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ABSTRACT

For reasons of transaction or estimation costs, an investor would
typically not hold the market portfolioc even if he followed the mean-variance
precepts of Markowitz, The paper shows that a variant of the one-parameter
performance measure of "alpha" coefficient, originally proposed by Jensen does
provide in some cases an inexpensive tool to screen a large number of
potential additions or deletions to an existing portfolio. This use of the
alpha coefficient as a tool in portfolio selection does not assume the

descriptive validity of the Capital Asset Pricing Model.



I. Introduction

Originally proposed by Jensen {1968, 1969), the one-parameter performance
measutes that are now widely known as "alpha” coefficients have usually been
developed within the context of the Sharpe-Lintner capital asset pricing
model. Recently, Roll (1977) has questioned the empirical usefulness of this
model since as a practical matter 't is impossible to measure the return on
the market portfolio of all risky assets, and the market portfolio is an
integral part of this theory. Moreover, he has devised a numerical example
which shows that the use of a proxy to approximate the market returns, even if
highly correlated with the market return itself, may not preserve, even as a
rough approximation, the empirical usefulness of the model., 1If correct, this
argument of Roll would appear, at least on the surface, to destroy the
usefulness of these "alpha” coefficients,!

The purpose of this paper is to show that these one-parameter performance
measures, the so—-called alpha coefficients, do provide in some situations
useful information to an investor who wishes to follow the mean-variance
precepts of Markowitz, even if the capital asset pricing model ultimately
proves to be empirically valueless as a description of equilibrium, The next
section describes the investor's decision, and the following sections show how
an investor can employ one~parameter performance measures te improve his

overall portfolio.

IT. The Investor's Decision
The usual development of the capital asset pricing model makes the
assumptions {(a) that there are no tramsaction costs and (b) that all investors

know the true joint probability distribution of the future returns of all

leg, Roll (1978, 1980).



assets——in short, have homogeneous expectations. In such a world, performance
measurement would be a meaningless exercise in that every investor would be
holding the best possible portfolio of risky assets, namely the market
portfolio,

In reality, there are transaction costs and also estimation costs.
Recognizing the existence of these types of costs, Bloomfield, Leftwich, and
Long (1977) have examined the effectiveness of varlous portfolio strategies
which an investor might as a practical matter have to follow, The problem to
be examined in this paper is similarly a practical problem. An investor for
the reasons discussed in Bloomfield et al (1977) or for other reasons would
typically hold a portfolio different from the market and might want to know
how he could alter his current portfolio so as to obtain a better overall
position, The traditional one-parameter performance measures, properly
calculated, may often provide a relatively 1nexpensive screening device to
identify potential additions or deletions to an existing portfolio.

To be more precise, assume that the investor currently holds portfolio P,
has assessed a predictive distribution of the returns on this pertfolio with
mean Hp and standard deviation Ips and finally is willing to utilize a mean-
variance one-period model to evaluate his alternatives. If the investor could
borrow or lend at the risk—free rate rg, he could obtaln any position along
the ray emanating from the risk-free rate through portfolio P, as shown in
Figure 1. The investor's assumed optimal position has been designated with
the superscript '#', As drawn, the investor's final portfolio would involve a
positive position in the risk-free asset; but more importantly, portfolio P
need not be, and most likely is not, on the true efficient set.

An investor who actually held Pt would, of course, want to make any

changes which would Improve his position by, in some sense, moving his



portfolio of risky assets towards the efficient set. Such changes could
involve increasing or decreasing the levels of some of his current holdings
and possibly adding additional assets. His position would obviously be
improved if the change allowed him a greater expected return at the same level
of risk as before, As an example, if he could modify his risky portfolio P so
as to obtain portfolio Q as in Figure 2, he could, with appropriate adjust-
ments in his investment in the risk-free portfolio, obtain portfolio Q* for a
gain in expected return of P*Q* with no change in risk. Of course, with the

new opportunities given by Q, he would probably want, in addition, to alter

his risk level,

In this paper, we shall say that portfolio Q is relatively more efficient

than portfolio P in that Q allows a greater expected return than P at any
level of risk as measured by standard deviation.? 1t should be noted that
this concept of relative efficiency does not require that eilither portfolic be
efficient in an absolute sense.

To summarize, a question often faced by investors is how to change an
existing portfolio so as to obtain a relatively more efficient portfolio. It
is precisely this question which the traditional one-parameter performance

measures of investment performance answer,

ITII. The Interpretation of Alpha
Congider an investor who currently holds portfolio P as his portfolio of
risky assets and is considering combining this portfolio with another
portfolio, say A. Based upon his assessments of the expected returns,
variances, and covariances of these two portfolios, he would reach one of the

following three decisions as to his risky portfolio: (1) put nothing in A,

2cf. Blume (1980) for an application of this concept.



(2) invest something in A through a reduction of the amount invested in P, or
(3) sell A short and invest the proceeds of the short sale in P. Of course,
ingtitutional counstraints may preclude this last course of action.

Without attempting to be exhaustive, several possible configurations are
shown in Figure 3 as illustrative of these possible decisions. 1In the first
row, portfolio P is relatively more efficient than any other combination of P
and a non-zero investment in A, In the second row, the investor can move to
the relatively more efficient portfolio Q by selling some of P and investing
in A, In the third row, the investor can move to the relativelf morea
efficient portfolio Q by selling A short and investing the proceeds in P. It
turns cut that the value of the alpha coefficient as defined below does
indicate the appropriate type of position to take in the alternative portfolio
A. Specially, an alpha of zero indicates that an investor should take no
position in portfolio A (first row); a positive alpha indicates that he should
take a long position in A (second row); and a negative alpha indicates that he
should take a short position in A (third row).

In order to define alpha and demonstrate its informational content,
define the following terms:

ry the realized return on portfolio 1

My the expected return on portfolio i

re the riskfree rate

913 the covariance of returns between portfolios i and j

g;: the variance of returns for portfolio i

11

Bij the beta coefficient of portfolio i calculated with respect to

portfolio i, defined as the ratio of Ot 5 to 954

a4 the alpha coefficient of portfolio i, defined relative to
portfolio j

The expected returns and the other statistics can be viewed as subjective



assessments of the underlying statistics or as their true values. 1In terms of
these symbols, the alpha associated with portfolio A, defined relative to

portfolio P, ayps Will be given by
ap = (uA = re) - Bl - rf) (n

Although this paper is concerned with the alpha coefficient merely as a
tool of portfolio analysis, the alpha coefficient has usually been interpreted
in the context of the capital asset pricing model, particularly in conjunction
with tests of the efficient market theory. For this reason, itrmay be useful
Lo comment explicitly on the correspondence between (1) and the traditional
capital asset pricing model.

In this traditional interpretation, P would be the market portfolio of

(

all risky assets., The product 8 - rf) would be the expected risk premium

ap-¥p
of asset or portfolio A that is consistent with equilibrium. 1If the actual
expected risk premium (uA - rf) were equal to this equilibrium value, the
alpha would be zero. A positive or negative alpha would indicate that asset
or portfolio A had an expected return that was inconsistent with
equilibrium., Although the alpha coefficient can be and has been interpreted
as a measure of disequilibrium in a macro setting, this paper will only
interpret this coefficient as a tool of portfolio analysis, where P is the
portfolio of risky assets actually held by an investor.

An investor who followed the mean-variance precepts of Markowitz would
want to minimize the variance of the return on his overall portfolioc for any
given level of expected return., If the investor wished to reallocate his
wealth over a riskfree asset, his current portfolio of risky assets P and an

alternative portfolio A, he would selact the proportions to place in each,

denoted respectively Xgy Xps and Xy, SO as to



min xza + xzo + 2% X o (2a)

A AA P PP A P AP
+ + = (2b)
S.t. xAuA XPUP xfrf =
X, + Xp + Xp = 1 {2¢)

where u* is some fixed level of expected return. The entire efficient set
would be obtained by varying u* over the relevant range. Although it is
theoretically possible that either My OT hp could be less than re, it 1is
probably more likely that both My and Hp would be greater than re, and this
more probable case will be assumed in the following.

Except in one special and uninteresting case,3 the optimal values of Xy

and xp for problem (2) will exist and are4

N L LY (3a)
X, = k[(uP - rf)cAA - (uA - rf)UAPJ ; (3b)
where *
HoT T
k (3e)

= 2 7]
(uA rf) I pp + (uP rf) Tun 2(uA rf)(uP rf)cAP

For subsequent reference, it should be noted that as long as a solution exists
*
to (2), k will be positive. The numerator is clearly positive for yu 1in

excess of rg, and it can be shown that the denominator is positive.5

3A solution will exist to (2) if the denominator of (3¢) is non-zero.
The denominator may be recognized as a quadratic form and will be positive
with the exception of the one case in which the correlation between the

returns of A and P is 1.0 and the ratio of (ugy ~ re) to (up - rf) is the
square root of the ratio of Tpp LO Typ-

4This solution can be obtained by substituting ¢ from (2c¢) into (2b) and
expressing the resulting problem in Lagrangian form. Solving the first-order
conditions for X, and x5 yields (3a) and (3b).

5Cf. footnote 3.



Equation (3a) can be rewritten as

X, = (kUPP)[(uA rf) -c-[;; (pP rf)J (4a)
= (ko) [Cuy =) =g Gy - r.)] (4b)
= (ko,p)(e, ) (4c)

Thus, since (kgPP) is positive, X, will be zero if o p is zero, x, will be

A

positive 1if % p is positive, and %Xy will be negative if is negative,

®Ap
In sum, an investor who currently holds portfolio P as his portfolio of
risky assets and is considering combining this portfolio with another
portfolio A can use the information contained in the alpha coefficient of
portfolio A, calculated with respect to portfolio P, to determine whether he
should place nothing in A, take a long posifion, or take a short position,

It should be noted however that a non-zero alpha coefficient itself does

not provide enough information to determine the magnitude of the position to

be taken.

IV. A More General Interpretation

Consider an investor who curreatly holds an optimal combination of a well
diversified equity, say P, and some other portfolio of risky assets, say 0, in
conjunction with a positive, zero, or negative position in the riskfree
asset. The other portfolio of risky assets might, for instance, be a bond
portfolio. By well diversified is meant that all major segments of the equity
market are represented. Thus, any increment in performance would be due to
asset selection within sectors and not switches from one sector to another,

Now suppose the investor asked an investment advisor o propose another

well diversified portfolio of equities, say A, as a full or partial

alternative for his existing portfolio. Since both equity portfolios are well



diversified, the returns on the alternative portfolio would be highly
correlated with the returns of the current equity portfolio, Without
additional information as to the composition of the alternative portfolio, the
investor might view the return on this alternative as a linear function of the
return on the existing equity portfolio plus some firm specific effects, If
one measures returns as deviations from their expectations, this view takes
the form

r,~m, = BAP(rP - uP) + ¢ (5)

where ¢ is a mean-zero disturbance independent of both rp and ry. The
assumption of the independence of ¢ from both Ty and g implies that the lack
of perfect correlation between the returns of portfolios A and P is due solely
to firm specific effects.

In this situation, it turns out that if the alpha coefficient of
portfolio A, defined relative to portfolio P, is zero, nothing should be
placed in A. If the alpha coefficient is non~-zero, the sign of the alpha
coefficient will indicate whether a positive or negative position should be
taken in portfolio A. Thus, the alpha coefficient, even though it is not
calculated with respect to the investor's entire risky portfolio, has the same
interpretation as in the prior sections. The proof is similar to the one in
Section III,

Specifically, if an investor wished to reallocate his wealth over a
riskfree asset, the current equity portfolio P, the alternative portfolio A,
and the portfolio of other risky assets 0, he would select the proportions to

place in each, denoted respectively Xgy Xps Xps and X5 SO as to



nin xzc + xzu + xzc + 25X 0, + 25 %X 0, + 2Xx X g (6a)

ATAA PT PP 0700 ATPTAP AT0TAD PO PO
t + + + = {(6b)
S5.t. XAHA XP“P XO“O xfrf = q
-+ =
X, Fxp+xg x; =1 (6c)

where u* is some fixed level of expected return. The entire efficient set
could be obtained by varying p* over the relevant range. As in the prior
section, it will be assumed that the expected returns of the three portfolios
of risky assets exceed the riskfree rate.

To analyze the interpretation of the alpha coefficient of portfolio A,
calculated with respect to portfolio P, ¢, p the objective function and

constraints of problem (6) will be reexpressed in an alternative way., Turning

first to the constraint set, substitute X¢ from (6c) into (6b) to obtain

-y =0 - (6b1)

Xy =t Fxplup - v )+ x (g - xg £

Solving (1) for My and substituting into (6bl) yields

xA[aAP + 3AP(UP - rf)j + xp(uP - rf) + xo(”o - rf) =u -,
> (6b2)
*
LN + (xABAP + xp)(up - rf) + xo(uo - rf) =u -,
If (XABAP + xP) is defined as y, (6b2) can be rewritten as
+ * xg( ) =t (6b3)
XAGAP y IJP - rf) xO UO rf =y rf .

In words, (6b3) suggests that the expected return of the investor's
entire portfolio in excess of the riskfree rate can be viewed as resulting

from three sources: the excess return on the portfolioc of other risky assets,

the return driven by the current equity portfolio including the return of

portfolio A explainable by the existing portfolio P, and the return



attributable to GAP' Thus, the total expected return in excess of the
riskfree rate is related to the expected returns on the original portfolios, P
and O, and the extent to which the investor augments the expected return by
taking a position in portfolio A.

On the basis of the stochastic relationship given by (5), the objective

function (6a) can be reexpressed as

2, 2 2 2
*a(BapTpp ¥ 0 )t Xpopp + Kooy F 28 0L
(6al)
2y x0BapOpy T 2% X400,
or, after collecting terms,
2 22 2 2
4%e ¥ (aBap ¥ 2x3%p8,p + xp)opn + xgo0,
(6a2)
2y Bup F XPIXGop,
Recalling that (xABAP + XP) was defined as y, one can rewrite (6a2) as
2 2 2
+ + .
*a%e T Y Ipp T ¥g99p T 27%50 (6a3)

Similar to the expected return constraint, this rewritten objective function
views the total variance as being due to the variability of the original
portfolios, P and 0, plus the additional variability due to the additional
risk inherent in portfolio A.

The revised portfolioc problem is to minimize (6a3) subject to (6b3). The

first order conditions for thig problem are

"8 = Ap (72)
Yopp + X090 = A(UP - rf) (7b)
YUPO + XOGOO = A(uo - rf) (7¢)

10



and, in addition, comstraint (6b3). The symbol A is a Lagrange multiplier and
is shown in the appendix to be positive, Since e is positive, Xy will be
zero if ¢y p is zero; otherwise, Xy will have the same sign as aype

A closer examination of (7) suggests that an investor could conceptually

coustruct an optimal portfolio in a series of steps. First, the iavestor

could determine the value of X4 Up to the constant of proportionality ) as the

AP

Xqg up to the constant of proportionality i.

ratio of a, _ to Gae' Second, the investor could calculate the values of y and

On the assumption that the current equity portfolio is an index fund, the
first step is associated with the portion of the total portfolic devoted to
obtaining superior returns through security selection-—sometimes termed the
active portfolio.6 The second step deals with the proper amount of
diversification as between portfoliocs P and 0 by fixing the ratio of y to Xy~

sometimes termed the core portfolio. It should be noted that this ratio does

ot d d .
It epend upon aAP

Third, the investor should determine how much of his money should be

placed in the risky portfolio in conjunction with a position in the riskfree
asset by varying A over all possible values and evaluating the resulting

portfolios. Fourth, knowing the value of X, and y, the investor can finally

determine how much of portfolio P to hold.

VI. The S & P Composite Index
In the previous sections, the beta coefficient of an alternative
portfolio was calculated with respect to the investor's existing portfolio or,

in a more general case, with respect to a portion of his portfolio., The value

6Treynor and Black (1973) used this terminology in their Journal of
Business article, This author does not know whether they were the first to
use this term, but he does know that they were not the last to use it.

11



of the corresponding alpha coefficient had a direct and unambiguous
implication as to whether the investor should take a long, zero, or short
position in this alternative portfolio. However, most professional evaluation
services reverse the role of these two portfolios and calculate the alpha
coefficient of the investor's existing portfolio with respect to the § & P's
Composite Index of 500 stocks.

This section will show that these professionally calculated alphas, even
though calculated with respect to the wrong portfolio, do in some
circumstances contain useful information., Consider an investor"who had his
existing portfolio, say P, evaluated with regpect to the S & P index, say S,
and assume that the returns on these two portfolios are positively but not
perfectly correlated. The professionally calculated alpha, Gpgs would be
positive, negative, or insignificantly different from zero, I[f ®pg is
negative or even zero, the alpha of the $§ & P Index calculated with respect to
the investor's existing portfelio, aSP’ will be strictly positive, implying
that the investor could move to a relatively more efficient portfolio by
shifting some of his existing portfolio into the S & P Index Fund, If ®pe is

positive, the sign of Gop 1s ambiguous without additional analysis,

First, consider the case in which the professionally calculated alpha,
aPS’ is negative or zero. Thus,

apg = (uP - rf) - BPS(US - rf) <0 (8)

Rearranging (8) yields

(u -r)—-—l—(u

5 £ Bpg - rf)‘z 0 {9)

S

since BPS is by assumption positive. Equivalently, (9) can be rewritten as
-— —-—__1 —
Cug =) = == By = 1) > 0 (10)

S
SP
12



where pSP is the correlation between the returns on portfolios S and P. If

Hp exceeds rg and fgp is positive but less than one, o _ is strictly greater

Sp
than the left hand side of (10), which establishes the result,

Second, consider the case in which the professionally calculated alpha,

Apes is non-zero and positive, Then, the left hand side of (10) will be

strictly less than zero, but this fact alone does not imply that %ap is

negative, It is easy to construct numerical examples 1in which q p is positive

S
and yet the left hand side of (10) is negative.7 Thus, the finding that o

PS
is positive does not necessarily imply that %op is negative,

Whether Ao is negative or not when tpg is positive depends upon the
expected risk premia on the Standard & Poor's Iandex and the investor's
existing portfolio, the correlation between the two portfolios, and the value
of aPS' For reasonably well diversified portfolios P and values of Cpg which
are of sufficient size to be statistically significant, a positive value of
the professionally calculated e will probably be associated with a negative
value of Qg pe For example, if the expected return in excess of the riskfree
rate was 6 percent on the S & P index and 8 percent on the existing portfolio
and BSP was 1.0, the alpha calculated with respect to the existing portfolio
would be 2 percent. Now, if the correlation between these two portfolios was

in excess of 0.87, which would usually be the case for well-diversified

institutional equity portfolios, the professionally calculated alpha, %

would be negative. Specifically, in this case, BPS would be 00,9025 and Apg

would be -1.,415,

7As one example, let Hg = Ty be 8 percent, Up = Ty be 4 percent and 3

be 1.5, implying that agp 1s 2 percemt. If p25P is less than .75, the left
hand side of 10 will be negative,

13



VII. Conclusion

This paper used the concept of relative efficiency to examine the
informational content of traditional one-parameter performance measures, so-
called alpha coefficients. If a potential portfolio has a positive
performance measure with respect to an investor's existing porfolio, the
investor can improve the relative efficiency of his existing portfolio by
spreading his investment in risky assets over both portfolios.

If the performance measure ig negative, the investor should sell short
the potential portfolio and use the proceeds to increase the amﬁunt invested
in his existing portfolio. To the extent that there are some restrictions on
short sales, this recommended action may not be feasible. If zero, the
investor's existing portfolio provides the greatest level of relative
efficiency possible and no investment should be placed in the potential
portfolio,

The paper then considered the case in which the alpha of a potential
portfolio was calculated with respect to a portfolio comprising only a portion
of an investor's existing portfolio of risky assets. As an example, the
investor might currently hold both an S & P Index Fund and a portfolio of
bonds, and the alpha might have been calculated with respect to the § & P
Index. If the potential portfolio can be viewed as a well diversified
portfolio of those stocks in the § & P Composite Index, there is some
justification for interpreting the alpha in the same way as if the alpha were
calculated with respect to the investor's total risky portfolio, The exact
conditions were specified.

Although alpha coefficients should be calculated with respect to the
investor's existing portfolio, most professional evaluation services calculate

these measures with respect to the Standard & Poor's Composite Index, If

14



these coefficients are zero or negative,8 the paper showed that alpha
calculated with respect to the existing portfolio will be positive, indicating
that the investor could move to a relatively more efficient position by
shifting some assets from his existing portfolio to an S & P Index Fund. It
should be noted that this interpretation of a zero coefficient differs from
the usual interpretation by professional investors., If positive, the implied

action was ambiguous and further analysis would be required,

8'I'he argument assumed that the correlation of the existing portfolio and
the § & P Index was not one or minus one——a reasonable assumption,

15



Appendix

Let an investor's current portfolio of risky assets be decomposed into
two portfolios, say P and 0. Let A represant some other portfolio which an
investor is considering adding to his portfolio of risky assets with either a
long or short position. This appendix will show that the alpha of portfolio A&
calculated with respect to portfolio P will indicate whether a positive, zero,
or negative position should be taken in portfolio A if the following
conditions hold %

Hys> Bps Hgs M > T, (Ala)

r, - Hy = BAP(rP - uP) + ¢ (Alb)

and the variance~covariance matrix of A, P, and 0 1is positive definite.
Because e was assumed to be a mean~zero disturbance independent of rp and ros

(Alb) implies that

_ A
a0 T Bap%po (Ale)

If X, represents the proportion invested in portfolio k, the investor

would select the x's so as to

2 2 2 )
min XpOan + XpOpp + X390 * 2K\ XpO,p + 2XAXOOAO + ZXPXOcPO (A2a)
t * (A2b)
S.t. xA“A + xPuP + KOMO + xfrf = u
+xX_+x_+ = A2
X, P xpFx, X i (A2¢)
*
The optimal value of x, for a desired  is
* 2 .
Xy = =[Gy ) oppan, - o) - (ip = T (045900 = Oa0%p0
(A3)
Cug = re)(0, ,0pg = Ipp%a0” /K

16



where K is
TaA 5P Ya0 (uy = 1)
Tpa Opp %pg (up = 1g)
-~ det
oA %op 900 (uy = 1g)
(uA - rf) (uP - rf) (uo - rf) 0

The substitution of (Alc) into (A3) and the replacement of Iup by BAPUPP

vields

* 2 2
20 =) [y = e oppoy = op) - (Mp = Te) (85 p%pp%00 = BppTp0)
(A4)

+ (uo BRPUL o J]/K .

ar%pr%p0 T “ppPappo

Recognizing that the third term in the brackets is zero, one can factor out

2
(GPPGOO UPO) to obtain
= (5 Z /
a0 T oppony = o) [Cuy - 1) - B LGy - Te) I/K

(A5)

]

* 2
(n - rf)(GPPGOO - cOP)(aAP)/K .

If o is zero, the optimal value of Xy will be zero. If @y p is non-zero and

if all the terms multiplying or dividing a,_ in (A5) are positive, x, will

AP
have the same sign as %yp* The terms multiplying @, p constitute In fact the
precise definition of the Lagrange multiplier A of equation set {7) in the

text,

All the terms multiplying o

Ap 3 indeed positive, which establishes the

*
result. By assumption, {(p - rf) is positive. The second term

2 . ; .
(UPPUOO UPO) is the determinant of a positive definite matrix and thus

positive, After tedious manipulation, X can be expressed as

17



where the prime indicates transposed and Ai'

column j of the original variance~covariance

matrix of cofactors in (A46) will be the same

1s proportional to the inverse matrix of the

My T T haa  Mpp
p T Tg Apy  App
Ho T Tg hoa  Aop

Because of the symmetry of the original

Mo Ha = T
Apg Mp = Tg (46)
Ao T

is the cofactor of row i and
matrix,

variance-covariance matrix, the
as its transpose, which in turn

variance-covariance matrix.

Because the variance-covariance matrix has been assumed positive definite, the

constant of proportionality will be positive,

symmetric positive definite matrix is itself positive definite,1

Since the inverse matrix of a

the quadratic

form given by (A6) will be non-zero and positive,

1

Johnston (1972) contains a proof of this statement,

18
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Figure 1: The Investar's Opportunities With Risky
Portfolio P.
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Figure 2: The Gain in Relative Efficiency From Moving
From Portfolio P to Portfolio Q.
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Figure 3: Various Combinations of A and P to Obtain the
Relatively More Efficient Portfolio Q.



