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ABSTRACT

This  s tudy  inves t iga tes  the  b ias  in  a  regress ion  w i th  a  lagged and

s t o c h a s t i c  r e g r e s s o r .  T h e  r e g r e s s o r  o b e y s  a  f i r s t - o r d e r  a u t o r e g r e s s i v e

process  whose innovat ions  are  cor re la ted  w i th  the  regress ion  d is tu rbances .

W h e n  t h e  l a t t e r  c o r r e l a t i o n  i s  p o s i t i v e  ( n e g a t i v e ) ,  t h e  s l o p e  c o e f f i c i e n t ' s

es t imator  and t  s ta t i s t i c  a re  b iased downward  (upward) .  The b ias  in  the  OLS

s l o p e  c o e f f i c i e n t  i s  p r o p o r t i o n a l  t o  t h e  b i a s  i n  t h e  e s t i m a t e d  a u t o c o r r e l a t i o n

c o e f f i c i e n t  o f  t h e  r e g r e s s o r  p r o c e s s .  C o m b i n i n g  t h i s  r e s u l t  w i t h  a n

approx imate  fo rmula  fo r  the  la t te r  b ias  g ives  a  new es t imator  wh ich  compares

favorab ly  to  the  OLS es t imator  in  te rms o f  b ias  and mean square  er ro r .



1 .  I n t r o d u e t i o n

Researchers  in  economics  and f inance o f ten  encounter  t ime-ser ies

r e g r e s s i o n s  i n  w h i c h  t h e  i n d e p e n d e n t  v a r i a b l e s  a r e  p r e d e t e r m i n e d  ( e . g . ,

lagged)  w i th  respec t  to  the  dependent  var iab le .  Th is  s i tua t ion  occurs ,  fo r

example ,  when one tes ts  whether  the  expec ted  re tu rn  on  an  asset  i s  cons tan t  by

tes t ing  whether  B  0  in  the  regress ion

Y t  d '  +  p * r _ L  *  t a  ,  t  1 ,  T ,

where  y t  i s  the  asset ' s  re tu rn  
" .d  

* t_1  is  a  var iab le  f rom the  in fo rmat ion  se t

ava i lab le  to  inves tors  p r io r  to  observ ing  the  re tu rn .  A  few examples  o f  such

t e s t s  i n c l u d e  F a m a  a n d  S c h w e r t  ( L 9 7 7 ) ,  F a m a  ( 1 9 8 4 ) ,  H u i z i n g a  a n d  M i s h k i n

( 1 9 8 5 ) ,  C a m p b e l l ( 1 9 8 5 ) ,  a n d  K e i m  a n d  S t a m b a u g h  ( 1 9 8 5 ) .

In  many cases  x t_1 ,  a l though predetermined w i th  respec t  to  y t ,  i s  random

a n d  p o s s i b l y  c o r r e l a t e d  w i t h  p r e v i o u s  r e g r e s s i o n  d i s t u r b a n c e s .  F o r  e x a m p l e ,

suppose y t  i s  the  ho ld ing  per iod  re tu rn  on  a  long te rm bond fo r  month  t ,  and

suppose x t_1  is  the  bond 's  y ie ld  to  matur i t y  observed a t  the  end o f  month

t - 1 . 1  P r e v i o u s  h o l d i n g  p e r i o d  r e t u r n s  o n  t h e  b o n d  ( y ' " )  w i l l  c o n t a i n

i n f o r m a t i o n  a b o u t  t h e  m o s t  r e c e n t  y i e l d  t o  m a t u r i t y  ( * a _ 1 ) ,  e . g . ,  p r e v i - o u s

n e g a t i v e  r e t u r n s  w i l l  b e  a s s o c i a t e d  w i t h  a  h i g h  y i e l d .  I n  e s s e n c e ,  t h e

cur ren t  p r ice  leve l ,  re f lec ted  inverse ly  by  the  y ie ld ,  i s  re la ted  to  p rev ious

p r i c e c h a n g e s . I n s u c h a r e g r e s s i . o n , x t . 1 i s c o r r e 1 a t e d w i t h ' t - " ( s >

E ( u l x )  *  0  ,

( 1 )

( 2 )

w h e r e  l t :  l r l  ,  r T ] '  a n d  x :  [ * 0 ,  * T _ 1 ] , .

I f  ( 1 )  r e p r e s e n t s  t h e  c o n d i t i o n a l  f o r e c a s t  o g  y t  g i v e n  x t - l ,  i t  i s  e a s i l y



shown that

E ( u  x  - )  0 ,
L  L - I

which ,  a long w i th  su i tab le  regu la r i t y  cond i t ions ,

l e a s t  s q u a r e s  ( O L S )  e s t i m a t o r  o f  B  i s  c o n s i s t e n t .

however ,  genera l l y  leads  to  f in i te -sample  b ias  o f

t
d )  . '

impl ies that  the ordinary

T h e  c o n d i t i o n  i n  ( 2 ) ,

the  OLS es t i rna tor  o f  p  (and

( 4 )

( s )

( 6 )

( 3 )

T h i s  s t u d y  i n v e s t i g a t e s  p r o b l e m s  o f  f i n i t e - s a m p l e  b i a s  a r i s i n g  i n  ( 1 )

under  the  fo l low ing  add i t iona l  spec i f i ca t ions :

t  
:  l -L  +  P* t -L  *  t , t  :  1 , ,  T ,

trl N  ( 0 ,  >  @  I r )

uv
2
v

l z
l o o

I
l o o
L u v

w h e r e  v  :  [ t l  ,  t T ] ' .  N o t e  t h a t ,  f o r  o u u  *  0 ,  c o n d i t i o n  ( 2 )  o b t a i n s .  T h e

spec i f i ca t ion  fo r  
" t  

in  (4 )  p rov ides  a  s imp le  way to  focus  on  the  e f fec t  o f

s e r i a l  c o r r e l a t i o n  i n  t h e  i n d e p e n d e n t  v a r i a b l e .  F o r  p  0 ,  x t - 1  i s  c o r r e l a t e d

on ly  w i th  u t_ l .  As  p  becomes la rger ,  fo r  a  g iven cor re la t ion  be tween ua  and

v t ,  t h e  c o r r e l a t i o n  b e t w e e n  x t - l  
" r d  

r a - "  ( s

regress ion  d is tu rbances  are  assumed to  be  ser ia l l y  uncor re la ted  in  o rder  to

focus  on  the  e f fee t  o f  cor re la t ion  be tween u  and x .

F in i te  sample  b ias  o f  the  leas t  squares  es t imator  has  been ana1yzed

e x t e n s i v e l y  f o r  t h e  f i r s t - o r d e r  a u t o r e g r e s s i v e  p r o c e s s .  I S e e ,  f o r  e x a m p l e ,
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K e n d a l l  ( 1 9 5 4 ) ,  W h i t e  ( 1 9 6 1 ) ,  O r c u t t  a n d  W i n o k u r  ( 1 9 6 9 ) ,  S a w a  ( 1 9 7 8 ) ,  F u l l e r

( L 9 7 5 )  ,  D i c k e y  a n d  F u l l e r  ( L 9 7 9 ,  1 9 B l ) ,  E v a n s  a n d  S a v i n  ( 1 9 8 4 ) .  I  T h e  a b o v e

s p e c i f i c a t i o n  i s  a  n a t u r a l  e x t e n s i o n  o f  t h a t  l i t e r a t u r e .  I n  f a c t ,  t h e  b i a s  o f
/ \ n

P ,  t h e  O L S  e s t i m a t o r  o f  B ,  i s  p r o p o r t i o n a l  t o  t h e  b i a s  o f  p ,  t h e  O L S  e s t i m a t o r

o f  p  in  (4 )  .  Thus ,  p rev ious  ana ly t iea l  and Monte  Car lo  resu l ts  fo r  the  b ias

o f  p  can be  ex tended d i rec t l y  to  the  above mode l .

This study combines analyt ical  methods with Monte Car lo exper iments to

inves t iga te  the  b ias  
" t  ; ,  the  behav io r  o f  the  t  s ta t i s t i c  tha t  tes ts  the

hypothes is  p  BO,  and the  proper t ies  o f  a l te rna t ive  es t imators  des igned to

reduce the  b ias .  The inves t iga t ion  cons iders  a  range o f  parameter  va lues ,

inc lud ing  var ious  leve ls  o f  cor re la t ion  be tween the  regress ion  d is tu rbance

(u  )  and the  innovat ion  in  the  regressor  (v - ) .  Th is  cor re la t ion  can vary'  t '  - - o -  -  ' ' t ' '

subs tan t ia l l y ,  depend ing  on  the  par t i cu la r  app l i ca t ion .  In  the  example  above,

w h e r e  a  b o n d ' s  r e t u r n  i s  r e g r e s s e d  o n  t h e  b o n d ' s  o w n  y i e l d ,  t h e  c o r r e l a t i o n  i s

l i k e l y  t o  b e  q u i t e  h i g h .  I f  t h e  s a m e  b o n d  y i e l d  i s  u s e d  t o  p r e d i c t ,  s a l ,  a

common stock return,  then the correlat ion between u,  and va is probably lower.

I t  i s  shown here  tha t  the  b ias  o f  bo th  !  and the  t  s ta t i s t i c  i s  inc reas ing  in

t h i s  c o r r e l a t i o n .

The paper  p roceeds as  fo l lows.  Sec t ion  2  ana lyzes  the  b ias  
" t  b  by

ex tend ing  prev ious  ana ly t i ca l  resu l ts  fo r  the  f i rs t -o rder  au toregress ive

p r o c e s s .  S e c t i o n  3  i n v e s t i g a t e s  t h e  f i n i t e - s a m p l e  d i s t r i b u t i o n  o f  t h e  t

s ta t i s t i c  under  the  nu l l  hypothes is .  Sec t ion  4  inves t iga tes  the  behav io r  o f

s e v e r a l  e s t i m a t i o n  t e c h n i q u e s  d e s i g n e d  t o  r e d u c e  s m a l l - s a m p l e  b i a s .  T h e  f i r s t

techn ique uses  an  ana ly t i ca l  approx imat ion  fo r  the  b ias  
" t  B ;  jackkn i fe

techn iques  are  a lso  inves t iga ted .  Sec t ion  5  conc ludes  the  paper .



2.  The B ias  o f  the  OLS Est imator

Given the process for * t  assumed above, obtaining the bias 
" t  B is

s t ra igh t fo rward .  Le t  ;  denote  the  OLS es t imator  o f  p  in  (4 ) .

Theorem. E ( B _ i l  + E ( ;  _ i l
L

o
v

( B )

P r o o f :  L e t X : l t  x ]  ,  L :  [ 1 ,  1 ] ' , * * : [ * 1 ,  x r J ' , 6 : [ o P ) ' ,  a n d

6 l l ,  p l ' .  The er ro r  in  the  OLS es t imator  o f  6  i s  g iven  by  ;  -  6

( X ' X )  
- l x ' r r ,  

a n d  u  c a n  b e  w r i t t e n  a s  t !  :  ( o u u / o ' u ) v  +  e  ,  w h e r e  E ( e  l x )  O .

)  - 1  - 1
T h u s ,  w €  c a n  w r i t e  t h e  e r r o r  i n  6  a s  6  -  6  ( o u u / o l ) ( X ' X )  

- X ' v  
+  ( X ' X )  

- X ' c .

The expec ta t ion  o f  the  second te rm is  zero .  The f i rs t  te rm equa ls

(o 
'ou/  o 'u)  t  (x 'x)  1" '  

**

des i red  resu l t .

- (x' x) t" '  ("d ) I : <" .,ut "2u> <i - i l ,  which gives rhe

The usefulness of  (8)  is that  the bias of  p has been anaLyzed in previous

s tud ies .  Sawa (1978)  g ives  a  method fo r  ob ta in ing  exac t  f i r s t  and second
A

moments  o f  p ,  and o ther  s tud ies  have per fo rmed Monte  Car lo  exper iments  Ie .9 . ,

o rcu t t  and Winokur  (Lg6g)  and Fu l le r  (Lg76) ) .  In  g"n" t^ I ,  )  i s  downward

b iased in  f in i te  samples .  From (8)  ,  b  i s  downward  (upward)  b iased i f  the

cor re la t ion  be tween ua  and v ,  i s  pos i t i ve  (negat ive) .  As  the  (abso lu te )

cor re la t ion  be tween ua  and v ,  inc reases ,  ho ld ing  the  ra t io  o f  the i r  var i -ances

cons tan t ,  the  (abso lu te )  b ias  inc reases .  The proo f  above a lso  g ives  the

resu l t  tha t  E( ;  -  o )  :  (o . . - - /o?- ) .E( ;  -  p ) .  A l though the  focus  here  is
uv' v'

p r imar i l y  on ; ,  the  la t te r  resu l t  can  be  coup led  w i th  the  ana lys is  o f  p rev ious

s tud ies  tha t  inves t iga te  the  b ias  in  the  in te rcept  [e .9 . ,  Orcu t t  and Winokur

( 1 e 6 e )  I  .
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T a b l e  I  d i s p l a y s  v a l u e s  o f  T . E ( B  -  i l  f o r  t h e  s p e c i a l  c a s e  o - - - - :  
" ? - .u v v

T h e  v a l u e s  f o r  t h e  s m a l l e r  s a m p l e s ( T : 1 0 ,  1 5 ,  2 5 )  a r e  o b t a i n e d  u s i n g  t h e

ana ly t i ca l  resu l t  o f  Sawa (1978) ,  wh i le  the  va lues  fo r  the  la rger  samples  (T

5 0 ,  1 0 0 ,  2 5 0 , 5 0 0 )  a r e  o b t a i n e d  b y  M o n t e  C a r l o  e x p e r i m e n t s  b a s e d  o n  1 0 0 0

rep l i ca t ions  fo r  each 
" " " " .3  

The ana lys is  here  is  con f ined here  to  va lues  o f

p  less  than un i ty ,  fo r  wh ich  x ,  i s  s ta t ionary .  The in i t ia l  va lue  *0  i s

genera ted  randomly  f rom the  uncond i t iona l  d is t r ibu t ion .  As  tab le  1  conf i rms,

the  b ias  i s  fa i r l y  we l l  approx imated as  be ing  propor t iona l  to  L /T .  I t  i s

known that

E ( p )
1  +  3 p o (-1r)

T .
p : ( e )

fMar r io t t  and Pope (L954)  and Kenda l l  (1954)  ]  ,  and  tab le  1  ind icares  rhar  rhe

h igher  o rder  te rms are  indeed smal l .  Such behav io r  suggests  tha t  a  s imp le

jackkn i fe  es t imator  migh t  e l im ina te  most  o f  the  b ias  i ^  i ,  and  sec t ion  4

i n v e s t i g a t e s  t h i s  p o s s i b i l i t y .

3 . The Behav io r  o f  the  t  S ta t i s t i c

In  many s tud ies ,  the  cent ra l  i ssue sur round ing  (1 )  i s  whether  B  :  BO.

( 0 "  i s  o f t e n  z e r o . )  T h i s  s e c t i o n  i n v e s t i g a t e s  t h e  b e h a v i o r  o f  t h e  u s u a l  t' U

s t a t i s t i c  u n d e r  t h e  n u l l  h y p o t h e " i " . 4  T a b l e  2  d i s p l a y s  e s t i m a t e s ,  b a s e d  o n

M o n t e  C a r l o  e x p e r i m e n t s  o f  1 0 0 0  r e p l i c a t i o n s  e a c h ,  o f  t h e  2 . 5 2  f r a c t i l e  o f  t h e

t  s ta t i s t i c .5  Resu l ts  a re  shown fo r  d i f fe ren t  va lues  o f  the  au tocor re la t ion

coef f i c ien t  p  and the  cor re la t ion  be tween u ,  and v r ,  denoted  as  - ,1  .  ( I c  i s

eas i l y  shown tha t  the  t  s ta t i s t i c ' s  d is t r ibu t ion  is  invar ian t  to  e ,  B ,  o . ,  and

o  . )
V

When e i ther  p  o r  1  a re  la rge  (c lose  to  un i ty ) ,  tab le  2  revea ls  tha t  the  t



Va lues  o f

Table I

T . E (  B  B )  w h e n
2

o  - o
U V V

(For  o ther  cases  ,  mu l t l p l - y  va lue  shown by  a , . . . /  
"? , .1" U V V

Ana lvL ica l  Va lues

1 0
1 5
25

50
1 0 0
250
500

- 4  . 4 2
- 4 . 6 7
- 4 .  B B

- 4  . 86
- 4  . 9 8
- 4  . 6 1
-4  . 88

_r_t ,/ <

l r  , l  r l l

- 4  . 5 6

- 3  . 6 2
- 3 . 7 0
- 3 . 7 A

- 2  . 2 6
- 2 .  t o
- 2  2 q

- 2  . 2 1
- /  t \ l

- 1 . 6 0
- 2  . 1 2

- 1 . ' , I  1
- 1 . 0 7
- 1 . 0 4

- 1  . 0 5
- 1 . 0 3
- 0 .  6 6
- 0 . 7 3

Monte  Car lo  Es t imates

- 4 . 3 7
- q .  J o
- 3 . 9 4
- 3 . 9 3

- 3  . 2 5
- 3  . 4 2
- ?  l l  1
- 4 . 1 3
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s t a t i s t i c ' s  d i s t r i b u t i o n  i n  s a m p l e s  o f  e v e n  1 0 0  o r  m o r e  c a n  d i f f e r

s u b s t a n t i a l l y  f r o m  t h e  a s y m p t o t i c  ( N o r m a l )  d i s t r i b u t i o n .  ( T h e  2 . 5 2  f r a c t i l e

o f  t h e  N o r m a l  d i s t r i b u t i o n  i s  - 1 . 9 5 . )  I n  g e n e r a l  ,  w h e n  ^ y  i s  p o s i t i v e ,  t h e  t

s ta t i s t i c  i s  downward  b iased and skewed s l igh t ly  to  the  le f t .  When both  p  and

^y  are  h igh ,  the  d is t r ibu t ions  in  samples  o f  25  and 50  are  s imi la r  to  the

r a n d o m - w a l k  c a s e  d o c u m e n t e d  i n  F u l l e r  ( I 9 7 6 ,  t a b l e  8 . 5 . 2 ) .

Tab le  2  repor ts  resu l ts  on ly  fo r  cases  where  ' f ,  the  cor re la t ion  be tween

u-  and v .  ,  i s  pos i t i ve .  \ , r lhen  ' y  i s  negat ive ,  the  dens i ty  func t ion  reverses .t t

That  i s ,  the  negat ives  o f  the  va lues  in  tab le  2  can be  v iewed as  es t imates  o f

the  0 .975 f rac t i le .  For  the  example  ment ioned in  the  in t roduc t ion ,  where  x t_ l

i s  a  bond 's  y ie ld  and ya  is  the  subsequent  ho ld ing  per iod  re tu rn ,  -y  i s  most

l i ke ly  negat ive- - innovat ions  in  the  y ie ld  a re  negat ive ly  cor re la ted  w i th

re tu rns .  In  tha t  case ;  i s  b iased upward ,  and to  re jec t  B  0  aga ins t  the

( o n e - t a i l e d )  a l t e r n a t i v e  B

tha t  the  t  s ta t i s t i c  exceed a  c r i t i ca l  va lue  grea ter  then the  usua l  va lue  o f

L . 9 6 .

4 . B i a s  -  C o r r e c t e d  E s t i m a t o r s

Th is  sec t ion  inves t iga tes  the  behav io r  o f  severa l  a l te rna t ive  es t imators

des igned to  reduce the  b ias  in  the  OLS es t imator ,  b  The f i rs t  o f  these

a l t e r n a t i v e  e s t i m a t o r s  i s  b a s e d  e s s e n t i a l l y  o n  a  c o m b i n a t i o n  o f  ( B )  a n d  ( 9 ) .

T h i s  e s t i m a t o r  i s  s i m i l a r  i n  s p i r i t  t o  a n  e s t i m a t o r  f o r  p  c o n s i d e r e d  b y  O r c u t t

a n d  w i n o k u r  ( 1 9 6 9 ) .  T h e y  r e p r a c e  E ( ; )  i n  ( 9 )  w i r h  ; ,  s o l v e  f o r  p ,  a n d  r h e n

use tha t  so lu t ion  as  a  new es t imator .  The approach taken here  is  to  combine

( 8 )  a n d  ( 9 )  t o  o b t a i n

E(B -  i l :  -  ,1r , .11-1-1ay + o1-1r l
o u T

( 1 0 )



Rstimates of the

Table 2

O. O25 Etactile of the Sample t  Stat ist ic,  t (  I  -  B)

Parameters 0 . 0 2 5  f r a c t i l e  o f

2 5  5 0

r ( a  B )
1 0 0

for  sample o f

250  500

0 .  9 9
0 . 9 9
0 . 9 9
0 . 9 9
0 .  9 9

0 .  9 5
0 . 9 5
0 . 9 5
0 . 9 5
0 . 9 5

0 .  B 0
0 . 8 0
0 .  B 0
0 . 8 0
0 .  B 0

0 .  4 9
0 . 4 0
0 . 4 0
0 . 4 0
0 . 4 0

0 . 0 0
0 . 0 0
0 .  0 0
0 .  0 0
0 . 0 0

0 . 9 9
0 . 9 5
0 . 8 0
0 . 4 0
0 . 0 0

0 . 9 9
0 . 9 5
0 .  B 0
0 . 4 0
0 . 0 0

0 .  9 9
0 . 9 5
0 . 8 0
0 . 4 0
0 . 0 0

0 . 9 9
0 . 9 5
0 . 8 0
0 ,  4 0
0 . 0 0

0 . 9 9
0 . 9 5
0 . 8 0
0 . 4 0
0 . 0 0

- 3 . 2 5 4
- 3 . 2 5 2
- 3 . 1 8 6
- 2 . 7  0 1
- 2 . 0 7 5

- 2 . 9 7 7
- 3 . 0 5 4
- 2 . 8 8 1
- 2 . 6 3 7
- 2 . 1 2 8

- 2 . 7 1 5
- 2 .  6 9 5
- 2 . 5 8 2
- 2 . 4 7  2
- 2 . O 9 7

-2 .  432
- 2 . 2 8 4
- 2 . 2 7  0
-  2 .  339
- 1  . 9 6 3

- 1  . 9 9 6
- 2 .  2 2 3
- 2 . O 5 1
- 2 .  1  1 5
- 1 . 9 5 1

- 3 . 1  6 4
- 3 .  O 4 4
-  2  . 9 9 8
-2 .  485
- 2 .  0 9 -

- 2 . 9 4 2
- 2 . 8 6 1
- 2 .  8 3 0
- 2.  369
- 2 . 0 3 0

- 2 .  4 2 0
- 2 .  4 9 5
- 2 . 4 7 8
- 2 .  2 2 0
- 2 . 0 5 0

- 2 .  2 2 0
- 2 . 3 5 8
- 2 . 1 9 2
- 2 . 0 5 8
- 2 .  0 7  6

- 2 . 0 6 7
- 2 .  1  5 0
- 2 . 1 4 4
- 1 . 8 9 0
- 1  . 9 4 9

- 2 . 8 4 3
- 2 . 9 8 6
- 2 . 9 9  2
- 2 . 5 4 4
- 2 . 1  5 9

- 2 . 8 9 7
- 2 . 6 9 9
- 2 . 5 8 1
- 2 .  3 4 9
- 2 .  O 5 0

- 2 . 4 2 3
- 2 . 4 5 7
- 2 . 3 6 7
- 2 .  0 7  6
- 1  . 9 7 9

- 2 . 2 1  2
- 2 .  O B 1
- 2 .  1  3 9
- 2 . 1  1 6
- 2 .  0 6 2

- 2 .  O 2 4
- 2 . 1 9 4
- 1  . 9 7 8
- 2 .  0 2 6
- 1 . 9 5 0

- 2 . 6 4 8  - 2 . 7 1 2
- 2 . 8 2 4  - 2 . 6 7 8
- 2 . 6 2 2  - 2 . 6 5 9
- 2 .  3 9 5  - 2 .  2 2 5
- 1 . 9 3 9  - 2 . O 3 9

- 2 . 3 9 2  - 2 . 2 4 8
- 2 . 3 8 9  - 2 . 3 6 7
- 2 . 3 9 3  - 2 . 1 5 9
- 2 . 1 5 7  - 2 . 1 2 1
- 2 . O 4 8  - 1 . 9 8 8

- 2 . 3 0 0  - 2 . 2 0 5
- 2 . 1 3 9  - 2 . 1 8 1
- 2 . 2 1 1  - 1 . 9 3 9
- 1 . 9 5 7  - 1  . 8 8 7
- 1  . 9 6 1  - 1  . 9 5 0

- 2 . 1  4 5
- 2 .  O 9 5
- 2 . 1 8 1
- 1  . 9 2 3
- 2 .  O 5 1

- 2 .  0 1 6
- 1  . 8 8 3
- 2 .  O O 4
- 2 . O 2 7
- 1  . 9 8 7

- 1  . 9 3 2  - 2 . O 4 7
- 1 . 8 6 9  - 2 . O 2 4
- 1 . 9 3 8  - 1 . 9 4 9
- 1  . 9 8 9  - 1  . 8 9 9
- 1  . 9 4 0  - 1  . 9 7 7
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and then to replace the quant i t ies on the r ight-hand side with sample

est imates .  Thus ,  the new "bias -  adj  usted" est i -mator ,  ;  O, 
is given by

bo b + ,#,.,=i,
s

v

(  1 1 )

where s and 
"?- 

are est imated using residuals f rorn the OLS regressions for
u v v

(1)  and (4 ) .  I t  shou ld  be  no ted  here  tha t ,  un l i ke  the  es t imator  cons idered by

Orcut t  and Winokur  ,  ;  ^  does  no t  necessar i l y  e l im ina te  b ias  o f  O(L /D .6  The. A

addit ion of  the est imates s----  and t?- compl icates the analysis of  the expected
u v v

value. Nevertheless,  g iven the favorable resul ts of  Orcutt  and Winokur for

the i r  es t i -mator  based on  (9 ) ,  i t  seems reasonab le  to  inves t iga te  a  s imi la r

approach here .

Two addi t ional  est imators,  both based on the grouped jackkni fe approach

of  Quenou i l le  (L949) ,  a re  a lso  inves t iga ted .  Such es t imators  e l im ina te  b ias

o f  O(L /T) ,  and reca l l  f rom tab le  1  tha t  the  b ias  i r  B  is  we l l  charac ter ized  as

propor t iona l  to  L /T .  Le t  M :  T /2  [o r  (T-L) /z  i f  T  i s  odd]  ,  and cons ider  oLS

est imators  o f  B  fo r  subper iods  o f  s ize  I , I  hav ing  cont i -guous  observa t ions .

There  are  T-M+1 such subper iods .  Le t  b r * r , ,  denote  the  average o f  the

es t imators  fo r  the  f i rs t  and las t  subper iods ,  and le t  i , " ,  
,ALL 

denote  the

average o f  the  es t imators  over  a l l  T -M+l  subper iods .  The jackkn i fe  es t imators

are def ined as

^ T ^ M ' \
R (  -  

)B ( f t )9(* ) , ,  and ( r2)t 'JL t 
T -I '{

^ T ^ l " f ^

7tz (f t)P (Tft)F<u),ALL (13)



1 0

The f i rs t  jackkn i fe  es t imator ,  wh ich  uses  two subper iods ,  i s  a lso  inves t iga ted

a s  a n  e s t i m a t o r  o f  p  b y  O r c u t t  a n d  W i n o k u r  ( 1 9 6 9 ) .  T h e  s e c o n d  e s t i m a t o r ,

w h i c h  u s e s  a l l  o f  t h e  s u b p e r i o d s ,  e l i m i n a t e s  b i a s  o f  O ( L / T )  i n  p r e c i s e l y  t h e

s a m e  m a n n e r  a s  t h e  f i r s t ,  b u t  i t  m a y  h a v e  l e s s  v a r i a n c e  [ E f r o n  ( L 9 8 2 ,  p .  7 ) ) .

Whi le  the  above a l te rna t ive  es t imators  mav be  less  b iased than the  OLS

e s t i m a t o r ,  t h e y  m a y  a l s o  p o s s e s s  m o r e  v a r i a n c e .  I n d e e d ,  p r e v i o u s

i -nves t iga t ions  o f  j  ackkn i fe  es t imators  have found those es t imators  to  possess

greater  var iance than OLS es t imators  in  a  number  o f  d i f fe ren t  app l i ca t ions

[ e . 9 . ,  O r c u t t  a n d  W i n o k u r  ( 1 9 6 9 )  a n d  H u i z i n g a  ( 1 9 8 3 ) ] .  T a b l e  3  p r e s e n t s  b o t h

the biases and the mean square errors of  the OLS est imator and the three

a l te rna t ive  es t imators .  Each row o f  the  tab le  i s  based on  a  se t  o f  1000 Monte

C a r l o  r e p l i c a t i - o n s .

I n  v i r t u a l l y  a l l  c a s e s ,  e a c h  o f  t h e  t h r e e  b i a s - c o r r e c t e d  e s t i m a t o r s

conta ins  less  b ias  than the  OLS es t imator .  In  manv eases  the  b ias  o f  the  OLS

est imator  i s  f i ve  o f  s ix  t imes grea ter  than the  b ias  o f  the  a l te rna t ive

es t imators .  The b iases  among the  th ree  a l te rna t ive  es t imators  a re  fa i r l y

s imi la r ,  a l tho tgh  ie  tends  to  have less  b ias  than the  jackkn i fe  es t imators  in

c a s e s  w h e r e  b o t h  p  a n d  1  a r e  h i g h  ( 0 . 9 5  o r  0 . 8 0 )  a n d  s a m p l e  s i - z e  i s  s m a l l  ( 2 5

o r  l e s s ) .

The comparisons of  mean square error (var iance plus the square of  the

b ias)  a re  less  favorab le  to  the  jackkn i fe  es t imators .  In  most  cases  the

jackkn i fe  es t imators  possess  subs tan t ia l l y  h igher  mean square  er ro r  ( ! ISE)  than

the  OLS es t imator .  The two jackkn i fe  es t imators  themse lves  have s imi la r

MSE's ,  a l though F IZ  (wh ich  uses  a l l  T -M+l  subper iods)  i s  typ ica l l y  super io r  to

9r ,  (wh ich  uses  on ly  two subper iods)  in  smal le r  samples  and when p  is  h igh .
J r  -  

^

The b ias-adjusted est imator  BA general ly  compares favorably  to  the OLS
, \  

est imator ,  B.  When both p and 'y  are h igh (0.  B0 or  more)  ,  the MSE of  p exceeds



lrbl. 3

tbnt crrlo orprrtroo of ol,s end Btelrcorrcctcd Etirrtorr

. ( !  .  O . O ,  o ,  -  O . l O ,  O E  -  O . t O )

t 0
1 5
2 5
5 0

1 0 0
2 5 0
500

- 3 6 . 7 9 5  - 8 . 6 0 8
- 2 1 . O 4 2  - 5 . 8 6 0
- 1 6 . 0 5 3  - 2 . 8 1 4

- 8 . 4 3 9  - 1  . 4 8 3
-4 .20 '7  -0 .644
-  1  .  459 -0 .  007
- 0 . 7 6 4  - 0 .  0 3 6

- 3 0 . 0 0 9  - 6 . 1  7 5
- 2 2 . 7 9 3  - 5 . 6 9 7
- 1 4 . 1 5 0  - 3 . 1 3 8

- 7 .  I  4 0  - 1  .  3 0 9
- 3 . 5 9 9  - 0 . 5 9 8
- 1  . 3 9 8  - o . 1 7 7
- 0 . 5 7 7  0 . 0 3 7

- 1  4 .  r  8 0  - 2 . 0 8 1
-  l  r . 3 7 5  - 3 . 0 4 2

- ' 1  . 1 6 2  - 1 . 7 0 9
-  3 .  5 ? 0  - 0 . 6 7 3
- 1  . 8 4 5  - 0 . 3 2 9
- 0 . 5 9 8  0 .  o 0 9
- o . 2 2 9  - 0 . 0 7 8

- 3 2 . 9 1 6  - 7 . 8 7 1
- 2 2 . 5 3 7  - 4 . 3 0 0
- 1 3 . 2 0 2  - 1 . 4 5 5
- 6 . 9 3 3  - 0 . 7 6 5
- 3 . 3 6 1  - O . 1 9 1
- 1  . 2 1 9  0 .  0 6 2
- o . 7 2 2  - 0 . 0 8 0

- 2 6 . 4 0 3  - 4 . 7 7 7
- 1 9 . 7 A 4  - 4 . 5 7 1
-1  1 ;930 -2 .O27

-5 .625 -O.  A21
- 2 . 5 2 2  0 . 1  3 7
-1  .20 '7  -O.124
-0 .  562 -0 .  01  9

- 1  2 . 9 7  4  - 2 . 4 4 7
- 9 . 7 3 1  - 1  . 9 8 1
- 6 . 2 9 0  - 1  . 2 3 0
- 2 . 1 1 5  0 . 4 4 8
- 1 . 2 3 7  0 . 0 9 3
- 0 . 5 2 3  - 0 . 0 8 5
- o . 2 0 4  0 . 0 6 6

- 2 0 . 4 9 A  - 3 . 9 8 5
- 1  4 . 6 9 8  - 2 . e 7 4

- 7 . 8 7 9  - o . 1 9 3
- 4 . 2 2 0  - 0 . 2 0 5
- 2 , 2 3 3  - 0 . 2 1 6
- 0 . 4 5 9  0 . 3 7 4
- 0 . 1  8 9  0 . 2 3 0

- 1 7 . 2 5 7  - 3 , 2 3 2
- 1  0 . 5 9 4  - 0 . 3 1 8

- 7 . 7 3 9  - 1  . 2 9 1
- 3 . 1 1 9  0 . 2 8 4
- 1  . 9 6 0  - 0 . 2 3 9
- o . 5 5 5  0 . 1  4 3
- 0 . 4 5 8  - 0 . 1  0 8

- 7  . 3 A 7  0 .  1  0 2
-4 .972 0 .  o78
- 3 .  I  5 0  0 .  o 5 5
-  1 . 8 4 2  - 0 . 1  4 5
- 0 . 7 6 2  0 .  1  0 5
- o .  3 8 5  - 0 . 0 3 6
- o . 2 3 2  - o . 0 5 7

P ' o : ? l e  Y '  0 . 9 5

- t  3 . 3 6 7  - l  3 . 2 8 0  2 3 . 7 9 4
- ? .  1  3 6  - 8 .  1  6 3  1  2 . 9 5 0
- 1 . 5 7 0  - 1 . 8 4 5  1 . 7 0 2
- 0 . 3 2 2  - 0 . 3 5 5  1 . 4 8 8

0 . 1  2 8  0 . 0 8 4  0 . 4 1  4

0 . 2 1 8  0 . 2 1  1  0 . 0 8 0

o .  o 2 o  0 . 0 9 4  0 .  o 3 3

o - o . 9 5 ,  Y - 0 . 8 0

- a . 7 7  1  - 8 .  4 6 3  1  9 . 0 0 1
- 7 . 3 1 9  - 7 . 2 6 3  1 1 . 2 0 0
- 3 . 0 9 3  - 2 . 5 6 3  1 . 2 9 5
- 0 .  1  8 2  0 .  0 0 1  1  . 2 3 5

o .  1 6 4  0 . 0 5 5  0 . 3 5 8
- 0 . 0 5 4  0 . 0 0 1  0 .  o 8 0

o.  1  40  0 .  1  39  0 .025

p =  0 . 9 5 ,  y -  g . l q

1 8 . 4 7 4  2 8 . 7 6 8  2 2 . O 8 9
8 . 5 2 9  1  3 .  2 0 0  I  0 . 6 2 1
2 . ? 3 3  3 , 2 2 7  3 . 9 2 0
0 . 8 9 3  1 . 6 4 8  1 . { ? l
0 . 2 5 4  0 . 4 ? 5  0 . 4 1  1
0 .  0 6 0  0 . 0 9 3  0 .  t  0 5
0 . o 2 1  0 .  o 3 4  0 . 0 4 1

1  5 . 5 8 5  2 9 . 3 8 1  2 2 . 6 9 1
8 .  2 9 0  1  3 . 6 5 ?  1  0 . 9 2 3
2 . 8 0 4  4 . 9 9 3  4 . 0 4 7
0 . 8 1 6  1 . 4 4 9  1 . 2 8 8
0 .  2 4 3  0 . 4 4 1  0 . 4 0 8
0 . 0 6 2  0 . 0 8 8  0 .  o 9 8
0 . o 2 3  0 . o 3 0  0 . 0 3 6

3 8 . 1  5 4  2 6 . 2 4 6
1  1 . 1 9 8  9 . 2 5 5

3 . 8 5 8  3 . 5 2 3
r . 0 9 5  1 . 0 5 6
0 . 3 3 6  0 . 3 5 3
0 . 0 7 5  0 .  0 9 1
0.  026 0 .  o35

26.621 2O.93 ' l
1 3 . 2 3 1  1 1 . 1 ' 1  9

5 . 0 6 5  4 . 6 5 3
1 . 8 1 7  2 . 0 3 7
0 , 5 6 4  0 . 5 6 2
o . 1 7 3  0 . 2 1  1
0 . 0 8 1  0 . 1 0 2

2 8 . r 1 3  2 3 . 1 5 0
1 2 . 5 1 1  1 0 . 4 5 1

5.  1  21  4 .  569
1 . 7 4 8  1 . 8 2 2
o . 5 7 7  0 . 6 6 3
0 . 1 9 0  0 . 2 2 4
o . 0 8 1  0 .  1  0 6

35.8?9 26 .969
' t 2 . 3 9 2  1 0 . 2 5 1

4 . 5 9 2  4 . 5 9 0
1  .  { 7 0  1 . 5 { 8
o . 5 4 2  0 . 6 6 5
0 . 1 6 6  0 . 2 1 6
0 . 0 7 8  0 . 0 9 8

22.967 20 .559
1  1  . 9 2 6  1  0 . 9 1  5

5 . 4 7 8  5 . 1 8 6
2 . 2 a 4  2 . 5 7 1
1  .  O O 4  1 . 2 1 9
0 . 3 5 4  0 . 4 7 2
0 .  l  5 7  0 . 2 0 8

2 8 . 4 9 4  1  9 . 8 7 3
1  0 . 9 9 2  1  0 . 4 1  4

5 . 1  5 9  5 . 2 5 8
2 . 1 6 1  2 . 6 3 3
0 . 9 4 3  1 . 2 2 2
0 . 3 5 3  0 . 4 6 1
0 .  r 7 3  0 . 2 3 4

2 4 . 1 5 5  2 1  . 0 1 6
1  2 . 2 0 1  I  2 .  1  8 0
4 . 8 9 4  5 . 4 4 4
2 . O 4 9  2 . 5 0 9
o . 9 4 1  1 . r 3 6
0 . 3 ? 9  0 . 4 8 0
0 . 1 7 0  0 . 2 2 5

1 0
1 5
2 5
5 0

1 0 0
2 5 0
500

r 0
r 5
2 5
5 0

1 0 0
2 5 0
5 0 0

1 0
1 5
2 5
5 0

1 0 0
250
'"-.

t n

1 5
2 5
5 0

1 0 0
2 5 0
500

1 0
1 5
2 5
5 0

1 0 0
250
500

1 0
1 5
25
5 0

1 0 0
250
5 0 0

1 0
1 5
2 5
5 0

1 0 0
2 5 0
500

1 0
1 5
25
5 0

1 0 0
2 5 0
500

- 2 . 4 1  4  - 2 . 6 4 9
- 3 . 5 9 5  - 3 . 3 2 8
- 0 . 9 2 5  - 1 . 1  3 3
- 0 . 4 9 0  - 0 . 3 0 5

0 .  1  3 2  0 . 1  3 4
0 . 2 1 5  0 . 0 9 4
0 . 0 9 3  0 . 1 1 8

- 1  2 .  O 9 5  - 1  0 . 4 5 7
- 4 . 6 2 4  - 5 . 2 9 0
- 1  . 2 0 3  - 0 . 8 3 5
- 0 . 5 9 6  - 0 . 5 3 8

0.  o73 -0 .  1  68
0 . 0 9 2  0 .  o 8 8

- 0 . 7 0 0  - 0 . 1  0 9

o = 0 . 8 0 ,  Y = 0 . 9 5

1  3 . 6 3 5  1 4 . 7 7 1
6 . 4 4 6  5 . 9 3 ?
2 . 4 2 9  2 . 1 6 1
0 . 7 3 5  0 . 6 3 7
0 . 2 3 4  0 . 2 0 4
0 . o 5 7  0 . 0 5 4
0 . 0 2 3  0 .  o 2 3

2 0 . 1  4 8  1  6 . 5 1  I
1  l  . 0 0 4  8 . 6 7 1

4 . 4 9 5  3 . 4 4 9
1 . 6 0 1  1 . 2 5 4
0.555 0 .  / t68

0 . 1 6 2  0 .  1  5 0
0 . 0 8 2  0 . 0 7 8

r 8 . 2 8 1  1 7 .  1  5 9
9 . 7 2 6  7 . 8 9 1
4 . 0 1 5  3 . 1 0 9
1 . 4 4 2  1 . 2 3 0
o . 5 2 0  0 . 4 7 7
0 .  r 8 1  0 . 1  6 9
0 . 0 1  I  o . 0 7 9

I  2 . 0 3 8  1  2 . 5 6 9
7.O42 6 .847
3 . 0 9 2  2 . 9 0 4
1 . 0 6 2  1 . o 4 4
0.  t l54  0 .444
0 . 1 5 6  0 . 1 5 3
0 . 0 7 3  0 .  0 7 3

o =  0 . 8 0 ,  Y =  0 . 8 0

- 8 . 6 8 ?  - 7 . ? 2 5
- 4 . 4 8 9  - 5 . 1  3 9
- 1  . 5 2 6  - 1  . 5 8 1

0 . 2 3 6  - 0 . 0 8 4

0 . 0 8 5  0 . 0 8 1
-o .089 0 .  oo l

0 . 0 1  I  o . o 2 2

- 3 . 4 1 7  - 2 . 9 5 0
- 2 . 5 0 6  - 1 . 4 7 8
- 0 . 8 9 0  - 1 . 0 7 5

0 . 8 3 2  0 . 4 0 3
0 . 1  1  4  0 . 3 3 3

- 0 . 0 4 6  - 0 . 0 3 3

0 . 0 7 9  0 . 0 1  8

- 5 . 9 3 0  - 5 . 6 7 2
- 3 . O 7 2  - 2 . 9 8 8
- 0 . 1 5 2  - 0 . 1 1 6
- 0 . 0 9 1  - 0 . 0 9 8
- 0 .  1  6 5  - 0 .  1  5 1

o . 3 3 2  0 . 5 2 2
0 . 2 4 1  0 . 1 8 5

o = 0 . 8 0 ,  Y = o . { o

o =  0 . 4 o ,  Y =  0 . 9 5

1 5 . 1 5 3  1 8 . 2 0 6
8 . 9 0 5  9 . 6 8 1
4 . 1 9 4  4 . 4 1 8
1 . 9 6 4  1  . 9 8 6
0 . 9 4 0  0 . 9 3 9
0 . 3 4 4  0 . 3 5 0
0 . 1  5 2  0 .  I  5 4

=  0 . 8 0

1  3 . 7 3 7  1  5 . 4 8 7
7 . 7 7 8  8 .  5 3 0
4 . 0 4 5  4 . 0 4 7
1 . 8 5 4  1  . 9 0 4
0 . 8 8 3  0 . 8 7 8
0 . 3 5 0  0 . 3 5 3
0 . 1  6 8  0 .  1  5 7

- 4 . 8 r  1  - 3 . 9 8 8
- o . 8 4 8  - 0 .  2 6 0
- 1 . 4 3 2  - 1 . 6 3 5

0 . 4 8 4  0 . 6 9 4
- 0 . 2 1 3  - 0 . 1 6 7

0 .  1  2 5  0 . 3 4 1
- o . 1  0 4  - 0 . 0 9 3

0 . 1 2 2  0 . 6 2 5
o . 9 1  4  0 . 1  5 2

- 0 . 2 2 0  0 . 1  I  I
- o . 2 1  3  - 0 . 1 ' l  5

0 .  1  07  0 .  307
- o . 0 1 5  - 0 . 4 1 7
-0 .  062 -0 .  1  59

o = 0 . 4 0 , Y = 0 . 4 0

I  2 . 5 4 0  1  3 .  3 0 6
8 . 1  2 0  8 . 5 5 1
4 . 0 9 7  4 . 2 0 6
' t  .799 1  .801
0 . 9 0 2  0 . 9 0 5
0 . 3 6 7  0 . 3 6 7
0 . 1 5 7  0 . 1 6 5
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that or^ iO, of ten by as much as 25 percent.  When p and 'y are lower,  then the

MSE o f  B  is  typ ica l ty  lower  than tha t  o f  i  ^ ,  bu t  no t  by  subs tan t ia l  amounts .' A -

These resul ts are s imi lar  to those reported by Orcutt  and Winokur in that  they

f ind ,  fo r  h igh  va lues  o f  p ,  the  es t imator  based on  (9 )  i s  super io r  to  the  OLS

est imator .  (They  a lso  f ind  the  jackkn i fe  es t imator  to  have the  h ighes t  mean

square  er ro r .  )  The super io r i t y  o f  iO in  th is  s tudy  is  in te res t ing  in  tha t ,

even though add i t iona l  parameters  a re  es t imated  Ic f .  (11)  ]  ,  the  var iance o f

the est imator is evident ly not inereased enough to produce a MSE higher than

tha t  o f  the  OLS es t imator .

Conelus ions

Th is  s tudy  has  inves t iga ted  prob lems ar is ing  f rom b ias  in  a  regress ion

w h e r e  a  l a g g e d  b u t  s t o c h a s t i c  r e g r e s s o r  o b e y s  a  f i r s t - o r d e r  p r o c e s s  w h o s e

i -nnovat ions  are  cor re la ted  w i th  the  regress ion  d is tu rbances .  When the  la t te r

c o r r e l a t i o n  i s  p o s i t i v e ,  t h e  O L S  e s t i m a t o r  o f  t h e  r e g r e s s i - o n  s l o p e  c o e f f i c i e n t

and the  coef f i c ien t ' s  t  s ta t i s t i c  a re  b iased downward .  (When the  cor re la t ion

is  negat ive ,  bo th  quant i t ies  a re  b iased upward . )  Jackkn i fe  es t imators  p rove

to  be  e f fec t i ve  in  reduc ing  the  b ias ,  bu t  they  possess  subs tan t ia l l y  h igher

mean square  er ro r  than the  OLS es t imator .  The b ias  o f  the  OLS s lope

coef f i c ien t  i s  p ropor t iona l  to  the  b ias  o f  the  OLS es t imator  fo r  the

autocor re la t ion  coef f i c ien t  o f  the  regressor  p rocess .  i , r lhen  th is  resu l t  i s

combined with an approximate formula for  the bias of  the est imated

a u t o c o r r e l a t i o n ,  a  n e w  e s t i m a t o r  i s  o b t a i n e d .  T h i s  n e w  b i a s - a d j u s t e d

est imator compares favorably to the OLS est imator in terms of  both bias and

mean square  er ro r .



2rh .  
fa i lu re  o f  the  or thogona l i t y  o f  u  and x  a lso  leads  to  incons iscency

of  genera l i zed  leas t  squares  es t imators  tha t  a t tempt  to  account  fo r  poss ib le

s e r i a l  c o r r e l a t i o n  i n  t h e  r a ' " .  T h e  l a t t e r  l a r g e - s a m p l e  p r o b l e m  h a s  b e e n

analyzed by a number of  studies,  including Hansen and Hodrick (1980) ,  Hansen

( 1 9 8 2 ) ,  H a n s e n  a n d  S a r g e n t  ( 1 9 8 2 ) ,  C u m b y ,  H u i z i n g a ,  a n d  O b s t f e l d  ( 1 9 8 3 ) ,  a n d

H a y a s h i  a n d  S i m s  ( 1 9 8 3 ) .

1
r F i ^-Examples  

o f  s tud ies  in

r e g r e s s e d  o n  b o n d  y i e l d s  ( o r

a n d  S t a m b a u g h  ( 1 9 8 5 ) .

?-Some 
of the values shown in table

(L978,  tab le  2a) .  The va lues  shown here

using IMSL rout ines EIGRS and DCADRE on

s l igh t ly  c loser  than Sawa 's  to  the  Monte

Winokur  (L9  69)  .
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FOOTNOTES

which  ho ld ing-per iod  re tu rns  on  assets  a re

y ie ld  spreads)  inc lude Campbe l l  (1985)  and Ke im

1 d i f fe r  s l igh t ly  f rom those in  Sawa

were  computed in  doub le  p rec is ion

a Dec 20 .  Most  o f  the  va lues  are  a lso

Car lo  resu l ts  repor ted  by  Orcu t t  and

l+' I ndependent  
work  by  Mank iw and Shap i ro  (1985)  a lso  repor ts  resu l ts  o f

Monte  Car lo  exper iments  tha t  inves t iga te  the  behav io r  o f  the  t  s ta t i s t i c  in

the same framework.

.\-An 
append ix  conta in ing  es t imated  f rac t i les  fo r  bo th  ta i l s  o f  the

empi r i ca l  d is t r ibu t ion  is  ava i lab le  f rom the  au thor  on  reques t .

A  a  , .  ,  -  2- O l s - b a s e d  
e s t i m a t o r s  o f  o * v ,  o ' ,  a n d  p  a r e  u s e d  i n  ( 1 1 )  p r i m a r i l y  f o r

s imp l ic i t y  and ease o f  computa t ion .  The es t imator  o f  p  cou ld  ins tead be  tha t

o f  Orcu t t  and Winokur  (1969) ,  and the  es t i -mator  o f  o . r . ,  cou ld  be  improved

i te ra t i ve ly .  Ne i ther  o f  these changes wou ld  necessar i l y  e l im ina te  b ias  o f

O (L /T)  ,  however  .
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