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MAJORITY CHOICE AND THE OBJECTIVE FUNCTICN OF THE FIRM
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by
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Abstract

A set of production vectors is said to fulfill the "current spanning"
condition if any firm's current production vector is spanned by the rest of
the market. Our major theorem shows that given current spanning a pro-
duction plan may be found which will always win the approval of a majority
of the firm's initial shareholders. Furthermore, these shareholders are
shown to be the only ones concerned with the firm's production plans.
Finally, it is shown that an equilibrium exists in which all firms choose

plans approved by a majority of their shareholders.



MAJORITY CHOICE AND THE OBJECTIVE FUNCTION OF THE FIRM

UNDER UNCERTAINTY

Since the publication of papers by Jemsen and Long (1972) and
Stiglitz (1972), it has been known that value maximization may be nelther
a clearly defined firm objective nor one preferred by a majority {or
indeed any) of the firm's shareholders. Shbsequent papers by Ekern and
Wilson (1674) Leland (1974), and Radner (1974) showed that shareholders
might be unanimous as to preferences Over marginal changes in firm produc-
tion plans as long as these were made in a limited subspace of ail
possible plans. Specifically, shareholder unanimity holds if any new
production plan dees 'nmot alter the state-distributions of returns available
in the economy" (E-W, 1974, p.175).

The above condition, which we call the E-W spanning condition, is
extremely restrictive. To see this, consider the following example: Sup-
pose there are three states and three firms. Assume that current state-
dependent return vectors are:

Firm 1: (3,3,3)

Firm 2: (1,2,2)

Tirm 3: (2,1,31)
The E-W spanning condition requires that any change in production must
be such that the last twc components of the new vector of returns are
equal. The restrictiveness of the E-W condition is such that it is ob-
vious that in practical situatiens unanimity will rarely exist; see for
example Satterthwaite (1977). In this paper we introduce a different

spanning condition, which we call current spanning. This condition re-

quires that each firm's current production vector is spanned by the rest

of the market. The current spanning condition guarantees a



production plan which will always win the abproval of a majority of the firm's

sharehclders.

Thus even in incomplete markets, where the E-W spanning cendition does
not hold, the firm's objective may be established by a majority vote.
In the above example current spanning holds; thus with no restrictions on
the producticn technologies (as required Ly the E-W spanning condition)
majority voting may be used to establish a firm production plan. Moreover,
shareholders will have no incentive to misrepresent their preferences in
this voting procedure. The literature thus far has dealt exclusively with
unanimous shareholder decisions.l Clearly majority rule has a much wider
range of application.

The structure of the paper is as follows: We examine the problem which
faces a firm in a typical period of an n-period model. The firm must de-
cide how much of its current production income to distribute as dividends
and how much to retain for the purchase of firm inputs in the next pericd.
We examine a situafion where individuals have made optimal portfolio decisions
given current market prices and firm plans. We then ask what will be the
individual's preferences over retained earnings. Given current spanning, ini-
+ial shareholders are shown to have single-peaked preferences over the
firm's retained earnings, and furthermore, these shareholders will be the
only ones concerned with the firm's production plans. In this setting no
individual shareholder will find it advantageous to misrepresent his pref-
erences. Thus each shareholder will vote sincerely and majority rule will
yield a single {and stable) outcome. Finally, it is shown that an equilibrium

exists in which all firms choose plans approved by the majority of their

shareholders.

1. The model

We suppose there to be only one physical good, whose price will always
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one. The assumption about the number of goods is made for simolicity only;
as we show in section 6, the generalization of the model to many goods and
many periods is straightforward.

There are I individuals (consumers) and J firms. There are two periods;
where the need exists, "today" will be subscripted by 0, and states tomorrow
will be indicated by m, m=1l,...,M. Thus,”for example, the consumption of

consumer i will be denocted by X. = (x XiM)’ where the first

io? ®i1> v
component of the vector denotes today's consumption, and the other components
denote consumption tomorrow i1f state m obtains. The securities of each of

the J firms are traded today (tomorrow the firms liquidate, and there is
consequently no trade in their securities). The vector of security prices

will be denoted by p = (pb, Pys v pJ), where pi, ... , Py are the prices

of shares of firms 1, ... . J respectively, and Py, is the price of a riskless
bond.

Firms: Each of the J firms enters period 0 with an endowment of bonds
Bﬁ. As mentioned in the introduction, our two periods are to be thought of
as two "typical" periods in an n-period model; thus the endowment of bonds
should be thought of as the earnings from last period retained to the current
period in the form of bonds. This endowment is now used to purchase inputs
Zjo for the purpese of producing outputs yjo(zjo) in period 0. Since the price
of the physical gocd is one, yjo(zjo) is the total productien income for firm
j in pericd 0.

In addition to producing in period 0, firm j pays dividends from its
production income and retains the remainder of its earnings (if any) in the
form of bonds which are redeemed in the next period.2 If the price of the
riskless bond is Py and if the firm buys bj (nominal value) of these risk-

less bonds, the total amount spent on riskless bonds by firm j will be pbbj;

it is this quantity which we shall call the retained earnings of firm j in



T

Production tomOrTow is assumed to be stochastic; having retained earnings in
yhe amount of pbbj in period 0, firm 3 will produce yjm(zjm) romorrow if state m
occurs, where ij = bj' ‘1n the multi-good model, the firm will maximize its produc-
+ion income in state W subject to the constraint that the costs of the inputs will

not exceed the amount bj. (The function yjm will be assumed to be real-valued,

non-negative, bounded, and concave. )

Firm j may pay dividends to its sharehclders in both pericd O and
in the first period. There ig, however, a difference between dividends paicd
in period O and those paid in the first period: The former are paid to
initial shareholders (those individuals i for whom ?ij > 0), while the latter
are paid to those whose shareholdings in firm i at the end of period 0O are
positive (those i for whom fij > 0), The dividends paid by firm i in the
present are yjo(zjo) - Pbbj' In the first period dividends will depend
on the earnings retained by the firm in period O. 1f the firm has purchased
inputs zjm in state m out of retained earnings, dividends in state M
will be yjm(zjm)'

I+ is comvenient to place one budget constraint on the firm. The
reason for doing s°© will become apparent in the proof of the existence
of equilibrium in section 5. We require that the fFirm's retained earnings
come out of production income in period 0.3 Thus we require

(1) yjo(zjo) - pbbj > 0

Consumers: Each consumer receives an endowment of bonds Ei in period
zero. As in the case of the firm (since we are considering two periods in
an n-period model) Bi should be thought of as consumer i's debt (if Si < 0)
from having sold bonds in the "previous” period. If Ei > 0, it represents
repayment of debt from bonds purchased in the "previous” period. 1In .
addition each consumer receives an endowment of the commodity in both
period zero and every state of the first period. For consumer i, denote

e P T Wwoe A 1 ... . M, WHe shall assume that all en-



Jdowments are strictly pesitive. In addition to his endowment, consumer i will

=y

be assumed to possess ar initial portfolic oo

the first pericd. Denoting this portfolic by ?} = (?il° - ¥£J) we shall
assume:

(2) ?ij > 0, for every i and every i,

(3) § §ij = 1, for every J.

Given firm retained earnings, pbbj, for each Jj, consumer i chooses

a consumption vector x. = (X, X, e p Foli . =
D 27 Ry s %o , %;y), @ share portfollo £,

(fil’ cee s fiJ) and a nominal amount of bonds b.. Budget constraints

for consumer i are given by

() g 2 I (Fyy - £y ¥ My 30

2 - pbbj) +
3 ]

3 io

+ 5, -
bl pbb

i

5 < Lf,.y. +b,tu,
(5) im ~ 3 l]y]m bl ®im
Note that we have placed no positivity constraint on consumer i's
purchases of new shares. Thus we allow fij to be either positive or negative;
fij < 0 denotes "short sales' by consumer i of firm j's shares.

5. Consumer maximization and implicit prices

Fach consumer i maximizes a utility function defined on his consumption
vector x.. We shall assume that this function Ui(xi) is twice continuous,

strictly concave, and increasing in each argument. Furthermore, We assume

that

(8) BUi/Bxih » o0 as X3 0, for all h=0,1, ... , M. .

Now assume that given prices p = (pb, Pys -t pJ) and firm retained

ate ate ale
EH "

earnings, that consumer i maximizes Ui at (xi, £, bi)' Then strict
i

e ettt aanations. and we may thus



write Ui as a function of the securities portfolic,

(7) U.(x.) = D.(£., b))
1 1 1 1 1
Differentiating to obtain the first order raxirmum conditlcns, weo obtain
U, U /o,
(8) —= =10 = p: = . L
‘s u. |
afl] ] m @ l/Bxlo T

. . . ® . i
where the partial derivatives are evaluated at Xs Letting q_ denote the quo-

tient of the partial derivatives so defined yields:

(9) .= i Lz, 3 =1, ..., J.
pj x qmyjm 5m ]
_ i
(10) Py = % 4,

i s aaos . . . ,
q are known as the individual's implicit prices for state m. See Baron

(1978). Note that the ¢'s depend on specific firm production plans.

3. Current .spanning and consumer preferences Over £irm plans

In this section we introduce the notion of current spanning. As previous-

1y noted, our purpose is to expiain firm behavior 'in incomplete markets where
the E-W spanning property is not satisfied. While C-spanning and E-W span-
ning are disjoint conditions, the implications of the C-spanning condition
are less radical than the E-W spanning. Our result is less radical as well;
instead of shareholder unanimity we shall show that there exists majority
agreement among shareholders on production ﬁlans.

Current spanning is satisfied when any firm's present vector of returns
is spanned by the rest of the firms' current return vectors. Thus, letting
¥y = (yhl’ ser s yhm) denote firm‘h's vector of returns, we have

(11) y, = I a_y, 3 forall j.
Iopgy PR



On the other hand the E-W spanning condition states that‘any new produc-
tion plan, obtained by a small change in the current production plan, is
spanned by current return veciors. Clearly, barring seccnd-order effects,
the conditicn can be stated as

T = Lo
y]

y
n h'h.

That is, the marginal production is spanned by current return vectors.
We now proceed to give two examples which show that the two con-
ditions are disjoint. This will also illustrate the intuition behind

current spanning.

Ex 1: E-W spanning and not C-spanning:

Let there be three states and three Firms. Assume that at current bond-

sales bi’ b2, b3 return vectors are
yl(bl) = (3,3,3)
y2(b2) = (1,2,2}
y5(by) = (1,2,2)

The E-W condition requires that if V1 (bl + Abl) is the new production
vector when Abl is added to inputs, that
yl(bl + Abl) = {3 + AlAbl,3+k2Abl, 3+ Azﬂbl)
Thus as long as changes in production are equal in the last two coordinates

the market satisfies E-W spanning. Note that in this example C-spanning does

not exist, since Yy cannot be written as a linear combination of Yo, and Yy

Ex 2: C-spanning and not E-W spanning

Let there be 3 firms and 3 states. Assume that at current bond sales

bl’ b2, b3, return vectors are

yl(bl) (3,3,3)

"

y2(b2) (1,2,2)



Clearly, since 7y 7Y, + y3,C—spanning exists. OCn the other
hand, sutrtose v (b + = (3,3 + AAb,, 3 + 84b,). Then
aniCy SULT _.fl { 1 Abl) ( s 10 1
v, (Z A 3 be gsoanned by V., Vs ¥, @5 long as £ 5.
jl( 1t l) cannot be sI Y Tys Yoo Vg 17 oas A #

Note that the C-spanning condition requires linear dependence of the vectors
of returns. However, linear dependence is not a sufficient condition; what

is required is that condition (11) hold for every j. The follewing

M

examnple shows that this is stronger than linear dependence: SuDDCsSE wWe
add a fourth firm to the present example

yu(bq) = (1,1,2)

Then while the set (yl,yz,ys,yq) is linearly dependent, y, cannot be writ-

ten as a linear combination of the first three. TFinally, note that current
spanning does not imply completeness; for example if a fourth zero component

is added to the vector of returns of the above example, the market would still
satisfy C-spanning but will be incomplete.

oy ota

Theorem l: ‘Euppose that firm j, 1 < j < J, chooses b? and that (xi, f;, b;)
maximizes Ui’ 1 < i< I. Then if current spanning holds,an individual i who
holds shares of the firm at period zero (i.e. Fij .> 0) will prefer that

firm j choose retained earnings such that bj maximize the net present value

of the firm:

(12) .o b..
P:| Py 3

Furthermore the maximization of (12) is equivalent to the maximization of

i
(13) i 4, yjm(zjm(bj)) - pbbj

with the implicit prices {q;} taken to be constant. Note that we do not
assume that the implicit prices {q;} are constant. Rather we shall prove
that the maximization of the net-present value when current spanning holds

is equivalent to maximizing (13) as if the {q;} were constant.



Prootf:

Since p, is positive, maximization with respect to the retained earnings

b
is equivalent to maximization with respect to the bonds bi' Differentiating Ui

yields the first-order conditions

as
[
Q2
<
(S5
o

. . . oUu., 3x.

(14) i _ i io | vs JSin
. 9x, . 3.  9b,
3 io 3 m im j

By the current spanning assumption we may assume that

(15) w., = LT (pa-D.bs +y. ) =T £, p + o,
io 3 13 3 b7 Jjo h# ih *h io
t by - ppby
(16} e © Z.fih Yim + bi +ow
h#]

Therefore, (14) becomes

3, 53U,

.._..]_'_.—__J_‘ ?.. _.i - =
(17) 5. - =% i3 (Bb. Py ) =0
3 o j

Thus if ?ij = 0 (17) always holds. If §ij > 0 {(17) is the necesgsary

condition for the maximization of (12).

To establish the second part of the thecrem, recall equation (9); We

now have
QD . .
1. - .9 i
(18) 30, Py . ( U ¥3m)= Py
dy. 3
Cpod DmLy ., Zmo
@ 9m db % ¥ 3m 3b b



o - o b e R e

=-10-

Recalling (15) and (16) we have

_ 3pj ] dyjm
(19) 35, ~ Fp ~ I 9 TE,
y m ]
F, °p4 A 3
Ly, _— - — - — -
Yim L5~ Capr -2 ) Uy 3 =
UO ] 10 i)

where UO and Um denote the appropriate partial derivatives of Ui'

Therefore,
P . dy.
B R i 7im _
(20) 35, -pp = L 3. Py
3 ]
where
U 3U ?&.
c=1- 2:yjm (Uo ax, Um X, ) 2
m io io UO

By checking the second order condition, it 1s clear that equating
(20) to zerc will yield a sufficient as well as necessary condition for

maximization of (13) or equivalently (12). This completes the proof.5

QED
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The implicit prices q; may be viewed as consumer i's present value
for one unit of production in state m. Thus Theorem 1 states that each
initial shareholder prefers that £irms in which he holds shares maximize
the (personalized) net present value of production. It is intuitively
obvicus that shareholders may fail to agree about firm objectives simply
because their implicit prices differ. This conflict was long age re-
solved by Arrow (1964). Define a market to be complete if qi = qE for
every i, h, and m. Market completeness will always be assured if the
returns of securities span the set of states; to see this, assume that
for each state m there exists a firm j whose dividends in state m are 1
and whose dividends in every other state are 0. Then it follows from (9)
that the market will be complete. This is the concept of completeness
which is implicit in Arrow's discussion. It forms the basis for the assump-
tion (made by Arrow and by many others) that the market mechanism starts
with state prices, and not with security prices. As is evident from sec-
tion 2 of this éaper, state prices may be derived from security prices.
Corollary: If the market is complete, all initial shareholders in firm
j are unanimous in their preferences over bj'

If markets are complete, all initial shareholders want the firm to
maximize the same objective function (12).

QED

That markets are not, in general, complete makes it difficult for us
to claim that shareholders will, in most cases, be unanimous as to firm
choice. In the next section we show that there always exists & choice of
retained earnings for each firm which will be supported by a majority

of the initial shareholders.
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4, ¥ajority choice

Theorem 2: Suppose that firm J chooses 1ts retained earnings pbb% and

that (xi, fi’ bi) maximizes Ui For 1= 1, «us 5 I

A

pbbj which is preferred by & majority of initial shareholders

m

!

1

i1

hen there exists
(weighted by their ipitial shaveholdings) to any other cholce of retazined
earnings pbbj. Moreover, in this setting, no individual shareholder will
find it advantageous to misrepresent his preferences, and thus each

shareholder will vote sincerely.

Before we prove the theorem, several points should be noted. Tirst,

e,
P

g% may be equal to b.. If this is the case for every firm j and if further-
more demands and supplies of all commodities and shares are equal, we have
an equilibrium. In the next section we shall show that such an equilibrium
(which we call a majority choice production equilibrium) exists. Second,
i+ follows trivially from the corollary and frem our proof of Theorem 2
that if markets are complete, the criterion of majority choice is equivalent
to the Arrow-Debreu criterion. Third, although we assume that the production
functions are concave, this is a sufficient condition which is not necessary.
In the one -good case discussed here, it is easy 1o construct an example of
an S-shaped production function which will yield the same result,

Finally, majority rule in general works as follows: Individual
voters (shareholders, in our case) consider each pair of alternatives and
vote between them. The alternative agreed upon as the group's choice is that
which has a majority over every other in a pair-wise compariscn. However,
in our case this cumbersome procedure can be replaced by a simpler one
in which each individual reports his most preferred.alternative and the group
choice is the median of all tﬁese reported best choices.

Proof of Theorem 2:

Wwe first consider the symmetric case. I.e., we assume that each initial
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shareholder has the same number of shares in the firm and thus s welghted

equally. By Thecrem 1, each sharcholder maximizes the exprese-on (13):

Fal v (b)) - pbs

with respect to bj (or pbbj)' Since (13) is a non-negative combination of
concave functions combined with a linear function, it is concave. It
now follows from our assumption that there exists a finite solutien to the
maximization problem of each consumer, that his preferences over the re-
tained earnings of the firm are Single—peaked.6

It is well known that with single-peaked preferences and an odd number
of voters, majority rule is a well-behaved procedure, in the sense that it
yields a transitive social ordering and thus a single alternative as the
outcome. This single alternative has the property that it cannot be defeated,
in a pair-wise comparison, by any other altermative. {For a basic reference,
see Arrow's original work (1963) or Black (1948) ). 1In the single-peaked case,
each voter reports his most preferred alternative and the group's choice is
the median of all these reported most favored choices. This procedure
is clearly non-manipulable, as the only way a voter can change the outcome
is in a direction which is lower than his preference.

With an even number of voters we add artificially an additional person
(or, alternatively, a set of preferences, or a single most preferred alter-
native) to act as a tie-breaker. This will assure us of an odd number of
voters in each case and so a transitive social ordering, with the resulting
non-manipulable voting procedure. Other possible tie-breaking rules are
discussed in the paragraph following the end of the proof.

We may now relax the symmetry assumption and regard the general case

in which individual shareholders do not necessarily have an equal number

of shares. Since ?ij is the fraction of the firm owned by individual i, we
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take the least common denominator (LCD) of ?gj over all individuals

i and count each reperted peak LCD'?ij times. It iIs easily checked
that the tie-breaking rule has tc be applied only in the case where
the LCD is even. Thus the previcus arguments held about the form

of the tie-breaking rule. We may now apply the rule of the symmetric
case: If the LCD is odd, no tie—breaking rule is used. TIf the LCD

is even, a tie-breaking rule is used to establish the unique, non-

manipulable majority choice.

QED

Examples of other possible tie-breaking rules are the following:
Consider the simple case of an even number of voters where the "middle"
falls between two individuals' peaks. We can then break the tie by
taking the left (or the right) of these two peaks. These rules are as
arbitrary as the one in the proof, and for our purposes will be
just as effective.7 Taking the mean of these two peaks, however,
will yield 2 manipulable procedure, since both individuals will then
find it advantagious to report a different peak. Thus each will
"pull" to his more preferred direction.

The majority choice which we have shown to exist in Theorem 2
consists of choosing the median of the expressed preferences of initial
shareholders (with the possible addition of an extra preference
where the LCD of the ?ij is even). Since the median of an array of
numbers is a contirucus function of the elements of the array, we have

the following cerollary:



~15-

Corollary: The outcome of the above voting procedure is a continuous
function of the individual reported (and sincere) oreferences over the

retained earnings pbbj.

5. The existence of a majerity cholce production ecuilibriun

The aim of this section 1s to establish the existence of an equil-
ibrium in which every firm chooses retained earnings which have the
approval of the majority of its shareholders. The proof follows

+praditional equilibrium proofs, and we shall give details sparingly.

ol ofs afe .
“ v L

Definition: p , (x,, fi’ b;), (z;, bg) is an equilibrium if

i
— H3 & b
(E.1} Lw, + Iy, (z.)-1tx, - Lz. =10
> %0 T U730 %0 C Tie T L THo
i 3 i i
_ I % b
(E.2) Lag v I yjm(zjm) - Ixgy - L Zim 0
1 3 1 i
(E.3) ©  If.. =1, for all j.
i 1l
(E.4) Ib, + Ib, =0
e
1 ]

Lemma: (E.3) and (E.4) = (E.1) and (E.2).

By assumption, consumers are insatiable. We may therefore assume
equality in the budget constraint equations (%) and (5) for each consumer
i, Summing these equations, and assuming that there was equilibrium in
the previous period gives the desired result.8

QED
By the above lemma we need consider only one market, namely the

securities market, in our search for equilibrium.
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We now define a bounded economy as follows: Let AO be a bound

on feasible consumption and Input vectors

e

10

A = Z.
8] .
1

Similarly, we may bound consumption in state m by Am, where

A =L w. + Ty.(aA)
m - . im S 7im o

We bound securities vectors by assuming that for every i and for every

*

Js

-1 < f£,. £ 1
= ii —

Finally, note that the bounds on consumption and input vectors together
with our constraints on short sales effectively put a bound on bi and
bj’ as long as we constrain Rigs %o > 0 for all i.

The above bounds correspond to the maximal amounts of consumption
and portfolio holdings which we shall allow. While the first two bounds
are standard, the third requires some explanation: The upper bound on
fij is equivalent to the assumption that no individual may consider
purchasing more than all the stock of any firm. The lower bhound corresponds
to the assumption that no individual may short-sell more than all the
stock of any firm. This bound (on short sales) may be taken as
equivalent to the standard market procedure whereby a short-seller has

to borrow the stock which he sells short.

We now define a permissible vector (xi, fi’ bi) for individual i

to be a vector obeying the budget constraints (4) and (5) and falling
within the bounds defined above. Similarly, a permissible vector for
firm j is defined to be a choice of retained earnings cbeying (1) and
falling within the above bounds.

We are now in a position to defime the preference functions of

individuals and firms. Yor individual i, define
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. . P (p vee 5z = {(x,, £,, b}

1= ‘J i l’ b J l_, l, i |

X, maximizes Ui over all permissible vec-
i

tors, and (xi, fi, bi) is permissible }.

For firm j define

Pj(p, (zh), (xi) ) = Pj(p, Z15 s Zgs Kps ven o XI) =
{ 25 | 2 is permissible and i1s the majority
decision given Xis vee s xI}.

It is easily established that Pi is convex. By the results of
the previous section, Pj is single-valued and continuous in all its
arguments, provided we assume that that the utility functions Ui have

continuous derivatives. We shall henceforth so assume.

Theorem 3: There exists a majority cheice production equilibrium.

Proof:

The proof uses the Kakutani fixed point theorem, and its details
are so well known (see, for example, Arrow and Hahn (1971) or Debreu (19%58)),
that we shall only sketch them. We first designate the simplex of secur-

ity prices by S,

8 = {(pb, Dis sve o pJ) 1 Pt Pyt e TRy 1,

Pys P52 01

'Next, designate the bounded cheice sets by Bi for ceonsumers and by B.
for firms. Now define a functicn
¥: Sx NB,x OB, - Sx IB, x I B,
. ] . 1 . 3 .1
] i ] 1
where

¥(p, (zj), (x., £, bi)) = (p, (Zj)’ Ps (p, (zj) ))
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and where

Pj (p, (Zh)’ (Xi) )

]
) p, t max ( f by ¥ E bj’ )
Ppb © T ¥ max ( zbi+z*o:,:"x+ Twax ( L4 - L, 0)
o+ max (zf,. -1, 0)
n pj ;i3 ?
P+ = T ¥max ( LD, + & bsy 0) + ZImax( T E.. -1, 0)
. 1 . ] . i]

i j 3 i

It now follows from continuity and Kakutani's theorem that a fixed
wt *
point exists. Call this fixed point p . As is well known, pj = 0 iff
there exists an excess supply of the security 4 in question. If this

be the case, designate one consumer, call him io’ and assign all the

excess supply of securities to that consumer. We thus have an equilibrium.
QED

6. Fxtensions and cenclusions

The extension of our model to more than two periods is readily
achieved. In a rational-expectations framework such as that of Radner
(1972), the firm has to announce its plan for all time-event pairs given
prices and consumer plans. By a procedure-similar +o that used in the
proof of Theorem 1, it may be shown that in such a framework, prefer-
ences about firm plans in any period t are held only by shareholders
who purchased shares of the firm in the previous period t-1l. But since
this is exactly the case discussed in our paper, it follows that our

procedure can remain essentially unchanged for the multi-period case.

For example, for a discussion of the multi-period rational-expectations
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model with securities' markets, see Benninga (1979).

The model is also straightforwardly extended to the n-commedity
case. Since the firm maximizes the first period production income sub-
ject to the constraint that the costs of the inputs may not exceed
+he retained earnings, the maximized income is concave in the retained
earnings. Thus initial sharehclders will have preferences on the re-
tained earnings which are both concave and single-peaked in this case
as well.

To conclude: We have shown that under the current spanning assumption
shareholders have single-peaked preferences over the firm's retained
earnings. Their expressed preferences over the retained earnings
will be their true preferences, and majérity rule will yield a single
(and stable) outcome. The initial shareholders will be the only individ-
uals to have strong preferences (i.e., be non-indifferent) over the re-
tained earnings, and each one of them prefers that firms in which he
holds shares maximize the net present value of producticon. Moreover,
an equilibrium exists in which all firms choose plans approved by a

majority of their shareholders.



Footnotes

lAn exception is Gevers (1974), but the gquestions dealt with there are

different from ours.

2Although the introduction of bonds might seem an unnessary complication,

it makes the generalization to many goods a straightforward one.

3Equation (1) follows the usual logic of a corporate soclety: Sharehold-

ers in a firm need not be required to pay for inputs purchased by the
firm in excess of its production income. If markets were complete, it
might be that all shareholders would be willing to pay for such inputs;
since we are primarily concerned with incomplete markets, however, it

seems more logical to eliminate this possibility.

L . . .
The analysis of this section owes much to Baron (1978).

5

C

In the proof we should have dealt with the case where ¢ = 0. However,
this case may be solved trivially by one of the following methods: A
suitable change in the initial condition ?i. and Gio will guarantee that
¢ # 0 without changing the individual's optimum. Alternatively, assume
that for at least one state m, the second derivative Umo = 0, This is
true, for example, for all states m if U is a Von-Neumann-Morgenstern
utility function. Then c = 0 becomes a cardinal property and may be

¢tansed by a suitable transformation of the utrility function.

“he existence of a finite solution is guaranteed by our assumptien that

the production functions are bounded (Section 1).



7
Sne difference resultc from the possible iutraniz
rule in case ¢f an even number of woters. In our case, since

interested in is a single outcomse, acyclicity which is guaranteed with

the tie-breaking rule will suffice.

8
i 1] our arguments are the following two ecualities:

Implicit in a
$b.+ 1b. =0
i .
1 ]

w4+ bi > 0, for all 1.

10



The first of these conditions may be thouzht of as an equilibrium

condition we shall need to guarantee +hat iniividual I has the

nossibility of consuming LT > 0. In a multi-ceriod mocdel, Zoth
L 5 :

these conditions would autcmatically be fulfilled.
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