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Options and Efficiency

Arrow's Introduction of the state space approach to uncertainty in eco-
nomics has brought the recognition that an inadequate number of markets in
contingent claims would be a source of inefficiency. In the state space ap-
proach the random events that might occur are subsets of elementary points
or "'states" in a (probability)} space. The generic possibility of ineffi-
ciency arises whenever the feasible set of pure contingent claims, claims to
wealth if a single state occurs and nothing otherwise, fails tec span all the
state space. An easy way to understand this is by analogy with a market
where individuals are only permitted to purchase a grapefruit if they alsc
buy an crange. Tf, by a fluke, everyone wishes to consume one grapefrult
with one orange,this constraint has no force. Otherwise, opening separate
markets would Improve efficiency.l

This result, however, must be qualified. On the one hand, many of the
states will be idiosyncratic teo individuals and events on these states will be
independent across individuals permitting a simplification of the efficient
market structure. Malinvaud has recently confirmed this Intuition and demon-
strated that with large numbers of individuals a simple insurance program in
lieu of the theoretically reguisite complete contingency markets will remove
this source of inefficiency. Secondly, economists have now begun to explicitly
consider the impact of transactions and set up costs of an institutional sort
on equilibrium and efficiency. (See, for example, Hzhn,) If the iIntroduction
of a contingent claims market will use more resources than it will save, in an
opportunity cost sense, by moving closer to efficiency, then within the con-
text of the institutional structure of the economy the absence of the market
is required for efficiency. Nevertheless, it is difficult to believe that
such costs would be so prohibitive as to prevent the formation of neariy

all contingent claims markets. Yet with the exception of some insurance



-

examples contingent contracts are difficult to find in actual markets. Even
if we eliminate individualistic partitions of the state space, the number of
states may greatly axceed the number of assets and competitive equilibrium
could be sorrowfully inefficient.

Such pessimism, however, would be premature. Although there are only
a finite number of marketed capital assets, shares of stock, bonds br as
we shall call them "primitives", there is a virtual infinity of options or
Mdepivative" assets that the primitives may generate. Many such options do,
in fact, exist and,if we admit the possibility that such options remove
inefficiencies, there is at least some reason to believe that options will
be created until the gains are outweighed by the setup costs. In general,
it is less costly to market a depived asset generated by a primitive than
to issue a new primitive.

The main purpose of this paper will be to explore the relationship
between primitive assets, derived options and the attainment of theoretical
efficiency. We will not be concerned explicitly with tpansactions costs, but
the relative cheapness of forming options, as opposed to primitives, under-
1ies much of the analysis. The basic framework and definitions are pre-
sented in Section I and used to prove & basic theorem relating general types
of options and efficiency. In Section II some representation theorems among
different types of options are obtained. The representation theorems are
used to study the velationships between simple options and efficiency in

Section ITI. Section IV summarizes and concludes the paper.



Section I

Tn the state space framework commodities are viewed as functions on
the underlying state space. For simplicity and without loss of generality
we will interpret each random vector as a security yilelding a dollar return
in each state of the world. A typical asset, x, then, is a map from the
state space, €, to the line E:

x : & >E
If the range of x 1s restricted to £t , then the market is organized so
+hat the asset offers limited 1iability. We will assume that the state space,
Q, is finite, & = {81,...,8m} , and that there are n primitive assets
{Xl,...,xn} . The set of primitives 1is assumed to be invariant and cannot
be altered, i.e., production decisions are precluded. We will use X o
denote both the mxn state space tableau, with entries Xij’ the gross return
on asset j in state 1, and the set of n primitives.

Associated with X 1is the generated set

PX = {z|(3u€En) z=Xu}

of devived assets attainable by forming portfolies, o, of the primitive assets.

In the definition of PX we permit short sales. We could, however, restrict
z +to be non-negative to avoid the possibility of bankruptecy in any state.
With this restriction P, 1is a polyhedral cone in the positive orthant, EE,
and the results below are unaltered.

Tf X has rank (or dimension) p(X), then PX lies in and spans a sub-
space of dimension p(X). If 0(X) = m , then there will exist a matrix of

portfolios, A, such that

i.e., X will possess a right inverse. This is equivalent to our being able



to cembine the primitives so as to form a complete set of pure contingent
claims offering a return in only one state and zerc in all the other states.

We will assume that each of the states is critical in the economy in
the sense that all of the states must by spanned (by contingent claims) to
attain full Pareto efficiency. A sufficient condition for this to be true
is that for each state there is some individual who values wealth in that
state (and is not satiated). In an important sense, though, it is difficult
to see how a state could appear Iin the tableau without it being critical for
efficiency. States are merely elements in a minimal mathematical construct,
{1, chosen *to be just large enocugh to explain observed rezlizations. If a
state appears in &, it is required to explain anticipated realizations, and
as  such  must be critical. The criterion for efficiency then is that
there exist assets, primitive and derived, to span all the states.

If, as 1s typical, there are more states than primitives, then we can-
not span zll of the states and competitive equilibrium will be inefficient.
Even though X falls to span &, however, it may be possible to augment the
rank of X sufficiently by forming options on the existing primitives. This
possibility is the focus of this paper. Of course, we zre neglecting the
consideration that the creation of markets iIn new assets will be costly. In
general, efficiency must be assessed across alternative market and institu-
tional structures. If costs are sufficlently high,it will be inefficient
to open all the markets even if it does permit all the states tc be spanned.
{(If costs are low, however, unless markets have significant public goods aspects
it is not clear why they will not be open in competition.) Our concern,
though, will be solely with whether pure, or theorétical, efficiency 1s attain-
able. We will use a crude ordinal notion of cost to establish a taxonomy of

options. In effect, we will prohibit some cptions as exorbitant in their



resource use and those that are allowed will be considered as costlessly
marketable.
To begin with a concrete example consider a call option written on an

asset x. A call option promises a gross payment of
Cq (x;a) = max {x(8) - a, 0} ,

in state of the world 6, where a is the exercise or thresheld price.

Figure I illustrates the option contract. If

a > max x(8)
&

then Cg (x;a2) = 0 , and the call opticn will have a zerc gross rate of return

in all states. Tor

0 < a < max x(9) ,

the gross return will depend on the price of the option which will be deter-
mined in the equilibrium. TFor all (positive) prices, though, the gross re-

turn will be proportional to ¢y (x;a) and this is,all that we need to know
for our purposes.

If x has limited 1liability, then
g (x;0) = x(8) ,

i.e., a call with a zero exercise price is equivalent to the primitive asset

on which it is written.

Similarly, we can define a put on an asset, =, by its gross payment

Pg (x,a) = max {0, a-x(8)} ,

where a is the exercise price of the put. Inversely to a call, for a limited

liability asset



De (X;O) =0 N

and in general, as first pointed out by Kruizenga,

cq (z;a) - P, {(x;a)

max {x(8)-a,0} - max {0,a-x(8)}

x(8) - a

1

The following examples illustrate the use of options and some of their

limitations in permitting the attainment of efficiency.

Example 1: Let X contain a single asset x with returns iIn the three states

w
1
w N

By itself X cannot span = {81,82,63} , since p(X) = 1 < 3 ., Forming calls

on % with exercise prices 1 and 2 we have

o
el(x;1) = 1 ,
2
and
o
C(X;?) = 0
1

Now the rank of the augmented tableau

-
[x "elx:l) e(x3;2)] =

w b

N = O

= o O
-

is full and the call options permit us to attain efficiency.

Example 2: Let the single asset in X be



Now, all non-trivial call cptions on x have the form

2 - a E
2 - a if a <2 5
‘3 - a
c(x:a) = T- -
I 0 :
0 if 2 <a<3
3 - a

Any augmented matrix formed with call options on x will have the
fipst two rows identical and be of less than full rank. The same is true

for put options as well.

The second example illustrates an important point. By definition an
option is defined on the range of the random returns. The range defines the
limited class of events *that the vandom assets can distinguish among and
we cannot write options that distinguish between two states in which all
assets have identical returns. (Presumably, though, the states are dis-
tinguishable from an efficiency viewpoint.) Quite generally, if we view the

state tableau, X as a mapping from & into BT, i.e.,

X : 9 ~>EL .
then a general or multiple option, M, is a mapping
M :E =E

giving a composite mapping M(X(8)) on states. Tt is important to emphasize

that an option's return depends only on the return on the underlying assets

1¥'s wpitten on and not on which state occurred. Letting M denote the class
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of general options and OX(M) the space spanned by ¥ and all general

options that can be written on X, we have the following simple result.

Theorem 1: The dimension of OX(M) is full if and only if no two rows of

X are identical.

Proof: If two rows Bi and 6, of x ave identical, then for all multiple
]

options,
u{X,) = M(Xj) ,

where X, denotes the kth row of X, and the augmented tableau, Oy (M),

will not be of full rank. Conversely,if all rows of X differ, then we

can define the option C. as

(

G; (X5) = ﬁ¥§ ig ?fi ,
and
[G, (X)) &,(,) ... Gm(Xm)]
= Im .

spanning all the states.

Q.E.D.

Theorem 1 is somewhat obvious, but it does serve to formalize the con-
jecture that a sufficient condition for spanning ¢ is that for any two
states there be zome asset that distinguishes between them. It is clear that

X is not necessarily of full rank simply because (vi,3){Ik)

®ik 7 Xk



but with multiple options we can distinguish among states and span .
Multiple options, though, are really quite general and, in practice,

contracts written on multiple contingencies are extremely rare. If we

rule out such options as too costly, it still might be possible to augment

the rank of x wusing single options.

Section II

Single, or simple options, ave defined on the domain, E, and puts and
calls are basic exammles. A simple option, O, maps FE into E, and if
%(8) is an asset, O0(x(8)) is the return of the option in state &. The
class of simple options is quite large (essentially the class of all func-
tions on E to E), but, fortunately, we can show that it is sufficient to
consider only puts or calls. Before proceeding, however, there ls one minor
point to be taken up.

Tf there is some state, 8, in which all assets give a zero return,then
there simply are no resources available in this end of the world state. As
such it iIs illusory to construct options which give a positive return in
such states. We will eliminate this problem by considering only the rank
of the restricted tableau with the property that for each state there is
some asset giving a positive return. This property will be referred to as
the productivity assumption. We will now prove in the mext two theorems that
it is sufficient to consider only call (or put) options to study the power

of simple optiocns.

Theorem 2: Let NX denote the space spanned by all the simple options

written on the primitives, ¥, and let Oy denote the space spanned by the
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call (put) cptions that can be written on X. It follows that

=0
NX X
Proof: Since calls are simple options, OX g;NX . To prove the converse,
let y & Ny, It follows that (HAY) and N' such that
m
y= I AN, (1)
' _. ¥
v=1

where NY is a simple option written on some primitive asset,
Tt suffices, then, to show that each simple option is egual to a linear
combination of puts and calls. Let x be a primitive asset on which one

of the simple options, N, is written. Ovrder = so that

pd < e e <
1 — —

A basis for the space spanned by the calls on x 1is the set of calls

i_
c” = culx; Xi—l) ,

where we set g < Xy

Now partition the states into the k subsets Sy seevsS s with ¥k,

k i

indices each, on which X, = Xj for i,jssk. By definition N is constant

on each subset. Therefore, defining

. N

A = 1/

1 (2, - %)

A = 0 for 1<i<k

1 — 1
N S (2)
k1+1 Z17%, k1+l

X =

k., +1 -

1 Tkl T
li = 0 for k; <1<k, s ete.,
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it follows that

The productivity assumption assures us that the czlls are not illusory and

the call options, alcne, span N. Q.E.D.

Tf ¥ is restricted to limited 1liability assets and we are not permitted
to write calls with negative exercise prices, then Theorem 2 is no longer true.

Consider the following example.

Example 3: Let

==
O
oo

Clearly ¥ 1is productive and P(X) = 3 . Furthermore all call options on
the assets (columns) are simply proportional to the asset they are written
on and, as such, they cannot augment the rank of x. Writing a put on the

first asset, though, with a unit exercise price gives a return of

T -

O HH

and

b
i

X

O b

{
L. —

is of full rank. The example is not unique and with limited liability we

can span the simple options by using both puts and calls.
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Theorem 3: Let NX denote the space spanned by all the simple options

written on the primitives, X, and let O denote the space spanned by the

X

put and call options that can be written on X. It follows that

even iIf X 1Ig limited liability and exercise prices are non-negative.

Proof: The proof is the same as that of Theorem 2 unless x; = 0 1in which

case we cannct write a call with an exercise price below Xy By the pro-
ductivity assumption, however, there must exist other assets {yl,...,ykl}

such that

This permits us to write a put on x with a positive exercise price, a, less

than x . Now, settin
k. +1 ? &

. . . . N .
in ( 2) and substituting the put for e! and removing _1 in the formulas
b
1

for Ai’ i>1, permits us to span N as in (2 ).

Q.E.D.

Section IIT

Having obtained the representation theorems we are now in a position to
study the class of simple options by studying puts and calls. We will dis-
tinguish two situations. In the first case we are assumed to be able to
write simple options not only on the primitives in X, but also on portfolios

of the primitives, l.e., the elements of PX. In the second case we assume
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that options can be written only on the primitives. As we shall sse, the
distinction is a meaningful one.
Define OP to be the space spanned by F and all simple options that

can be written on F. The first case is treated in the following theorem.

Theorem 4: A necessary and sufficient condition for D(OP ) = m 1is that
X

(3a,b)

Xa = b (3)(a)
with b, # bj a1l (i,3) .

Tf limited liability provisions apply, then we also reguire

m%‘n be >0 (3)(p)

as a necessary and sufficlent condition for efficiency when only call options

are permitted.

Proof: Suppose that an <a,b> pair exists. Since beP,,, by Theorem 1 con-

X)

sidering only options written on b we can span Op . By Theorem 3 this
X

can be accomplished with calls if ( 3) is satisfied.

Conversely, suppose that there does not exist an <a,b> pair satisfving

condition (3). This means that for any given a, (36,8')

= (4}
Xea Xe,a .
The set
¢ = {a] @e,8") (Xe—Xe,) a=0}

is the union of & collecticn of linear manifolds,
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where

A
9,8

HI

{a] (x -x ) a=0} .

Tf we cannot obtain a solution to (3 ) for any a, then o=EP. Since a
finite union of linear manifolds cannot have a dimension in excess of the

highest dimension among the component sets, (30,0'")

A = o
6,0"

It follows that Xe = XG' and by Theorem 1, O(OP ) < m,

X

Tn the limited 1iability situation, if there does not exist an <a,b>
pair satisfying both (3a) and (3b), then for anv given a ({€6,8') satis-

fying (4) or 6 such that

Xea =0
Defining
A, = {a! X,a= 0}
the set
oU[U a1 = E°
8
If for some (6,8'), Ay 4 = E' the proof is as above. If not, then for
2
some 8
AS:En N

which implies that XG = 0 violating the productivity assumption and, of

course, not permitting us to span £ with calls alcne.

0.E.D.
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Theorem 4 is somewhat surprising. When we are permitted to write
options on portfolios a necessary as well as sufficient condition for effi-
ciency is that there exists a single portfolio with the property that
options written on it can span . This result permits us to link the simple

options to the more general ones.

Theorem 5: The spaces 0,(M)  and Op  are identical.

X
Proof: Since a simple option written on a portfolio of assets in X is
a multipie option on X, Op E_OX(M). From Theorem 1, OX(M) is simply

X
the subspace of ET

Oy (M) = {2 | xeE™  and ¥ = %y Af X, = Xg.,}

From the proof of Theorem 4, though, (Z) a portfolio b with bi#bj,
if and only if Xy = Xg + Let b be a maximally divergent portfolio, i.e.,
i

b: = b; if and only if ¥, = Xg.s and let yeOy(M). Since y is an arbi-
1 ]

trary simple option on b, ye0p .
X
Q.E.D.

In other words, by increasing the domain of simple options to include
portfolios of primitive assets we can span the same space with simple options

as with multiple options. (Notice, of course, that

0,(M) = OPX(M) ,

so that nothing is gained by explicitly permitting multiple options to be
written on portfolios.) This result is quite important; it may explain why

so few multiple options are written in practice. If individuals are permitted
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to form portfolios,then for any multiple option they might wish to write
there is some portfolio and a simple option on that portfolio that will have
the same properties as the multiple option.

Unfortunately, though, if we do not permit simple opticons to be written
on portfolios, then the class of simple opticons is not as powerful as that of

muitiple opticns. Consider the following example.

Example 4: Let

a productive tableau. Since each of its rows is unique, there exists a multiple
option that spans . Eguivalently a portfolio with a = (2,1) is equivalent

to an asset with returns

SRR ¢ 1 RN g eV

and calls written on the portfolic will also span .
If we consider only simple options on x! and %2, though, we cannot span
0. By Theorem 2 it is sufficient to consider only call options. Augmenting

¥ by the nontrivial calls on X! and X2 we have

1100
C1 1201
A F [x 1 e 1c°] = 2110
2011
Since
al + A% = A%+ A%

A 1s of less than full rank.



-17-

Our goal, now, iz to characterize those ¥ Tfor which OX is of full
rank. To do this we will want to examine the space OXi for an individual
asset X' in X somewhat more closely. Let L. be a matrix with rows that

have all zeros except fora 1 and a -1 1in positions k and &, where

Xk = XE' To illustrate consider the asset

>
H
1]
N w R

We can take

If we change the 3 to a 1, we would add a row

[fo 0o 1-2 01 ,
or

L1 0o 0-2 0]

The order of the 1 and -1 in any row is ivrelevant.

The importance of L; 1is that it permits us to characterize Oy .
i

Lemma 1

oXi = {x|L,x=0} .

Proof: If yeOX , then yk =y

if Xi = Xi which implies that L,y = 0.
. i
i

)
Conversely, if Liy = 0, then Vi T Yy whenever Xi = X; . By Theorem 1,

v 1s therefore an option on xt.

Q.E.D.
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Thus, the set of options is simply the space of vecters orthogonal
to the rows of Li' We can now characterize those X Tfor which OX is

of full rank.

Theorem 6: The rank of O is full if and only if the row spaces of

{Ll,...,Ln} are mutually orthogonal, i.e., (E(vy,...,0.)) with

a.L, = a.L. = .o = gL (5)

Proof: Since we can only write options on the primitive assets,

OX = OX1 + oees + OXn . (6)

Since Oy iz the sum of linzar spaces, 1t is a linear space itself. It
follows that Q(OX) <m if and only if (3zeE™) polar to Oy, i.e.,
(¥yeOy) zy=0 . TFrom (6), (VysOXi) zy=0. Thus, 2 belongs to the polan

set of OXi,

[
i

i {z I(VyeOXi) zZy=01}

(7)

{z | (da) z = uLi} R

where we have used Lemma 1. TFrom ( 7) it follows that D(OX) <m if and

cnly if

n
N of 7 f{oy

i
121 %
A ot
which is equivalent to finding a z e 0N OXi , 2#0, such that (Eal,...,an)
i=1
z = oagby = = opby
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Condition ( 5) is actually fairly straightforward to check in practice.
By performing column operaticns each (kxm)Li can be reduced to echelon
form in k operations of the type "add column k +to column £ if there is
arow O witha 1 in columm k and a -1 in columm £." <Condition (5 )
can now be verified by checking if any unit vector appears in a1l of the

reduced Li matrices.
Applying Theorem 6 to Example U4, we have

[

11 0 0!
LI = %
0 0 1-1"
11 0-1 0
L =
2
0 1 0-1

Taking a portfolio with weight +1 on the first row and weight -1 on the
second row, we chbtain (1 -1 -1 1) for both L; and L, which means that
the matrices are not mutually orthogonal. By Theorem 6 the rank of OX is

less than 4, as we verified earlier.

Section IV

This paper has studied the use of options to attain efficiency in com-
petitive equilibrium in the absence of complete markets. Perhaps the most
interesting characteristic of the results has been the finding that rather
simple options have considerable power to accomplish this. To begin with,
complex multiple options are eguivalent to simple options written on portfolios
of primitive, marketed assets. Furthermore, arbitrary simple options
are equivalent to a portfolio of call options. These reductions should con-
siderably simplify the use of options, particularly in well organized security

markets.
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Footnotes
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for Financial Research for support and to the members of the Economic

Theory Workshop of the University of Pennsylvania for helpful comments.

lin a pure exchange model there will be no need for mere assets
than individuals, but we will assume that the number of individuals is
much larger than the number of primitive assets. I am grateful to Bruce

Dieffenbach for this observation.
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