, there exists
wa € QF such that Q4 (wa) = Q4 (wp) € (0,1) and the price-volume vectors coincide
at wy and wg.

The common price of the action-security in w4 and wp cannot be 1: if it were,
both the buyer and seller strictly desire to sell the action-security in state wg, and so
the action-security market fails to clear.

The common price of the action-security in w4 and wp cannot be 0: if it were,
both the buyer and seller strictly desire to buy the action-security in state w,, and
so the action-security market fails to clear.

The common price of the action-security in ws and wp cannot lie in (0,1): if it
did, the buyer would strictly desire to buy the action-security in w4 and sell in wpg,
and so volume cannot be the same in the two states.

Since this exhausts the possibilities, we have a contradiction, and hence have
shown that Q4 (w) € {0, 1} for almost all w € Q). Finally, since [, Qa(w)pu(dw) =
w(24), it follows that Q4 (w) = 1 for almost all w € Q%. This completes the proof

of the claim. ]
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B Analysis of case in which buyer proposes a price

In the main text, we use a simple third-party posted price mechanism to establish
the sufficiency of the precision condition for trade (Theorem 1). In this appendix,
we analyze trade in the buyer-posted price mechanism described on page 19. As
noted in footnote 22, to avoid technical complications associated with infinite action
sets we assume that the buyer’s offer p is constrained to lie within some finite set
P.  We assume that P contains at least one element lying between minV and
min {V (0),V (1)}; and moreover that 0 € P, so that the buyer can effectively abstain
from making an offer by offering the zero price.

Our first result shows that an equilibrium with meaningful trade is necessarily
more complicated when the buyer chooses the price than when the price is simply
imposed non-strategically. To see this, start by noting that in the equilibrium of
Theorem 1 both the buyer and the seller make zero profit at the boundaries of their
trade sets ST and SI. This is a consequence of continuity: for example, for the
buyer, when sy € ST the buyer’s valuation of the asset exceeds p, while when sy ¢ ST
the price p exceeds the buyer’s valuation.

Because the buyer has zero profits at the boundary signals s, and 5, of ST, he
faces a strong temptation to offer a lower price after observing these signals. In
fact, regardless of the seller’s out-of-equilibrium beliefs the buyer could make strictly
positive profits at at least one of s, and 55 by offering p between p and min V. The
reason is that the seller’s response to p either increases or decreases the buyer’s belief
that the fundamental is a relative to his equilibrium belief, and given the convex and
non-monotone shape of V' (from Theorem 1, the precision condition must hold) this
raises the buyer’s valuation at one of s, and 5.

It follows that the only possibility for an equilibrium with trade at just one price
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entails trade at the lowest price in P that still exceeds min V| i.e.,
p"=min{peP:p>minV}.

However, the seller only accepts this low price when he sees a signal that places his
valuation between minV and p*. When p* is close to min V' this can occur only

rarely. Formally:

Proposition 3. Suppose the precision condition holds, V is never flat3' and the
buyer-posted price mechanism is used. Suppose an equilibrium exists in which trade
occurs at only one price. Then (I) the trade price is p*, and (II) the probability of

trade approaches zero as p* — minV.

Proposition 3 implies that when the buyer chooses the price trade can occur with
a meaningful probability only if the buyer makes different offers after different signals,
and the seller accepts multiple offers with different probabilities. Characterizing such
an equilibrium is challenging. Formally, our environment is close to a bargaining game
with interdependent values and two-sided asymmetric information,3? and we are not
aware of any paper to consider such a game with more than two types.3?

In order to illustrate the possibilities for trade when the buyer proposes the price,
we focus on the simplest environment in which strategic offers by the buyer are
possible, namely that in which the precision condition is satisfied — so V' is non-
monotone — and the offer set is P = {pc,pD,O}, where min {V (0),V (1)} > p© >

pP? > minV. As we explain below, even here the fact that there are a continuum

31The assumption that V is never flat means that a small change in precision h(q) is always

associated with a change in asset value V (g).
32However, our environment is not a special case of such a bargaining game because the value of

the asset is endogenous.
33Schweizer (1989) analyzes the case of two types. In general, the literature on bargaining with

interdependent values is small and focuses on the case of one-sided asymmetric information: see

Evans (1989), Vincent (1989), Deneckere and Liang (2006), Dal Bo and Powell (2007).

45



of buyer “types” necessitates a numerical simulation in order to verify the incentive
constraints.

A trade equilibrium with trade at both prices p© and p? is characterized by signal
sets S and S in which the buyer offers the prices p© and p? respectively, with
corresponding signal sets S and SP in which the seller accepts these offers. Given
that V is convex and non-monotone the seller’s acceptance sets S and SP must be
of the form (s{,5{) and (sP,sP). As in the equilibrium of Theorem 1 , the seller

has zero profits at the boundaries of S¢ and SP:
V (Pr (a|§{,82 € S%)) =V (Pr (a|§{,82 € S%)) =y’ for j =C,D. (28)

Since both p® and p? exceed min V, there must exist a non-empty subset of signals
at which the buyer prefers to make no offer. Again by the convexity and non-
monotonicity of V, this no-offer set is an interval of the form [sP,59]. Thus the

equilibrium conditions for the buyer are that for s, € S¢

Pr (81 € Slc|82) (V (Pr (a|81 € 510, 82)) —pc)
> max {0, Pr (s; € SP[s2) (V (Pr (als1 € S, s2)) —p") } 5 (29)

while for s, € SP,
Pr (51 € 57]s2) (V (Pr (alsr € 57, 2)) — ")
> max {0, Pr (s; € S{|s2) (V (Pr (alsy € 57, 82)) —p%) }; (30)
and if s, € [sD,57],
0 > max {V (Pr (als) € 57, 52)) =,V (Pr (alsy € SP,,)) = p°}.

Finally, in light of the form the equilibrium takes in the third-party mechanism, along
with the non-monotonicity of V', a natural conjecture for the form of the buyer’s trade

sets S and SP is as follows. The buyer makes the higher offer p® only when his
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signal is relatively informative, that is, S5 is of the form R\ [s§,55].  The buyer

then makes the lower offer p? after the remaining signals R\ (5§ U [s?,57]), so that
SP = [s§,sP)U (50,57]. By continuity, the following equalities are then necessary

for an equilibrium of this type to exist:

V (Pr (als; € SP, 52)) = p” (31)

at Sg = §2D’ §2D7 Whlle at S9 = §§7 557

Pr (81 € Slc|82) (V (Pl" (CL|81 € Slc, 82)) —pc)
=Pr (s1 € S7|s2) (V (Pr(als1 € 57, s2)) —p") . (32)

Together, equations (28), (31) and (32) constitute eight equations in the eight pa-
rameters {glc, 57, sP 5P 5§ 55 5D 5D } that characterize the equilibrium of the type
described.

Figure 2 displays an example of such an equilibrium for a specific set of parameter

34 The figure plots the buyer’s expected profits from each of the offers p©

values.
and p? as a function of his signal s,. The vertical lines are drawn at the boundaries
of the sets S§ and SP| i.e., at s§,sD 55, 5P respectively. The figure makes clear
that the solution to equations (28), (31) and (32) defines an equilibrium in this case:
whenever s, € S§ the buyer prefers offering p® to p”, and whenever s, € S the
buyer prefers offering p” to p©. The advantage of the higher offer p© is that it is
accepted more often; the disadvantage is, of course, that the buyer pays more.

The significance of this example relative to Proposition 3 is that it shows that
trade can occur with significant probability when the buyer proposes different prices
after different signals. That is, although the probability of trade at the lower price

pP is relatively low, the buyer sometimes offers the higher price p®, and the seller’s

34Unfortunately, we have not been able to characterize the conditions under which equations (28),
(31) and (32) have a solution; and even if we were to do so, one would still need to check that the

equilibrium conditions (29) and (30) hold away from the boundaries of the S§ and SP.
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Solid (dashed) line shows the expected profit for the buyer from the high (low) price.
0.1 T T T T T

0.08

0.06 -

0.04

0.02 - i

-0.02f \ 8

~0.04 I I I I I
0 1 2 3 4 5 6

Buyer signal (likelihood ratio scale)

Figure 2: The action set is X = {A, B}. The asset payoffs are v (A,a) = 2, v (B,b) =
1, and v (A4,b) = v(B,A) = 0. The prices are p© = 14/18 and p? = 13/18 (note
that min V' = 12/18). The ez ante probability of fundamental a is 1/2. Both the
buyer and seller observe a normally distributed signal with standard deviation 1 (for
both fundamentals a,b) and a mean of 0 (respectively, 1) when the fundamental is
b (respectively, a). The solid (dashed) line shows the buyer’s expected profit from

D D C

making the offer p© (respectively, p”). The vertical lines are drawn at s, s, 52, 5§

respectively.
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acceptance probability at this price is higher. Moreover, our focus on an equilibrium
with trade at two prices is solely for tractability, and we conjecture that with a finer
offer set P there exist equilibria with trade at a large number of different prices. We

leave the further exploration of this bargaining framework for future research.

PROOF OF PROPOSITION 3

From Theorem 1, the precision condition must hold. Let the likelihood ratios L; and
function V¢ be as defined in the proof of the sufficiency half of part (i), Theorem 1.
From the same part of the proof of Theorem 1, we know that there exists L* such

*

that V* is strictly decreasing over [0, L*) and strictly increasing over (L*, 00).

Let p denote the unique buyer’s offer that is accepted, and let S; denote the set
of signals at which the seller accepts this offer and sells. It follows that the buyer
offers p if and only if

V(L1 (S1) La (s2)) > p.

Since the seller accepts the offer p with strictly positive probability, p > min V*. It
follows that there exist s, and S5 such that the buyer offers p if s5 € (—00, s5)U(S2, 00),
with

VE(Ly (1) Lo (85)) = V(L1 (S1) Ly (52)) = p.

So the buyer makes zero profits when he sees sy € {s,, 52}, regardless of whether
or not he offers p at these signals. Moreover, observe that V* is decreasing at
Ly (S1) Ls (85) and increasing at Ly (S1) Lo (S2).

To prove (I), suppose to the contrary that p > p*, and consider the deviation
in which the buyer offers p*. We show that this deviation is strictly profitable for
the buyer at at least one of the signals s,,55. The seller’s beliefs are completely
summarized by f)2. The seller then sells if s; € gl. If Ly <§1> > Iy (Sf) the buyer
has a profitable deviation at S,. If Ly (5’1) < Iy (Sf) the buyer has a profitable
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deviation at s,. If L, <§1> = L; (S{) the buyer has a profitable deviation at both s,
and S,. In each case we have shown that p is not a best response for the buyer, giving
a contradiction. To complete the proof, simply note that if p < p* then p < min V'
and the seller accepts the offer with zero probability.

To prove (II), let ST denote the set of buyer signals at which the buyer offers p,
and suppose to the contrary that the trade probability remains bounded away from 0
as p* — minV. It follows that L, (Sg ) is also bounded away from 0. The seller sells
at signal s; only if p > V* (L1 (s1) Lo (Sg)) This occurs only if Ly (s1) Lo (SQT) €
(L* —e,L* +¢) for some €, where ¢ — 0 as p* — minV. Since Ly (57 ) is bounded
away from 0 it follows that Pr (81 € SlT) converges to 0 as p* — min V', which gives

a contradiction and completes the proof. |
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