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Abstract

Many studies on real exchange rates have found little relationship between macroeconomic
fundamentals and real exchange rates in the short- to medium-run. This is widely-known as the
‘exchange rate disconnect puzzle’. This paper derives a new equilibrium condition between real
exchange rates, international trade and macroeconomic fundamentals for a wide class of gen-
eral equilibrium models, allowing for goods market frictions with proportional transport costs
and non-traded goods, and a wide variety of asset market structures. The key is to link the
price indices through prices of traded goods. If consumption bundle is a constant-elasticity-of-
substitution bundle between the home traded good, foreign imports and the non-traded good,
then there is an equilibrium relationship between real exchange rates and relative composite-
good consumptions plus two other factors: the ratio of bilateral trade flows and the ratio of
domestic traded good consumptions. These additional trade factors arise from bilateral in-
tratemporal allocations. The intratemporal elasticity of substitution between goods plays a key
role in real exchange rate determination.

I present empirical evidence that this trade-based representation of real exchange rates sig-
nificantly improves on the standard consumption-ratio formula in understanding actual real
exchange rates movements. In particular, it identifies preference shocks or incomplete markets
as possible explanations for the Backus-Smith (1993) puzzle by breaking the tight relationship
between real exchange rates and relative consumptions.
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1 Introduction

A large number of studies over the past twenty years have discovered virtually no relationship be-
tween real exchange rates and macroeconomic fundamentals, such as relative consumptions, money
supplies, GDPs, etc. This is widely known as the ‘exchange rate disconnect puzzle’. Obstfeld and
Rogoff (2000) describe the situation as, ‘Exchange rates are remarkably volatile relative to any

models we have of underlying fundamentals, such as interest rates, outputs, money supplies and no

model seems to be very good at explaining exchange rates even ex post’. Frankel and Rose (1995)
also state, “We, like much of the profession, are doubtful of the value of further time series modeling

of exchange rates at high or medium frequencies using macroeconomic models”. In addition, many
empirical studies have documented the purchasing power parity puzzles. Real exchange rates are
extremely volatile compared with macroeconomic variables. Real exchange rates are also highly
persistent. Consensus half-lives of real exchange rates are between three and five years, implying a
long time for innovations to be arbitraged away.

This paper studies real exchange rate determination for a wide class of general equilibrium
models. I show that real exchange rate can be expressed as a function of international trade flows,
relative domestic traded goods consumptions, and relative composite goods consumptions. I call
this equilibrium condition the trade-based representation of real exchange rates. I demonstrate
empirically that for a wide variety of cross-country pairs, actual real exchange rates are highly
correlated with the trade-based representation. In particular, for the major trading partners with
the U.S, the correlations between actual real exchange rates and their trade-based representations
are over 0.8. Thus, I find that in the data, real exchange rates are in fact closely connected to
international trade flows and macroeconomic fundamentals, as predicted by economic theory.

I derive the trade-based representation of real exchange rates as follows. The real exchange
rate is an intra-temporal relationship between national price levels. The price indices across two
countries can be quite different, due to non-traded goods or different compositions of goods within
the consumption bundle. I relate these two price indices through the prices of traded goods across
countries. I set up a class of general equilibrium models of international trade with three basic
assumptions. (i) There are multiple goods. Each country is only endowed with one of the traded
goods. (ii) Utility is strictly increasing and strictly concave in consumption. The consumption
aggregator is homogeneous of degree 1 with respect to the goods within the consumption bundle,
strictly concave, time-separable and satisfies Inada conditions. (iii) Prices are perfectly flexible. All
countries take prices as given in competitive markets.

A key result for any general equilibrium models satisfying the above assumptions is a no-
arbitrage pricing condition for each traded good. Each country i is indifferent between selling its
own traded good i at home at the domestic price pii, or selling the same good i at another country
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j at a price pji that takes into account the proportional transport costs. Assuming only η fraction
per unit of goods shipped is delivered at the foreign border, the no-arbitrage condition is pii = pjiη.
Without any transport costs, this no-arbitrage condition is the ‘Law of One Price’.

From the no-arbitrage pricing condition, the real exchange rate can then be expressed as a ratio
of two relative prices: the price of a traded good to price index in country i versus the price of the
same traded good to price index in country j. These relative prices are related to the marginal
utilities of that traded good to the relative marginal utilities of the consumption bundles. I then
derive the theoretical equilibrium condition between real exchange rates, international trade and
macroeconomic variables. If the country i’s composite consumption ci is a constant-elasticity-of-
substitution aggregator with respect to consumptions of the home traded good di, imports from
country j mij and non-traded good ni with 1

ρ as the intratemporal elasticity of substitution between
all goods, then the real exchange rate is

ln e = ρ

(
1
2

ln
dj

di
+

1
2

ln
mji

mij
+ ln

ci

cj

)
(1)

Equation (1) is an equilibrium condition between real exchange rates and relative composite
good consumptions ci

cj
plus two other factors: the ratio of bilateral trade flows mji

mij
and the ratio

of domestic good consumptions across country pairs dj

di
. The additional trade factors enter from

bilateral intratemporal allocations of traded goods to their respective consumption bundles. The
relative compositions of the consumption bundles and the intra-temporal elasticity of substitution
between goods 1

ρ are crucial for real exchange rate determination. I call the right-hand-side of
Equation (1) the trade-based representation of real exchange rate.

The trade-based representation in Equation (1) is valid for any economy that satisfies the three
key assumptions. Hence it is valid for any specification of intertemporal preferences, intertempo-
ral trade and asset markets, goods market frictions of proportional transport costs or non-traded
goods. It is also robust for any specification of production possibilities and the sources of shocks.
These other features of the economy determine how real exchange rates and real quantities move
over time. My theoretical analysis is that no matter what are the sources of the fluctuations, real
exchange rates and real quantities should co-move together according to the equilibrium condition
in Equation (1).

I evaluate the fit of equilibrium condition (1) using data from 1980 to 1998 for 13 major indus-
trialized economies. I find that the trade-based representation fit the data well. For close trading
partners with the U.S, such as Canada, Japan, U.K, France and Germany, the raw data correlations
for the trade-based representation with the actual real exchange rates in log levels are over 0.8. For
all 78 bilateral pairs in the sample, over 50% of them have over 0.7 raw data correlations for actual
real exchange rates and the trade-based representation. These correlations remain high even when
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I filter out the long-run components in the data using HP-filter or band-pass-filter.

It is useful to contrast my trade-based representation with the consumption-based representation
derived by Backus and Smith (1993). They show that if asset markets are complete and if there
are no preference shocks, then real exchange rates and relative consumptions must satisfy the
equilibrium condition:

ln e = γ ln
ci

cj
+ constant (2)

where γ is the coefficient of risk aversion in the utility function, and the constant term represents
the ratio of initial Pareto-Negishi weights of the social planner across countries i and j. I call the
right-hand-side of Equation (2) the consumption-based representation of real exchange rates.

I show that the consumption-based representation have a low, often negative correlation with
actual real exchange rates for most bilateral country pairs in the OECD1, while the trade-based
representation have positive correlations with actual real exchange rates for most bilateral pairs in
the sample. I also show that the consumption-based representation is not as volatile as actual real
exchange rates unless γ is above 2.5, whereas the trade-based representation matches the volatil-
ity of actual real exchange rates if the elasticity of substitution between goods ρ equals 1. This
is because additional trade factors add to the volatility of the trade-based representation of real
exchange rates. Finally, I show that the consumption-based representation is not cointegrated with
real exchange rates, while the trade-based representation is cointegrated with real exchange rates
with a long-run relationship.

Why are the empirical results for the trade-based representation a significant improve compared
to the consumption-based representation in Backus and Smith (1993)? I demonstrate that under
complete markets and no preference shocks, the trade-based representation of real exchange rate is
the same as the consumption-based representation. It is because Pareto optimality requires each
traded good to be allocated such that the ratio of marginal utilities of each traded good to all
countries equals to a constant that corresponds to the initial social planner’s weights. Therefore,
the empirical failure of the consumption-based representation (i.e. the Backus-Smith (1993) puz-
zle) relative to the trade-based representation indicates that either asset markets are incomplete
or there are different preference shocks across countries. With incomplete markets or preference
shocks, the trade-based representation can help explain the low correlation between real exchange
rates and relative consumptions as the additional trade factors are negatively-covaried with relative
consumptions.

1Backus and Smith (1993) provide empirical evidence that the correlations between real exchange rates and relative
consumptions are close to zero on average and even quite negative for certain countries. This empirical evidence of
low correlations between relative consumptions and real exchange rates is also documented in other studies such as
Chari, Kehoe and McGrattan (2002), Ravn (2001), etc. This is known as the Backus-Smith puzzle.
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These results indicate that theoretically and empirically, real exchange rates are closely con-
nected to international trade flows and macroeconomic fundamentals. However, while the analysis
shows that intra-temporal trade in goods market is related to real exchange rate determination,
there are still open questions about the true source of real exchange rate fluctuations and the
inter-temporal properties of real exchange rates. In particular, we need better understanding of
the asset markets and the dynamics of international trade to enhance our understanding for the
inter-temporal properties of real exchange rates.

Most studies of real exchange rate determination in general equilibrium models have found a
close theoretical link between real exchange rates and relative consumptions. This arises from the
first order conditions for agents choosing between domestic and foreign goods, or choosing between
domestic and foreign assets (e.g. Backus and Smith 1993, Chari, Kehoe and McGrattan (2002),
Atkeson Alvarez and Kehoe (2002), Sercu and Uppal (2003), etc). Other research papers that
study deviations from purchasing power parity usually assume some type of goods market frictions
or asset market frictions. For example, Dumas (1992) and Obstfeld and Rogoff (2000) suggest that
transport costs in international trade plays a key role for volatile and persistent deviations from
parity. Betts and Devereux (2000) and Chari, Kehoe and McGrattan (2002) suggest that mone-
tary shocks interacting with sticky goods prices can generate volatile and persistent real exchange
rate fluctuations. Alvarez, Atkeson and Kehoe (2002) suggest that endogenously segmented asset
markets leads to volatile and persistent exchange rates. There are fewer studies that have offered
theoretical explanations to the Backus-Smith puzzle. Chari, Kehoe and McGrattan (2002) suggest
that some forms of asset market frictions are required to break the link between real exchange rates
and relative consumptions.

Section 2 presents a class of general equilibrium models of international trade. The natural
implication from the model is a no-arbitrage pricing condition for each traded good. I derive the
trade-based representation for real exchange rate from this no-arbitrage pricing condition. Section
3 empirically evaluates how this trade-based representation performs in understanding actual real
exchange rate movements, especially the PPP volatility and persistence puzzles and the Backus-
Smith puzzle. Section 4 concludes.

2 General Equilibrium Model of International Trade and Real Ex-

change Rates

This section sets up a class of general equilibrium models of international trade. With three basic
assumptions of (i) complete specialization of traded goods endowments, (ii) standard assumption
on preferences and (iii) flexible prices, a natural implication is a no-arbitrage pricing condition for
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each traded good. The individual goods prices can aggregate up to form the price index for each
country. I derive the real exchange rates as the ratio of national price indices of composite good
consumptions.

2.1 The Model: Key Assumptions

Time is discrete t = 1, ..., T .2 At time t, the state st is realized and it can take on any element
from the finite set S. Let st = (s1, ..., st) denote the history for state st in time t. There are I

countries, i = 1...I, located in I different geographical locations. There is a representative agent in
each country.

Multiple Goods. Complete Specialization of Traded Good Endowment. There are I

perishable traded consumption goods. Country i is only endowed with one traded good yi(st) > 0.
The traded good endowment process yi(st) is drawn on a positive finite set Yi.

There can also be a non-traded good yiN (st) ≥ 0 endowed in each country i. The non-traded
good endowment process is drawn on a non-negative finite set YiN . Each country consumes a
composite good which is a consumption bundle of the I traded goods and the non-traded good
(the composite good comprises of I + 1 goods). To consume the other non-endowed traded goods,
country i would need to purchase the other traded goods from abroad.

Preferences The utility function Ui(ci(st)) : <+ → < of the representative agent in country
i at date t state st can be country-specific and can take on the most general form given com-
posite good consumption ci ≥ 0. Assume Ui is strictly increasing and strictly concave in ci (i.e.
U ′

i(ci) > 0, U ′′
i (ci) < 0). This general form of utility can include the standard time-separable CRRA

utility functions, non-time separable utilities such as habit persistence, non-state separable utilities
such as Kreps-Porteus of Epstein-Zin preferences, etc3.

The consumption aggregator ci(st) = ci(di(st), {mij(st)}j 6=i,j∈{1,...,I}, ni(st)) : <+×<I−1
+ ×<+ →

<+ consists of date t state st consumption of the traded good endowed in their own country
(di(st) ≥ 0), consumption of the foreign traded good endowed by country j (mij(st) ≥ 0), con-
sumption of the non-traded good endowed in country i (ni(st) ≥ 0). Assume the consumption

2It can be a static economy with T = 1 or dynamic economy with T > 1 with asset market trading. I focus the
analysis of dynamic economies in this paper. If asset markets are complete or exogenously incomplete, T can be finite
or infinite. If asset markets are endogenously incomplete subject to solvency constraints similar to Alvarez-Jermann
(2000), I require T to be infinite for reputation to play a role in determining allocations.

3This general form of preference also includes utility functions with more arguments such as utility with leisure
or money-in-the-utility functions.
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bundle is homogeneous of degree 14. Assume ci(st) is strictly concave with respect to each of its
components5, twice differentiable and satisfies Inada conditions with respect to the imported good
(i.e. limmij→0

∂ci(s
t)

∂mij(st) = ∞ ,limmij→∞
∂ci(s

t)
∂mij(st) = 0). Assume the consumption bundle ci(st) is

time-separable with respect to {di(st), {mij(st)}j 6=i, ni(st)} and does not depend on past consump-
tions of each of the components {di(st−τ ), {mij(st−τ )}j 6=i, ni(st−τ )} for τ > 0.

Flexible Prices. Goods prices are perfectly flexible. All countries take prices as given in com-
petitive markets.

2.2 Goods Market and Asset Market

In each country, there are I + 1 goods market open for each I traded goods and the non-traded
goods6. Goods market shipping can be subject to a proportional (iceberg) transport costs. For
each unit of good shipped, only η(st) ∈ (0, 1] fraction of the good is delivered at the foreign border.
Country i can buy a certain traded good j either in the country i (home) market after the good is
shipped to home country, or country i can buy it directly in country j’s (foreign) market and ship
the good back home itself.7

Let xij(st) ≥ 0 be the export of traded good i from country i to country j. The consumptions
of each good within the consumption bundle of country i is as follows

di(st) = yi(st)−
∑

j 6=i

xij(st), i 6= j (3)

mij(st) = η(st)xji(st), i 6= j (4)

ni(st) = yiN (st) (5)

where (3) is the market clearing condition of traded good i, (4) is import-export relationship for
traded good j with transport costs and (5) is the market clearing condition for non-traded good i.

4For scalar value ξ,

ci(ξdi(s
t), ξ{mij(s

t)}j 6=i, ξni(s
t)) = ξci(di(s

t), {mij(s
t)}j 6=i, ni(s

t))

This assumption is required so that the expenditure on the consumption bundle is the same as the sum of expenditure
on the individual goods pi(s

t)ci(s
t) = pii(s

t)di(s
t) +

P
j 6=i pij(s

t)mij(s
t) + piN (st)ni(s

t). Differentiate with respect
to ξ and evaluate the derivative at ξ = 1:

ci(s
t) =

∂ci(s
t)

∂di(st)
di(s

t) +
X
j 6=i

∂ci(s
t)

∂mij(st)
mij(s

t) +
∂ci(s

t)

∂ni(st)
ni(s

t)

5The strict concavity for ci(s
t) with respect to di(s

t), mij(s
t), ni(s

t) is to guarantee that there is always a positive
amounts of exports and imports. If ci(s

t) is linear (e.g. ci(s
t) = di(s

t) +
P

j 6=i mij(s
t) + ni(s

t)), there exists a cone

of no shipping similar to Dumas (1992) and the real exchange rates would fluctuate between η(st) and 1
η(st)

.
6There are a total of I(I + 1) markets in the world.
7Apart from the iceberg transport costs, there are no further limitations to arbitrage for traded goods.
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The notations for goods prices are as follows. Let pij(st) be the price of traded good j in the
country i market. Let piN (st) be the price of non-traded good i in country i.

There can be a wide variety of asset market structures. I assume the net asset holdings in state
st are summarized by the wealth accumulated Wi(st).8 This can encompass complete markets,
endogenously incomplete markets or exogenously incomplete markets9.

Each country i solves the following maximization problem in time t state st

max
{di,mij ,ni}i6=j

Ui(ci(st)) (6)

where

ci(st) = ci(di(st), {mij(st)}j 6=i, ni(st))

mij(st) ≥ 0

subject to the sequential budget constraints for country i

pii(st)di(st) +
∑

j 6=i

pij(st)mij(st) + piN (st)ni(st) = pii(st)yi(st) + piN (st)yiN (st) + Wi(st) (7)

Assume existence of equilibrium. The definition of competitive equilibrium is as follows.

Definition of Equilibrium: An equilibrium is a sequence of allocations {ci(st), di(st), mij(st),
ni(st)}i6=j,i,j=1....I , a sequence of goods prices {pij(st), piN (st)}i,j=1....I such that

(i) Each country i solves the maximization problem (6).
(ii) Goods market clearing is satisfied for each traded good and non-traded good (i.e. Equations
(3) to (5)).

8The details of the asset markets are as follows. Assume there are H securities available. There is no cost in
trading securities in the asset markets. Let qh(st) be the price of the security h in terms of consumption bundle ci.
at time t state st with a payoff of ah(st+1) in terms of consumption bundle ci at time t + 1 state st+1. Let bih(st)
be country i’s holding of security h at time t state st. The net asset holdings or wealth accumulated Wi(s

t) equalsPH
h=1[bih(st−1)ah(st)− bih(st)qh(st)]. The assets can also be in terms of other bundles (e.g. composite good j: cj)

or in terms of specific goods within the consumption bundle. In a static economy, there are no asset market trades
and Wi = 0.

9Asset holdings are subject to a general form for K ≤ H borrowing limits φik(bi1(s
t), ..., biH(st)) ≥ 0 for k = 1...K

depending on the asset market structures, where φik : <H → R+ is a linear function. If asset markets are complete,
there is a full set of state-contingent securities H = S. Asset holdings are subject to natural borrowing limits that
never bind in equilibrium. If asset markets are endogenously incomplete similar to Alvarez and Jermann (2000),
there are still H = S securities available for trading, but asset holdings are subject to state-contingent endogenous
borrowing constraints Bi(s

t): φik(bi1(s
t), ..., biH(st)) =

PH
h=1 b̄ih(st) − Bi(s

t) ≥ 010 and K = 1. If asset markets
are exogenously incomplete, H < S. If there are K ≤ H additional borrowing or short-sale constraints of Bk asset
holdings are restricted by the K constraints of φik(bi1(s

t), ..., biH(st)) = bik(st)−Bk ≥ 0 for k = 1...K.
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2.3 No-arbitrage Pricing Condition and Trade-based Representation of Real

Exchange Rates

In this section, I focus on the subset of equilibrium conditions from goods market optimization.

Proposition 1: In an equilibrium with strictly positive trade flows at all states (i.e. mij(st) > 0),
the no-arbitrage condition pii(st) = pji(st)η(st) holds.

Proposition 1 is a no-arbitrage pricing condition for any traded good i. This no-arbitrage con-
dition implies all countries face common prices for the same good adjusted for transport costs; and
country i is indifferent between selling traded good i at home or selling traded good i in country j

at a price that takes into account the transport costs.

The intuition for Proposition 1 is as follows. Suppose pii(st) < pji(st)η(st), then country i or
country j would have an incentive to buy the traded good i in country i and sell traded good i in
the country j market and make a profit. In this case, demand for traded good i increases and the
price of good traded i in country i increases until it equilibrates to pji(st)η(st). A similar argument
holds for the opposite case pii(st) > pji(st)η(st). If there is no transport cost (η(st) = 1), this
no-arbitrage goods market pricing condition is the ‘Law of One Price’.

Since our goal is to understand real exchange rate movements as the ratio of price indices
of the composite goods of two countries, I shall construct below the price index pi(st) for each
country i from individual goods prices. The consumption-based price index for country i pi(st) is
defined as the minimum expenditure for the unit consumption bundle ci, given individual goods
prices {pii(st), pij(st), piN (st)}.11 Since the consumption bundle ci(st) is CES with respect to
{di(st), {mij(st)}j 6=i, ni(st)}, I can express the price index for country i as follows.

pi(st) ≡ pii(st)di(st) +
∑

j 6=i pij(st)mij(st) + piN (st)ni(st)
ci(st)

From this definition of the price index, the sequential budget constraint (7) can be rewritten as

pi(st)ci(st) = pii(st)yi(st) + piN (st)yiN (st) + Wi(st) (8)

The price of a consumption bundle can be found from the first order condition with respect to
ci(st) in the new budget constraint (8).

pi(st)σi(st) = U ′
i(ci(st)) (9)

The real exchange rate between countries i and j is defined as the ratio of price indices across

11Definition from Obstfeld and Rogoff (1996).
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countries12

eij(st) ≡ pj(st)
pi(st)

=
U ′

j(cj(st))
U ′

i(ci(st))
σi(st)
σj(st)

(10)

To derive our equilibrium relationship between real exchange rates and allocations, our goal is
to express the ratio of the Lagrange Multipliers of country i and country j’s budget constraints
σi(s

t)
σj(st) in terms of allocations. The two national price indices can be very different due to non-traded
goods or different preferences within the consumption bundle. However, it is possible to link the
two national price indices through prices of traded goods. The prices of traded good i sold in
country i and country j can be found from the first order conditions of country i’s problem with
respect to di in budget constraint (7) and country j’s problem with respect to mji

pii(st) =
U ′

i(ci(st))
σi(st)

∂ci(st)
∂di(st)

,
pii(st)
pi(st)

=
∂ci(st)
∂di(st)

(11)

pji(st) =
U ′

j(cj(st))
σj(st)

∂cj(st)
∂mji(st)

,
pji(st)
pj(st)

=
∂cj(st)

∂mji(st)
(12)

Equation (11) shows that if more traded good i is allocated to country i’s bundle, then the
relative price of traded good i to country i’s price level decreases. Similarly, Equation (12) shows
that if more traded good i is allocated to country j’s bundle, then the relative price of traded good
i to country j’s price level decreases. I can then calculate the real exchange rate by applying the
no-arbitrage pricing condition in Proposition 1 to (11) and (12). I arrive at the main proposition
of this paper.

Proposition 2: The equilibrium condition between real exchange rates and allocations is

eij(st) =
(

∂ci(st)/∂di(st)
∂cj(st)/∂mji(st)

) 1
2
(

∂ci(st)/∂mij(st)
∂cj(st)/∂dj(st)

) 1
2

(13)

=
(

pii(st)/pi(st)
η(st)pji(st)/pj(st)

) 1
2
(

η(st)pij(st)/pi(st)
pjj(st)/pj(st)

) 1
2

(14)

I denote the right hand side of Proposition 2 as the trade-based representation of real exchange
rates ln eT . It can be decomposed into two parts.

eT
ij(s

t) = (
∂ci(st)/∂di(st)

∂cj(st)/∂mji(st)
)

1
2

︸ ︷︷ ︸
alloc. of good i

(
∂ci(st)/∂mij(st)
∂cj(st)/∂dj(st)

)
1
2

︸ ︷︷ ︸
alloc. of good j

The first part indicates how country i allocates traded good i intra-temporally between di(st) and

12Suppose we have a model with nominal exchange rates εij (price of currency i in terms of currency j), the real
exchange rate between countries i and j is defined as eij = εij

pj

pi
. In this model, I assume there is no money for any

countries or they use the same cash for transactions.
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mji(st). The second part in Proposition 2 indicates how country j allocates traded good j intra-
temporally between mij(st) and dj(st). The ‘1/2’ power is due to our assumption that the transport
cost from country i to country j is the same as the transport cost from country j to country i (i.e.
ηij(st) = ηji(st) = η(st)).

The key insight for Proposition 2 is to relate price indices across countries by price of traded
goods.

eij(st) ≡ pj(st)
pi(st)

=
pii(st)/pi(st)

η(st)pji(st)/pj(st)
=

η(st)pij(st)/pi(st)
pjj(st)/pj(st)

The second equality is the ratio of the price of traded good i relative to price index in country i

versus the price of the same traded good i relative to the price index in country j, adjusted for
transport cost. Similarly, the third equality is the ratio of the price of traded good j relative to
price index in country i adjusted for transport cost, versus the price of the same traded good i

relative to the price index in country j. Equation (14) in Proposition 2 links the prices of both
traded goods to the price indices by substituting out the transport cost.

Existing studies on real exchange rates focus mostly on the relative price indices of consumption
bundles pj(s

t)
pi(st) and ignore the effects from price components for the specific goods (i.e. pii(s

t)
η(st)pji(st)

and η(st)pij(s
t)

pjj(st) ). While these price components for specific goods are equal to 1 in equilibrium from
Proposition 1, they have implications in relating real exchange rates and the allocations of specific
goods within the bundle.

The trade-based representation of real exchange rate in Proposition 2 is valid for any econ-
omy that satisfies the three key assumptions in Section 2.1. The composition of specific goods
{di,mij , ni} within the consumption bundle ci is crucial in the determination of real exchange
rates. While real exchange rate is still defined as the ratio of marginal utilities of consumption
bundles, the form of utility function Ui does not enter directly in Proposition 2. It affects real
exchange rates only indirectly through the allocations. Hence the trade-based representation is
robust to a wide class of time-consistent preferences, such as the HARA class of utility functions,
non-time separable utilities (e.g. external or internal habit persistence), recursive utilities or non-
state separable utilities. It is also robust to utility functions with non-separability with leisure or
money-in-the-utility functions. Both countries can indeed have very different utility functions and
the trade-based representation in Proposition 2 still holds.

This trade-based representation is robust to more general frictions of goods market of country-
specific, time-varying proportional transport costs. It is also robust to different asset market struc-
tures such as complete markets, endogenously incomplete or exogenously incomplete markets. I
shall explore in the next section how asset market structures relate to real exchange rates determi-
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nation.

The trade-based representation also holds in a production economy with capital and labor
because it is mainly a spot relationship from the intra-temporal optimal allocations in state st. It
also holds in an economy with money and flexible prices. The no-arbitrage pricing condition would
be pii = εijpjiη and εijpjj = pijη where εij is the nominal exchange rate of currency i in terms
of currency j. The real exchange rate eij is eij = εij

pj

pi
. It is easy to verify the same equilibrium

condition for real exchange rates in (13) from this no-arbitrage pricing condition. These other
features of the economy determine how real exchange rates and real quantities move over time.
My theoretical analysis is that no matter what are the sources of the fluctuations, real exchange
rates and real quantities should co-move together according to the trade-based representation in
Proposition 2.

2.4 Real Exchange Rates, Asset Market Structures and Preference Shocks

The derivation for the trade-based representation of real exchange rate in Proposition 2 does not
rely on the first order conditions on asset holdings. This explains its robustness across a wide
variety of asset market structures. Asset markets, however, affect real exchange rates indirectly
through the allocations.

Complete Markets, No Preference Shocks. If markets are complete, there exists a social
planner for optimal allocations. Let αi be the social planner’s initial weight on country i. The
consumption-based representation of real exchange rate is

eC =
αj

αi

U ′
j(cj)

U ′
i(ci)

By the first and second welfare theorems, the allocations in the planner’s problem are the same as
the decentralized market problem if the planner’s weight is the inverse of the Lagrange Multiplier of
the sequential budget constraint αi = 1

σi(st) . In complete markets, the ratio σi(s
t)

σj(st) would correspond
to the initial ratios of social planner’s weights αj

αi
. Pareto optimality requires each traded good to

be allocated such that the marginal utilities of each traded good to countries i and j equal to a
constant that corresponds to the initial ratio of planner’s weights.

U ′
i(ci(st))

U ′
j(cj(st))

∂ci(st)/∂di(st)
η(st)∂cj(st)/∂mji(st)

=
U ′

i(ci(st))
U ′

j(cj(st))
η(st)∂ci(st)/∂mij(st)

∂cj(st)/∂dj(st)
=

σi(st)
σj(st)

=
αj

αi
= constant

Therefore if markets are complete and if there are no preference shocks, the trade-based repre-
sentation eT has the same value as the consumption-based representation of real exchange rate eC

11



in Backus and Smith (1993).

eC =
αj

αi

U ′
j(cj(st))

U ′
i(ci(st))

=
∂ci(st)/∂di(st)

η(st)∂cj(st)/∂mji(st)
=

η(st)∂ci(st)/∂mij(st)
∂cj(st)/∂dj(st)

= eT

Under complete markets, there is complete consumption smoothing across traded goods and real
exchange rate fluctuations should be due to non-traded goods. This confirms Balassa and Samuel-
son’s (1964) proposition that if country i has a higher shock to traded good relative to non-traded
goods and the prices of traded goods equalize across countries, the relative price of non-traded
goods is higher and country i’s real exchange rate appreciates.

Incomplete Markets, Preference Shocks. I shall demonstrate that preference shocks or incom-
plete markets can be possible explanations for the Backus-Smith’s puzzle. Suppose the utility for
country i in state st is δi(st) ci(s

t)1−γ

1−γ where δi(st) is the preference shock to country i’s consumption
bundle, then the real exchange rate is

eij(st) =
δj(st)
δi(st)

σi(st)
σj(st)

(
ci(st)
cj(st)

)γ

(15)

Empirically, the correlations between real exchange rates and relative consumptions are very
low, even negative for many country-pairs. Equation (15) shows that the low correlation can be
due to either different preference shocks across countries δj(s

t)
δi(st) or incomplete asset markets for

time-varying ratio of Lagrange Multipliers of the budget constraints σi(s
t)

σj(st) .
13 Combining (15) and

Proposition 2 imply the following equilibrium condition

δj(st)
δi(st)

σi(st)
σj(st)

=
(

∂ci(st)/∂di(st)
∂cj(st)/∂mji(st)

) 1
2
(

∂ci(st)/∂mij(st)
∂cj(st)/∂dj(st)

) 1
2
(

cj(st)
ci(st)

)γ

(16)

The higher the relative preference shocks δj(s
t)

δi(st) for country j versus country i, the more country
j desires to consume compared to country i and the higher the allocations for the traded goods i

and j to country j’s bundle versus to country i’s bundle. This would be reflected in a increase in
the relative ratios of ∂ci(s

t)/∂di(s
t)

∂cj(st)/∂mji(st) and ∂ci(s
t)/∂mij(s

t)
∂cj(st)/∂dj(st) .

If markets are endogenously incomplete, there also exists a social planner and the welfare
theorems still hold (Alvarez and Jermann (2000)). However, the social planner’s weights can be
time-varying according to changes in promised utilities. Applying the no-arbitrage pricing condition

13Kehoe and Perri (2002) suggest that endogenously incomplete markets help to explain international business
cycles in a single-good model with production. Corsetti, Dedola and Leduc (2002) demonstrate numerically that
incomplete market with goods market frictions may explain the low correlation of real exchange rates and relative
consumptions. Kollman (1995) shows that the fluctuations of consumption and real exchange rates are consistent
with incomplete asset markets.

12



to (11) and (12),

σi(st)
σj(st)

=
U ′

i(ci(st))
U ′

j(cj(st))

(
∂ci(st)/∂di(st)

η(st)∂cj(st)/∂mji(st)

)

If country i has a good shock such that its enforcement constraint binds, its promised utility
increases accordingly. Country i enjoys more consumption (i.e. di(st),mij(st), ni(st) increases)
which lowers the marginal utility of consumption with respect to domestic traded goods (i.e.
U ′

i(ci(st)) ∂ci(s
t)

∂di(st) decreases). σi(s
t)

σj(st) decreases. Therefore when country i has a good shock in yi

and yiN , (1) country i increases its composite good consumption relative to country j, the marginal
utility of composite good consumption decreases relative to that of country j (i.e. U ′i(ci(s

t))
U ′j(cj(st))

de-

creases) and price index for country i pi(st) decreases; (2) the price level pi(st) in country i can
increase relative to country j because of a higher promised utility (i.e. σi(s

t)
σj(st) decreases). Since

real exchange rates relate to both components of U ′i(ci(s
t))

U ′j(cj(st))
and σi(s

t)
σj(st) and these two forces work

in opposite directions, real exchange rate for country i can either appreciate or depreciate. The
optimal allocations would be such that that the ratio of marginal utilities of traded good i and
traded good j for country i and country j reflect the changes of promised utilities for the countries.

If markets are exogenously incomplete, the optimal allocations would be such that the marginal
utilities for traded good i and traded good j for country i and country j changes according to
the wealth accumulated for each country. The higher the wealth accumulated for country i, the
lower the ratio of both U ′i(ci(s

t))
U ′j(cj(st))

and σi(s
t)

σj(st) . There can be either real exchange rates appreciation

or depreciation. Under exogenously incomplete markets, σi(s
t)

σj(st) would also be time-varying and
the trade-based representation would differ in value from the consumption-based representation of
real exchange rate (i.e. ln eT 6= ln eC). Time-varying ratio of Lagrange Multipliers of the budget
constraint σi(s

t)
σj(st) due to incomplete markets can be a possible explanation for the low correlation

between real exchange rates and relative consumptions across countries

2.5 Examples: Preliminaries for Empirical Analysis

We consider a special case of the consumption aggregator for our empirical analysis in the next
section. Given a consumption bundle ci(st), we allow for arbitrary strictly increasing and strictly
concave utility function Ui(ci). Suppose the composite consumption good is constant elasticity of
substitution with the same elasticity of substitution between goods 1

ρ for both countries, i.e.

ci(st) = [ω1di(st)1−ρ +
∑

j 6=i,j∈{1..I}
ω2mij(st)1−ρ + ω3ni(st)1−ρ]

1
1−ρ (17)

where ω1, ω2, ω3 > 0 indicate the bias in the preference in consuming the domestically endowed
traded good di(st), versus the imported foreign good mij(st) versus the non-traded good ni(st).
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The trade-based representation of real exchange rate from (13) is

eT (st) =
(ω1ci(st)/di(st))

ρ
2

(ω2cj(st)/mji(st))
ρ
2︸ ︷︷ ︸

good i

(ω2ci(st)/mij(st))
ρ
2

(ω1cj(st)/dj(st))
ρ
2︸ ︷︷ ︸

good j

(18)

eT (st) =
(

dj(st)
di(st)

) ρ
2
(

mji(st)
mij(st)

) ρ
2
(

ci(st)
cj(st)

)ρ

(19)

There is an equilibrium condition between real exchange rates and relative composite good
consumptions plus two other factors: the ratio of bilateral trade flows mji(s

t)
mij(st) and the ratio of

consumptions of domestically-endowed traded goods dj(s
t)

di(st) . The elasticity of substitution between
goods 1

ρ within the bundle plays a key role in real exchange rates determination.

Since the additional trade factors are negatively correlated with relative consumptions, the
trade-based representation of real exchange rate has the potential to explain the Backus-Smith
puzzle that real exchange rates and relative consumptions have low or even negative correlation in
the data.

cov(ln eT (st), ln
ci(st)
cj(st)

) =
ρ

2
Cov(ln

dj(st)
di(st)

, ln
ci(st)
cj(st)

)
︸ ︷︷ ︸

<0

+
ρ

2
Cov(ln

mji(st)
mij(st)

, ln
ci(st)
cj(st)

)
︸ ︷︷ ︸

<0

+ρV ar(ln
ci(st)
cj(st)

)

3 Empirical Analysis

3.1 Data

This section performs empirical analysis for understanding actual real exchange rate movements.
I obtain quarterly data from 13 major industrialized countries between 1980 to 1998: Australia,
Canada, Japan, Switzerland, United Kingdom, Austria, Finland, France, Germany, Italy, Portugal,
Spain and the U.S. There are a total of 78 bilateral country-pairs. The data sources are from In-
ternational Financial Statistics, OECD Quarterly National Accounts, Direction of Trade Statistics
and Datastream. A detailed description of the data sources and construction of variables are in the
Data Appendix.

3.2 Actual Real Exchange Rates, Consumption-based and Trade-based Repre-

sentations of Exchange Rates

Let ln eA
ijt be the log of actual real exchange rate from the data. Let ln eC

ijt be the log consumption-
based representation of real exchange rates. If the utility function is CRRA with γ as the coefficient
of relative risk aversion, the consumption-based representation is the ratio of relative real consump-
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Table 1: Raw Data: Corr(ln eA; ln eC) and Corr(ln eA; ln eT )
Raw Data Canada Japan U.K. France Germany

U.S. Corr(ln eA; ln eC) -0.367 -0.651 -0.431 -0.073 -0.526
Corr(ln eA; ln eT ) 0.887 0.874 0.801 0.864 0.907

tions,

ln eC
ijt = γ ln

cit

cjt
+ constant

Let ln eT
ijt be the trade-based representation of real exchange rates derived in Proposition 2. If the

elasticity of substitution between all goods in the consumption bundle is 1
ρ

ln eT
ijt = ρ

(
1
2

ln
djt

dit
+

1
2

ln
mjit

mijt
+ ln

cit

cjt

)

To highlight the results of this paper, I focus on five major trading partner countries against
the U.S.: Canada, U.K., Japan, France and Germany. Table 1 shows these correlations in the raw
data14. Most of the correlations for ln eA and ln eC are very low and negative in many country
pairs. This confirms the ‘Backus-Smith’ puzzle that the correlations of real exchange rates and
relative consumptions are very low. On the contrary, the correlations for ln eA and ln eT are much
higher. For the major trading partners against the U.S, the raw data Corr(ln eA, ln eT ) are over
0.8 . This higher correlation is because of the higher correlation of actual real exchange rate and
the two other trade factors: the ratio of consumption in domestically-endowed good (ln dj

di
) and the

ratio of bilateral trade flows (ln mji

mij
).

The details for the correlations for all bilateral pairs are in the Appendix. For 50% of all 78
bilateral pairs, the raw data Corr(ln eA, ln eT ) are over 0.7. This is a significant improvement over
Corr(ln eA, ln eC) in which only 1% have correlations over 0.7.

I also show the correlations with filters of different frequencies. I select the first-difference filter
to focus on the short-term correlations, the band-pass filter for the medium-term correlations and
the HP-filter for the long-term correlations. For the HP-filter, the smoothing parameter is 1600
for quarterly data. I focus on the cyclical component correlations after detrending. The band pass
filter admits frequencies between 6 and 32 quarters. The moving average parameter for the band
pass filter has 12 leads/lags.

Table 2 shows the correlations of Corr(ln eA, ln eC) and Corr(ln eA, ln eT ) with different filters for

14Notice that these correlations do not depend on the parameter values of γ for ln eC and ρ for ln eT .
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Table 2: First-difference filtered data, Band-pass filtered data, HP-filtered data: Corr(ln eA; ln eC)
and Corr(ln eA; ln eT )

Base Country: U.S. Canada Japan U.K. France Germany
First Differences Corr(∆ ln eA;∆ ln eC) 0.021 0.056 0.008 -0.190 0.019

Corr(∆ ln eA; ∆ ln eT ) 0.495 0.618 0.250 0.496 0.596
Band-pass Filtered Corr(ln eA; ln eC) 0.008 0.196 -0.150 -0.425 -0.105

Corr(ln eA; ln eT ) 0.908 0.755 0.681 0.883 0.802
HP-Filtered Data Corr(ln eA; ln eC) -0.056 0.340 -0.109 -0.122 0.060

Corr(ln eA; ln eT ) 0.756 0.733 0.475 0.721 0.767

major trading partners against the U.S. The correlation in first differences for Corr(∆ ln eA;∆ ln eC)
is almost zero for most trading partners of U.S. In general, Corr(∆ ln eA, ∆ln eT ) are lower than
in log levels, but they are positive and higher than Corr(∆ ln eA,∆ ln eC).

The correlations with the band-pass filter and the HP-filter are similar to Table 1. The cor-
relations between the band-passed-filtered actual real exchange rates and the band-passed-filtered
trade-based representation are over 0.68 for these countries. The correlations between the HP-
filtered actual real exchange rates and HP-filtered trade-based representation are over 0.47 for
these countries.

Figure 1 shows the histograms for the densities of Corr(ln eA, ln eC) (left figures) and Corr(ln eA,
ln eT ) (right figures) for the raw data, first-differenced data, HP-filtered and band-pass-filtered data
for all 78 bilateral pairs in the sample. The figures show that Corr(ln eA, ln eT ) has much higher
correlations in general than Corr(ln eA, ln eC).

3.3 Real Exchange Rate Puzzles

3.3.1 The Volatility Puzzle

Empirically real exchange rates are much more volatile than relative consumptions. The volatility
of the standard consumption-based log real exchange rates is the volatility of relative consumptions
adjusted for the coefficient of relative risk aversion.

V ar(ln eC
ijt) = γ2V ar(ln

cit

cjt
)

The variance of the trade-based log real exchange rate is

V ar(ln eT
ijt) = ρ2[

1
4
V ar(ln

djt

dit
) +

1
4
V ar(ln

mjit

mijt
) + V ar(ln

cit

cjt
) +

1
2
Cov(ln

djt

dit
, ln

mjit

mijt
)

+ Cov(ln
dj

di
, ln

cit

cjt
) + Cov(ln

mjit

mijt
, ln

cit

cjt
)]
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Figure 1: Histogram for the Corr(ln eA, ln eC) (left figures) and Corr(ln eA, ln eT ) (right figures). First row
of figures: raw data. Second row of figures: First-differenced data. Third row of figures: Band-pass filtered
data. Fourth row of figures: HP-filtered data.
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γ = 2, ρ = 1 Canada Japan U.K. France Germany
U.S. var(ln eA) 0.008 0.052 0.020 0.026 0.028

var(ln eC) 0.010 0.011 0.014 0.005 0.042
var(ln eT ) 0.033 0.032 0.031 0.027 0.018

Table 3: Volatility of real exchange rates: var(ln eA), var(ln eC) and var(ln eT ).

γ = 2, ρ = 1 Var(ln(dj

di
)) Var(ln(mji

mij
)) Var(ln( ci

cj
))

Canada 0.118 0.017 0.002
Japan 0.009 0.153 0.001
U.K. 0.047 0.073 0.001

France 0.006 0.125 0.003
Germany 0.020 0.082 0.007

Table 4: Breakdown of volatility of real exchange rates.

Table 3 compares var(ln eA), var(ln eC) and var(ln eT ). Assume that the coefficient of risk aver-
sion is the same for all countries and γ = 2. Assume the inverse of the elasticity of substitution
is the same for all countries and ρ = 1. Although the value of ρ is below γ, the volatility of the
trade-based representation matches the high volatility of actual real exchange rates quite well15.
The breakdown of the variance of the trade-based representation is shown in Table 4. The variance
of the components var(ln dUS

di
) and var(ln mUS,i

mi,US
) are much higher than var(ln ci

cUS
).

3.3.2 The Persistence Puzzle

Real exchange rates are highly persistent. Consensus half-lives of real exchange rates are about
three to five years16. For the consumption-based representation, the correlation of real exchange
rates today and tomorrow is equal to the correlation of relative consumptions between today and
tomorrow: Corr(ln eC

ijt, ln eC
ijt+1) = Corr(ln cijt

cjt
, ln cit+1

cjt+1
) . There are nine covariance components

15The details for var(ln eA), var(ln eC) and var(ln eT ) for all bilateral pairs are listed in Table 14 in the Appendix.
16Taylor (2001) points out that many PPP tests in the literature may be subject to temporal aggregation and

non-linearity biases. The half-life estimates would tend to bias upwards.

18



Canada Japan U.K. France Germany
U.S. corr(ln eA

t ; ln eA
t+1) 0.968 0.955 0.913 0.930 0.927

corr(ln eC
t ; ln eC

t+1) 0.978 0.961 0.985 0.959 0.989
corr(ln eT

t ; ln eT
t+1) 0.983 0.930 0.900 0.908 0.949

Table 5: Persistence of real exchange rates: corr(ln eA
t ; ln eA

t+1), corr(ln eC
t ; ln eC

t+1)and
corr(ln eT

t ; ln eT
t+1).

for the persistence of the trade-based representation of real exchange rates Corr(ln eT
ijt, ln eT

ijt+1).
17

Table 5 shows the results for the persistence of ln eA, ln eC and ln eT for the major trading
partners with the U.S18. The persistence of actual real exchange rates is quite high and above 0.9
for many bilateral pairs. The relative consumptions are in general more persistent than the actual
real exchange rates. The trade-based representation are usually less persistent than actual real
exchange rates, but persistent enough that we cannot reject ln eT as unit root processes.

3.3.3 Backus-Smith Puzzle

Backus and Smith (1993) state that in theory there should be a close relationship between fluctu-
ations in consumption ratios and bilateral real exchange rates, but they find little evidence for this
relation in the time-series data for 8 OECD countries. They find that the rank correlation of ∆eijt

and ∆ ln cit
cjt

is almost zero, and negative for certain countries 19.

The benchmark consumption-based representation predicts a perfect correlation of one between
real exchange rates and relative consumption (i.e. Corr(ln ci(s

t+1)
cj(st+1)

, ln e(st+1)) = 1). On the other
hand, the covariance between the trade-based representation of real exchange rate and relative

17The nine covariance components for the persistence for ln eT

Cov(ln eT
ijt, ln eT

ijt+1)

= Cov

�
ρ

2
ln

djt

dit
+

ρ

2
ln

mjit

mijt
+ ρ ln

cit

cjt
,
ρ

2
ln

djt+1

dit+1
+

ρ

2
ln

mjit+1

mijt+1
+ ρ ln

cit+1

cjt+1

�
= ρ2[

1

4
Cov(ln

djt

dit
, ln

djt+1

dit+1
) +

1

4
Cov(ln

djt

dit
, ln

mjit+1

mijt+1
) +

1

2
Cov(ln

dj

di
, ln

cit+1

cjt+1
)...

+
1

4
Cov(ln

mjit

mijt
, ln

djt+1

dit+1
) +

1

4
Cov(ln

mjit

mijt
, ln

mjit+1

mijt+1
) +

1

2
Cov(ln

mjit

mijt
, ln

cit+1

cjt+1
)...

+
1

2
Cov(ln

cit

cjt
, ln

djt+1

dit+1
) +

1

2
Cov(ln

cit

cjt
, ln

mjit+1

mijt+1
) + Cov(ln

cit

cjt
, ln

cit+1

cjt+1
)]

18The results for the persistence of ln eA, ln eC , ln eT for all bilateral pairs are listed in Table 16 in the Appendix.
19Backus-Smith (1993) find that the rank correlations of (Std(∆ ln ci

cj
), Std(∆ ln eij)) is -0.263; the rank correlations

of (autocorr(∆ ln ci
cj

), autocorr(∆ ln eij)) is -0.466 and the rank correlations of (mean(∆ ln ci
cj

) mean(∆ ln eij))=0.074.
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Canada Japan U.K. France Germany
U.S. corr(ln eA; ln ci/cj) -0.367 -0.651 -0.431 -0.073 -0.526

corr(ln eC ; ln ci/cj) 1 1 1 1 1
corr(ln eT ; ln ci/cj) -0.645 -0.772 -0.765 -0.186 -0.617

Table 6: Correlation between ln eA, ln eC , ln eT and relative consumptions.

consumptions is

Cov(ln eT
it, ln

cit

cjt
) = Cov(

ρ

2
ln

djt

dit
+

ρ

2
ln

mjit

mijt
+ ρ ln

cit

cjt
, ln

cit

cjt
)

=
ρ

2
Cov(ln

djt

dit
, ln

cit

cjt
)

︸ ︷︷ ︸
<0

+
ρ

2
Cov(ln

mjit

mijt
, ln

cit

cjt
)

︸ ︷︷ ︸
<0

+ρV ar(ln
cit

cjt
)

Since cit includes {dit,mijt} as components in the bundle, the two covariance terms Cov(ln djt

dit
, ln cit

cjt
)

and Cov(ln mjit

mijt
, ln cit

cjt
) are negative in theory and also negative in the data. The intuition for the

negative covariance is due to the fact that both countries allocate their traded goods intratempo-
rally relative to country i and country j’s bundles. This relative allocations of specific goods to
consumption bundles lead to the negative covariances for Cov(ln djt

dit
, ln cit

cjt
) and Cov(ln mjit

mijt
, ln cit

cjt
).

The comparison for corr(ln eA, ln cit
cjt

), corr(ln eC , ln cit
cjt

) and corr(ln eT , ln cit
cjt

) for major trading
partners against the U.S. is reported in Table 6.20 It is clear from the table that the trade-based
representation is much better in matching the low correlation between actual real exchange rates
and relative consumptions.

3.4 Panel Estimation

This section estimates the coefficient of relative risk aversion γ̂ from the consumption-based rep-
resentation of real exchange rates ln eC and inverse of elasticity of substitution between goods ρ̂

from the trade-based representation ln eT . Most international business cycle models parametrize γ

to be between 2 and 521. For the studies estimating the elasticity of substitution between goods,
the general conclusion is that the elasticity of substitution between traded goods is higher than 1
(ρ < 1)22, but the elasticity of substitution between traded and non-traded goods is lower than 1

20The details for the correlations between ln eA, ln eC , ln eT and relative consumptions for all bilateral pairs are
listed in the Appendix (Table 17).

21Backus, Kehoe and Kydland (1992) use a value of 2 for γ for their international real business cycle model. Alvarez
Atkeson and Kehoe (2002) parametrize γ to be 2 to illustrate the interest rate and exchange rate dynamics. Chari,
Kehoe and McGrattan (2002) use a value of 5 to match up the volatility of real exchange rates and volatility of
relative consumptions.

22Obstfeld and Rogoff (2000) summarize from recent trade studies that elasticity of import demand with respect
to price (relative to the overall domestic consumption basket) is around 5 to 6. Chari, Kehoe and McGrattan (2002)
state the most reliable studies in the literature for the elasticity of substitution between home and foreign good is
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(ρ > 1)23. As the consumption bundle ci in our model include both traded goods and non-traded
goods, I expect that the estimated inverse of elasticity of substitution ρ between 0.15 to 2.3 to be
consistent with other studies in the literature.

Since our model requires that the elasticity of substitution 1
ρ be a constant such that the con-

sumption aggregator ci is CES with respect to {di, {mij}j 6=i, ni}, using U.S. as the base country, I
estimate the inverse of the elasticity of substitution ρ to be equal for all the countries in our sample.
I perform the estimation under a balanced panel for the five major trading partners against the
U.S. (N = 5) with T=76 observations for each country-pair between 1980:1-1998:4.
The panel regressions on the consumption-based and the trade-based representations of real ex-
change rates are

ln eA
iUSt = γ

(
ln

cit

cUSt

)
+ δCDi + εCit, E(εCitε

′
Cit) = ΩεC (20)

ln eA
iUSt = ρ

([
1
2

ln
dUSt

dit
+

1
2

ln
mUSit

miUSt
+ ln

cit

cUSt

])
+ δT Di + εTit, E(εTitε

′
T it) = ΩεT (21)

The dependent variable is the actual real exchange rate ln eA
iUSt of country i at time t where

i = 1..N , t = 1...T . The explanatory variable is ln ci
cUS

for the consumption-based representation
of real exchange rates, and 1

2 ln dUS
di

+ 1
2 ln mUSi

miUS
+ ln ci

cUS
for the trade-based representation of real

exchange rates. Di represents a matrix of variables that vary across countries but for each country
are constant across periods. This represents the time-invariant country-specific (fixed) effect24.
δC , δT represents the vector of coefficients for the dummy variables Di. ρ and γ are our coefficients
of interest. εCit, εTit are the error structures of the disturbance terms. The standard errors are
Newey-West (1987) heteroscedasticity and autocorrelation consistent with four lags using quarterly
data.

The results of the panel regressions for log levels with country dummies for quarterly raw data
are reported in Table 7. The estimate γ̂ estimated from relative consumptions is negatively sig-
nificant at -1.09. This is again inconsistent with the basic assumption of a positive coefficient of
relative risk aversion. The estimate ρ̂ from the trade-based representation is 0.97. It is quite close
to the Cobb-Douglas case for the unit elasticity of substitution between all goods. The R2 is higher
for the trade-based representation of real exchange rate at 0.697.

Figure 2 shows the comparison for {ln eA, ln eC} (left graphs) and {ln eA, ln eT } (right graphs)
for two major trading partners against the U.S.: Canada and Japan. The upper graphs is for

between 1 to 2.
23Tesar (1993) and Stockman and Tesar (1995) estimate that the elasticity of substitution between traded and

non-traded goods is 0.44.
24I need to control for the fixed effects because the numeraires for the country bundle versus the U.S. bundle are

different.
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Quarterly Data γ̂ R2

Consumption-based Representation -1.085 0.183
(0.152)

ρ̂ R2

Trade-based Representation 0.970 0.697
(0.044)

Table 7: Panel regressions for log levels with country dummies using quarterly raw data as-
suming all countries have the same γ and the same ρ. Top panel: Explanatory variable is the
consumption-based representation of real exchange rates ln eA

iUSt = γ(ln cit
cUSt

)+δCDi+εCit. Bottom
panel: Explanatory variable is the the trade-based representation of real exchange rate: ln eA

iUSt =
ρ([12 ln dUSt

dit
+ 1

2 ln mUSit
miUSt

+ ln cit
cUSt

]) + δT Di + εit. Let X̃it be the explanatory variables on the right-
hand-side. Total number of observations: 380, where N = 5 and T = 76. The coefficient estimate
for (γ̂, ρ̂) is

PN
i=1

PT
t=1(Xit−X̄i)(Yit−Ȳi)PN

i=1

PT
t=1(Xit−X̄i)2

where Ȳi = 1
T

∑T
t=1 Yit, X̄i = 1

T

∑T
t=1 Xit. The variance for

(γ̂, ρ̂) is (
∑N

i=1

∑T
t=1(Xit− X̄i)2)−1Ω̂(

∑N
i=1

∑T
t=1(Xit− X̄i)2)−1 where Ω̂ is Newey-West (1987) het-

eroscedasticity and autocorrelation consistent matrix with 4 lags. Ω̂ = Ω̂0+
∑p

j=1(1− j
p+1)(Ω̂j+Ω̂′j) ,

Ω̂0 = 1
NT

∑N
i=1

∑T
t=1(εit⊗(Xit−X̄i))2 and Ω̂j = 1

N

∑N
i=1

1
T

∑T
t=j+1(εit⊗(Xit−X̄i))(εi,t−j⊗(Xi,t−j−

X̄i))′. R2 is calculated as 1−
PN

i=1

PT
t=1 u2

itPN
i=1

PT
t=1(yit−ȳi)2

Canada/U.S. and the lower graphs are for Japan/U.S. It can be seen that there is a much more
positive correlation between {ln eA, ln eT } than {ln eA, ln eC}. This result generalizes to many other
countries. Figure 3 illustrates graphically the actual real exchange rates against the consumption-
based representation of real exchange rates for all countries in our sample against the U.S. Each
cluster of points correspond to each country in our sample. From the almost-vertical plots for each
country-pair, we observe graphically that actual real exchange rates have low correlations with the
relative consumptions and real exchange rates are much more volatile compared to relative con-
sumptions. On the other hand, figure 4 illustrates graphically that the actual real exchange rates
have a positive correlation with the trade-based representation.

Using the estimate of ρ̂=1 from the panel regression in Table 7, I plot the time-series of
ln eA, ln eC and ln eT with U.S. as the base country using quarterly data in Figure 5. The smooth
line is the actual real exchange rate ln eA

iUSt. The dotted line is benchmark consumption-based
representation of real exchange rate ln eC

iUSt = γ ln cit
cUSt

. The line with ‘+’ sign is trade-based rep-
resentation of real exchange rate in this paper ln eT

iUSt = ρ
2 ln dUSt

dit
+ ρ

2 ln mUSit
miUSt

+ ρ ln cit
cUSt

. Assume
γ = 2 and ρ = 1 for all countries. We observe graphically the trade-based representation (the line
with ‘+’ sign) are more correlated with the actual real exchange rates; while the consumption-
based representations have lower correlations with the actual real exchange rate. I also plot the
band-pass-filtered time series for ln eA, ln eC and ln eT in Figure 6.

22



−0.4 −0.3 −0.2 −0.1 0 0.1
0

0.1

0.2

0.3

0.4

0.5
ln eA vs ln eC: Canada/US

ln(c
i
/c

US
)

ln
 e

A

−1.1 −1 −0.9 −0.8 −0.7 −0.6
0

0.1

0.2

0.3

0.4

0.5
ln eA vs ln eT: Canada/US

0.5 ln (d
US

/d
i
) + 0.5 ln(m

USi
/m

iUS
) +ln(c

i
/c

US
)

ln
 e

A

9.2 9.3 9.4 9.5 9.6 9.7
4.4

4.6

4.8

5

5.2

5.4
ln eA vs ln eC: Japan/US

ln(c
i
/c

US
)

ln
 e

A

4.4 4.6 4.8 5 5.2 5.4
4.4

4.6

4.8

5

5.2

5.4
ln eA vs ln eT: Japan/US

0.5 ln (d
US

/d
i
) + 0.5 ln(m

USi
/m

iUS
) +ln(c

i
/c

US
)

ln
 e

A

Figure 2: Real exchange rates ln eA, ln eC , ln eT for the Canada/U.S. and Japan/U.S. pairs. Left figures:
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]. Dates for all countries

are from 1980:1-1998:4. γ = 2 and ρ = 1 for all countries.
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3.5 Unit Root and Cointegration of Real Exchange Rates

Many studies have documented that we cannot reject that real exchange rates are unit root processes
(e.g. Meese and Rogoff (1983)). To check whether actual real exchange rates ln eA, consumption-
based representation ln ci

cj
and the trade-based representation 1

ρ ln eT
ij = 1

2 ln dj

di
+ 1

2 ln mji

mij
+ln ci

cj
are

unit root processes, we perform the augmented Dickey-Fuller test and the Phillips-Perron test of
unit root25. The results for the unit root tests for real exchange rates with U.S. as the base country
are reported in Table 8. In general we cannot reject the unit root processes for all ln eA, ln eC and
ln eT at 10% significance. This is quite consistent with other studies that it is difficult to beat the
random walk hypothesis of real exchange rates.

Since we cannot reject that the dependent variable and the explanatory variables are unit root
processes, we need to check whether the results reported in Table 7 are merely spurious regressions
or whether they are cointegrated and have a long-run relationship. We employ Kao’s (1999) test
of cointegration for non-stationary panels. We first obtain the residuals from the panel regressions
(20) and (21)

ε̂Cit = ln eA
iUSt −

(
ln

cit

cUSt

)
γ̂ + Diδ̂C

ε̂Tit = ln eA
iUSt −

(
wi

[
1
2

ln
dUSt

dit
+

1
2

ln
mUSit

miUSt
+ ln

cit

cUSt

])
ρ̂ + Diδ̂T

The DF-type test from Kao (1999) can be calculated from the estimated residuals

ε̂Cit = ψC ε̂Ci,t−1 + υCit, ε̂Tit = ψT ε̂Ti,t−1 + υT it

Let ψ represent either ψC and ψT from the estimated residuals. The null hypothesis of no cointe-
gration is H0 : ψ = 1. The OLS estimate of ψ̂ and the t-statistic are given as

ψ̂ =
∑N

i=1

∑T
t=2 ε̂itε̂i,t−1∑N

i=1

∑T
t=2 ε̂2

it

, tψ =
(ψ̂ − 1)

√∑N
i=1

∑T
t=2 ε̂2

i,t−1

Se

where S2
e = 1

NT

∑N
i=1

∑T
t=2(ε̂it − ψ̂ε̂i,t−1)2. The DF tests26 are

DFψ =
√

NT (ψ̂ − 1) + 3
√

N√
10.2

, DFt =
√

1.25tψ +
√

1.875N

The results for Kao’s panel cointegration test for quarterly data are reported in Table 9. The
25Details are available upon request for the results of other bilateral time-series unit root tests, and Levin and Lin’s

(1991) panel unit root test. We also cannot reject unit root of ln eA, ln eC and ln eT at 5% significance with the panel
unit root test.

26Kao (1999) also defines DF ∗ψ and DF ∗t statistics to test for cointegration with endogenous relationship between
regressors and errors. For our sample size of N = 12, T = 76, the DFψ and DF ∗ψ statistics and DFt and DF ∗t
statistics have approximately the same sample size and power at 5%. See Kao (1999).
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Augmented Dickey-Fuller Test ln eA ln ci
cj

1
ρ ln eT

β̂1 − 1 τDF
i β̂1 − 1 τDF

i β̂1 − 1 τDF
i

Canada 0.01 0.29 -0.02 -0.80 0.04 1.71
Japan -0.05 -1.53 -0.04 -1.26 -0.07 -1.61

United Kingdom -0.09 -1.90 -0.02 -0.80 -0.10 -1.92
France -0.08 -1.80 -0.02 -0.51 -0.11 -2.35

Germany -0.08 -1.79 -0.01 -1.02 -0.06 -1.62
Phillips-Perron Test ln eA ln ci

cj

1
ρ ln eT

σ̂i τPP
i σ̂i τPP

i σ̂i τPP
i

Canada 0.02 -0.03 0.01 -0.67 0.03 1.85
Japan 0.07 -1.60 0.01 -1.42 0.07 -1.43

United Kingdom 0.06 -2.02 0.01 -0.71 0.08 -1.44
France 0.06 -1.96 0.01 -0.76 0.07 -2.21

Germany 0.06 -1.93 0.01 -1.02 0.04 -1.67

Table 8: Augmented Dickey-Fuller and Phillips-Perron Tests of Unit Root. Test Regression: ∆yit =
β0 + (β1 − 1)yi,t−1 + uit. Column 1: yit process is the actual real exchange rates ln eA

iUSt. Column
2: yit process is the benchmark consumption-based representation of real exchange rates, ln cit

cUSt
.

Column 3: yit process is the trade-based representation derived in this paper, 1
ρ ln eT

iUSt = 1
2 ln dUSt

dit
+

1
2 ln mUSit

miUSt
+ln cit

cUSt
. Upper Panel: Augmented Dickey-Fuller Tests of Unit root. Null hypothesis H0 :

β̂1 = 1. Alternative hypothesis: HA : β̂1 < 1. The residuals uit is assumed to follow a stationary
AR(1) process: uit = ρuit−1 + εit and εit ∼ N(0, σ2

i ). The τDF
i statistic of Dickey-Fuller is τDF

i =
(β̂1−1)S−1

ei (
∑T

t=2 y2
i,t−1)

1
2 where S2

ei = 1
T−2

∑T
t=2(yi,t− ρ̂yi,t−1)2. Lower Panel: Phillips Perron Test

of Unit Root. The nonparametric τPP
i statistic is τPP

i = σ̂iτ
DF
i

ω̂i
− n(ω̂2

i−σ̂2
i )

2ω̂i
PT

t=1(yit− 1
T

PT
t=1 yit)

where σ̂i

is a consistent estimate for σi and ω̂2
i = 1

T

(∑T
t=1 û2

it + 2
∑p

j=1(1− j
p−1)(

∑T
t=j+1 ûitûi,t−j)

)
. The

τDF
i and τPP

i asymptotic critical values are from MacKinnon (1991): -2.567 for 10% significance
(*), -2.862 for 5% significance (**) and -3.434 for 1% significance(***).
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Kao’s (1999) Panel Cointegration Test
Quarterly Data ψC tψC DFψC DFtψC

Consumption-based Representation 0.927 -3.683 -1.798 -1.056
ψT tψT

DFψT
DFtψT

Trade-based Representation 0.787 -6.661 -9.215 -4.385

Table 9: Kao’s (1999) cointegration test for panel regressions with quarterly data. Residuals are from
the panel regressions in Table 7. The null hypothesis of no cointegration H0 : ψ = 1. The OLS es-

timate of ψ and the t-statistic are given as ψ̂ =
PN

i=1
PT

t=2 ε̂itε̂i,t−1PN
i=1

PT
t=2 ε̂2

it

, tψ =
(ψ̂−1)

qPN
i=1

PT
t=2 ε̂2

i,t−1

Se
where

S2
e = 1

NT

∑N
i=1

∑T
t=2(ε̂it− ψ̂ε̂i,t−1)2. The DF tests are DFψ =

√
NT (ψ̂−1)+3

√
N√

10.2
, DFt =

√
1.25tψ +

√
1.875N.

The DFψ and DFt statistics are asymptotically distributed as N(0, 1) if the null hypothesis of no cointegra-
tion in the panel is true.

DFψ and DFt statistics are asymptotically distributed as N(0, 1) if the null hypothesis H0 of no
cointegration in the panel is true. For the regression on the consumption-based representation
ln eA

it = ln eC
it + εCit, the DFψC

value of -1.798 and the DFtψC
value of -1.056 indicate that we

cannot reject unit root for the εCit process at 5% significance. Therefore, actual real exchange
rates and their consumption-based representations are not cointegrated.

For the regression on the trade-based representation ln eA
it = ln eT

it + εTit, both the DFψT
(-

9.215) and DFtψT
(-4.385) statistics indicate that we can reject unit root process for εT it at 1%

significance. In other words, actual real exchange rates ln eA
iUSt and the trade-based representations

ln eT
iUSt are cointegrated. The two processes exhibit a long-run relationship and the coefficient ρ̂

estimated from (21) is consistent.

3.6 Time-varying Preference Shocks and Lagrange Multipliers of Budget Con-

straints

From (16), the ratio of time-varying preference shocks and the Lagrange Multipliers of budget
constraints in terms of allocation can be expressed as follows:

ln
(

δj(st)
δi(st)

σi(st)
σj(st)

)
= ln

U ′
i(ci(st))

U ′
j(cj(st))

+
1
2

(
ln

∂ci(st)/∂di(st)
∂cj(st)/∂mji(st)

+ ln
∂ci(st)/∂mij(st)
∂cj(st)/∂dj(st)

)

=
ρ

2
ln

dj(st)
di(st)

+
ρ

2
ln

mji(st)
mij(st)

+ (ρ− γ) ln
ci(st)
cj(st)

where the second equality is for the special case of CRRA utility Ui(ci(st)) = δi(st) ci(s
t)1−γ

1−γ with γ

as the coefficient of relative risk aversion and taste shock δi(st) in state st and CES consumption
aggregator (17).
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The higher the relative preference shocks δj(s
t)

δi(st) for country j versus country i, the higher the
allocations for the traded goods i and j to country j’s bundle versus to country i’s bundle. This
would be reflected in a increase in the relative ratios of dj(s

t)/cj(s
t)

mij(st)/ci(st) and mji(s
t)/cj(s

t)
di(st)/ci(st) .

Under complete markets, the ratio of Lagrange Multipliers of budget constraints σi(s
t)

σj(st) is a
constant because the social planner allocates each traded good such that the marginal utilities of
each traded good across countries are a constant that corresponds to the ratio of planner’s initial
weights. If asset markets are endogenously incomplete, the ratio of Lagrange Multipliers of budget
constraints σi(s

t)
σj(st) can be time-varying. Moreover, they should move like step functions that this

ratio changes only if one of the countries enforcement constraint binds. If asset markets are exoge-
nously incomplete, σi(s

t)
σj(st) can be time-varying that correspond to the wealth accumulated across

countries.27

Figure 7 shows the time series of ln
(

δUS(st)
δi(st)

σi(s
t)

σUS(st)

)
in the raw data. It can be seen that the

raw data ratio of ln
(

δUS(st)
δi(st)

σi(s
t)

σUS(st)

)
drifts around quite a lot. These fluctuations can be due to

time-varying preference shocks across countries or incomplete markets. Further research can focus
on identifying the major source(s) of real exchange rate fluctuations.

4 Conclusion

In this paper, I examine a class of general equilibrium models of international trade to understand
real exchange rate movements. I model a multi-country world with goods market trading with three
basic assumptions. (i) There are multiple goods. Each country is endowed with only one of the
traded goods. (ii) Utility is increasing in consumption, and the consumption aggregator is homoge-
neous of degree 1 with respect to the goods within the bundle, strictly concave, time-separable and
satisfies Inada conditions with respect to foreign imports. (iii) Goods prices are perfectly flexible.
All countries take prices as given in competitive markets. Starting from a no-arbitrage pricing
condition for all traded goods, I derive a new equilibrium condition that relates real exchange rates
with international trade flows and macroeconomic fundamentals.

Under a simple parametric form of a CES consumption aggregator, real exchange rates can be
expressed as a function of relative composite good consumptions plus two other factors: the ratio
of bilateral trade flows and the ratio of domestically-endowed traded good consumptions. These
two extra factors reflect how the two countries allocate intra-temporally its own traded good be-
tween home and foreign. This trade-based representation is valid in any economy that satisfies

27It is beyond the scope of this paper to distinguish whether the fluctuations of the additional trade factors are
due to preference shocks versus incomplete markets, or whether asset markets are complete, endogenously incomplete
or exogenously incomplete. Kehoe and Perri (2002) find that an endogenously incomplete market matches the
international real business cycles features better than complete markets or an exogenously incomplete markets in a
single-good model with production.
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on raw data for major trading partners against the U.S.
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the three key assumptions. Therefore it is robust to economies with goods market frictions such
as proportional transport costs and non-traded goods, a wide variety of asset market structures,
preferences, endowment versus production economies, monetary versus real economies, etc. I show
empirically that this new trade-based representation correlates well with actual real exchange rates.
In particular, the major trading partners against the U.S. has correlation of actual real exchange
rates and trade-based representation of over 0.8. The volatility of the extra trade factors adds
to explain the high volatility of real exchange rates. In addition, it identifies preference shocks
or incomplete markets as potential explanations to the Backus-Smith puzzle since the extra trade
factors are negatively covaried with relative consumptions. Panel estimation indicates that the
intra-temporal elasticity of substitution between goods is around 1, the Cobb-Douglas case.

While the analysis in this paper provides a close intra-temporal link between real exchange
rates, international trade and macroeconomic fundamentals, there are still open questions about
the source of real exchange rate fluctuations and the inter-temporal properties of real exchange
rates. Future research can focus on identifying the key underlying sources for international trade
movements and exchange rate fluctuations in the data.

For further research in empirical analysis, the trade-based representation is useful in under-
standing variations of consumption of specific goods within a consumption bundle. If we assume
a much more detailed parametric consumption aggregator which allows for different elasticities of
substitutions between traded goods ( 1

ρT
) and non-traded goods ( 1

ρN
),

ci(st) =
[
ciT (st)1−ρN + ni(st)1−ρN

] 1
1−ρN

where ciT (st) = [di(st)1−ρT +
∑

j 6=i

mij(st)1−ρT ]
1

1−ρT

then the equilibrium condition between real exchange rate and allocations in (13) becomes

eT =
(

dj(st)
di(st)

) ρT
2

(
mji(st)
mij(st)

) ρT
2

(
ci(st)
cj(st)

)ρN
(

ciT (st)
cjT (st)

)ρT−ρN

(22)

Alternatively, if we assume another parametric assumption for the consumption aggregator with
country-specific, time-varying bias for home good versus foreign imports versus non-traded goods
ω1i(st), ω2i(st), ω3i(st) such that ci(st) = [ω1i(st)di(st)1−ρ+

∑
j 6=i ω2i(st)mij(st)1−ρ+ω3i(st)ni(st)1−ρ]

1
1−ρ ,

then the equilibrium condition between real exchange rate and allocations in (13) becomes

eT (st) =
(

ω1i(st)ω2i(st)
ω1j(st)ω2j(st)

) 1
2
(

dj(st)
di(st)

) ρ
2
(

mji(st)
mij(st)

) ρ
2
(

ci(st)
cj(st)

)ρ

This paper performs empirical analysis for the special case that all goods have the same elasticity
of substitution (i.e. ρT = ρN = ρ) and both countries have the same consumption aggregator with-
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out country-specific, time-varying bias in different goods (ω1i(st) = ω1, ω2i(st) = ω2, ω3i(st) = ω3).
If we allow for a more detailed parametric form of consumption aggregators, additional factors
(e.g. ciT (st)

cjT (st) ,
ω1i(s

t)ω2i(s
t)

ω1j(st)ω2j(st)) enter in the real exchange rate determination. Further research can focus
on how additional factors with a more detailed parametric form for the consumption aggregator
can help in understanding real exchange rate movements.

The empirical analysis in this paper is mostly for developed economies with floating exchange
rates against the U.S. It would be useful extension to see how this trade-based representation helps
in understanding real exchange rate movements for developing countries. In addition, the analysis
in this paper can also be applied to study the relative price levels across different states of a country,
or different members within a monetary union.
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5 Appendix

Proof of Proposition 1: Suppose the contrary that in an equilibrium with positive shipping mij(st) > 0,
pii(st) < pji(st)η(st). In this case, country i or country j would have the incentive to purchase traded good
i from country i, ship to country j (with transport cost) and sell this good in country j. The can make a
profit if pii(st) < pji(st)η(st) and increases their utility from this profit. Contradiction to the original prices
and allocations constituting an equilibrium. QED.

Proof of Proposition 2: From Proposition 1, pii(st) = pji(st)η(st).

pii(st) =
1

σi(st)
U ′

i(ci(st))
∂ci(st)
∂di(st)

=
η(st)
σj(st)

U ′
j(cj(st))

∂cj(st)
∂mji(st)

= pji(st)η(st) (23)

Rearranging terms, I obtain the following result for real exchange rates.

eT
ij(s

t) =
∂ci(st)/∂di(st)

η(st)∂cj(st)/∂mji(st)
=

pii(st)/pi(st)
η(st)pji(st)/pj(st)

(24)

Similarly, apply Proposition 1 for traded good j: pjj(st) = pij(st)η(st).

pjj(st) =
1

σj(st)
U ′

j(cj(st))
∂cj(st)
∂dj(st)

=
η(st)
σi(st)

U ′
i(ci(st))

∂ci(st)
∂mij(st)

= pij(st)η(st) (25)

Rearranging terms, I obtain the following result for real exchange rates.

eT
ij(s

t) =
η(st)∂ci(st)/∂mij(st)

∂cj(st)/∂dj(st)
=

η(st)pij(st)/pi(st)
pjj(st)/pj(st)

(26)

From (24) and (26),

η(st) =
(

∂ci(st)/∂di(st)
∂cj(st)/∂mji(st)

∂cj(st)/∂dj(st)
∂ci(st)/∂mij(st)

) 1
2

(27)

Substitute (27) into (24) or (26), I obtain the result for the Proposition. The second equality in (14) can be

verified by combining first order conditions with respect to individual goods and first order condition with

respect to the consumption bundle. QED.

6 Data Appendix

I obtain quarterly data from 13 major industrialized countries between 1980 to 1998: Australia, Canada,
Japan, Switzerland, United Kingdom, Austria, Finland, France, Germany, Italy, Portugal, Spain and the
U.S. There are a total of 78 bilateral country-pairs.

I obtain the price data for nominal exchange rate (line AE) and consumer price index (line 64) from
International Financial Statistics (IFS). Let εij(st) be the nominal exchange rate defined as country i’s
currency in terms of country j’s currency. Let pj(st) and pi(st) be the Consumer Price Indices in country j
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and country i. The actual real exchange rate eA
ij(s

t) is constructed from the nominal exchange rate adjusted
by the ratio of Consumer Price Indices across the two countries.

eA
ij(s

t) = εij(st)
pj(st)
pi(st)

(28)

The household consumption expenditure (including NPISHs) data (line 96F) and population data (line
99Z) are from International Financial Statistics. The real consumption of composite good ci(st) is constructed
by deflating household consumption expenditure by the CPI.

The consumption-based representation of real exchange rate ln eC is the ratio of relative real consump-
tions

ln eC
ij(s

t) = γ ln
ci(st)
cj(st)

+ constant (29)

The data for consumption expenditures of bilateral imports or exports pij(st)mij(st) is obtained from
bilateral trade data from Direction of Trade Statistics. Since there are usually discrepancies between the
reported amount of exports from country j to country i and the reported amount of imports of country i

from country j in IFS (both reported in U.S. dollars), I take the average of these two numbers as the country
i’s consumption expenditure on traded good j (pijmij) in our model.

For the construction of di(st), we need to subtract consumptions of total imports and non-traded good
from the composite consumption expenditure. Similar to Stockman and Tesar (1995), the non-traded good
expenditure data is obtained from OECD Quarterly National Accounts for ‘private consumption services’
for the proxy for non-traded goods for Canada, Japan, U.K., Finland, France, Italy and U.S. For Australia,
Austria, Germany, Portugal and Spain, I use data from ‘services’ from GDP by activity as the proxy for non-
traded goods28. Non-traded good data is not available for Switzerland and I assume 40% of total expenditure
spent for non-traded good consumption29.

For our construction of the variable (
∑

j 6=i pij(st)mij(st)), the total imports of goods and services are
obtained from data from IFS (line 71.D). Since not all imports are for consumption, we obtain the breakdown
of total imports in terms of consumption goods versus capital goods from Datastream30. For Australia,
Switzerland, Austria, Finland, France, Germany and Spain, I subtract imports of capital goods, intermediate
goods and raw materials from total imports to obtain consumption from imported goods. For Canada, Japan,
U.K, Italy, Portugal and U.S., I subtract imports of machinery and equipment from total imports to obtain
consumption from imported goods.

We calculate expenditure on domestic traded good as the difference between total expenditure less

28Data from France and Italy indicate that consumption services are usually 40% of GDP services. We assume
non-traded goods consumption are 40% of the ’GDP services’ data.

29Stockman and Tesar (1990) show that on average countries consume a fraction of 30% to 50% on non-traded
goods out of total consumption (Table 9)

30The original sources from datastream for the breakdown of imports are listed as follows. Data for Australia
is from Australia Bureau of Statistics. Data for Canada is from Cansim - Statistics Canada. Data for Japan are
from Ministry of Finance, Japan. Data for Switzerland are from National Bank of Switzerland. Data for U.K. are
from Office of National Statistics. Data for Austria are from Statistik Austria. Data for Finland are from Central
Statistical Office of Finland. Data for France are from French Customs. Data for Germany are from Statistisches
Bundesamt. Data for Italy are from Istituto Nazionale Di Statistica. Data for Portugal are from National Statistics
Office, Portugal. Data from Spain are from Ministerio De Economia Y Hacienda. Data for U.S. are from U.S. Census
Bureau.
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expenditure on non-traded good less expenditure on consumption of imported goods.

pii(st)di(st) = pi(st)ci(st)−
∑

j 6=i

pij(st)mij(st)− piN (st)ni(st)

For the trade-based representation of real exchange rate ln eT , we use total expenditures (not deflated) for
domestic good consumption pii(st)di(st) and imported good pij(st)mij(st) and real consumption (deflated)
for ci(st).

ln eT
ij(s

t) = ρ[
1
2

ln
dj(st)
di(st)

+
1
2

ln
mji(st)
mij(st)

+ ln
ci(st)
cj(st)

] = ρ[
1
2

ln
pjj(st)dj(st)
pii(st)di(st)

+
1
2

ln
pji(st)mji(st)
pij(st)mij(st)

+ ln
ci(st)
cj(st)

]

where the second equality is due to the no-arbitrage equilibrium pricing condition pii(st) = pji(st)η(st), pjj(st) =
pij(st)η(st) from Proposition 1.

The trade-based representation of real exchange rate holds for both the per capita variable and the
aggregate variables. Let Mi be the population for country i.

ln eT
ij(s

t) = ρ

(
1
2

ln
Mj(st)dj(st)
Mi(st)di(st)

+
1
2

ln
Mj(st)mji(st)
Mi(st)mij(st)

+ ln
Mi(st)ci(st)
Mj(st)cj(st)

)

= ρ

(
1
2

ln
dj(st)
di(st)

+
1
2

ln
mji(st)
mij(st)

+ ln
ci(st)
cj(st)

)

For simplicity, I have used aggregate variables for our analysis for ln eT . For ln eC , I follow Backus and
Smith’s (1993) method and use per-capita variables.

All data series are quarterly series, except the population series is annual frequency. To facilitate our

analysis, real exchange rates and quantity variables are converted to natural logarithms.

7 Appendix: Tables and Figures

This Appendix provides the additional details in the empirical section.

Table 10 compares the correlations of Corr(ln eA, ln eC) versus Corr(ln eA, ln eT ) for all bilateral pairs
in the sample31. Most of the correlations for ln eA and ln eC are very low and negative in many country
pairs. On the contrary, the correlations for ln eA and ln eT are much higher for 75 out of 78 bilateral pairs
(96%) in Table 10. Except the a few bilateral country pairs, all the correlations Corr(ln eA, ln eT ) in the
table are positive. For most close trading partners with the U.S, such as Canada, Japan, U.K., France
and Germany, Corr(ln eA, ln eT ) is over 0.8 for these countries. This higher correlation is because of the
higher correlation of actual real exchange rate and the two other trade factors: the ratio of consumption in
domestically-endowed good (ln dj

di
) and the ratio of bilateral trade flows (ln mji

mij
).

Table 11 compares the Corr(∆ ln eA,∆ln eC) versus Corr(∆ ln eA, ∆ln eT ) for all bilateral pairs in the
sample. In general, Corr(∆ ln eA, ∆ln eT ) are lower than in log levels. Nonetheless, except for two pairs
(Spain-Australia and Spain-Finland) that have negative Corr(∆ ln eA, ∆ln eT ), all the other correlations
Corr(∆ ln eA,∆ ln eT ) are positive. Corr(∆ ln eA, ∆ln eT ) are much higher than Corr(∆ ln eA,∆ln eC) for

31Table 10 is symmetric because Corr(ln eA, ln eC) = Corr(− ln eA,− ln eC) and Corr(ln eA, ln eT ) =
Corr(− ln eA,− ln eT ).
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67 out of 78 bilateral pairs (86%) in Table 11. Table 12 and Table 13 compare the correlations in log levels
the HP-filtered and Band-pass-filtered series for ln eA, ln eC and ln eT . The smoothing parameter for the
HP-filter is 1600 for quarterly data. The band pass filter admits frequencies between 6 and 32 quarters.
The moving average parameter for the band pass filter has 12 leads/lags. These correlations are similar to
Table 10. The correlations between the HP-filtered Corr(ln eA, ln eT ) are much higher than the HP-filtered
Corr(ln eA, ln eC) for 76 out of 78 bilateral pairs (97%). The correlations between the band-pass-filtered
Corr(ln eA, ln eT ) are much higher than the band-pass-filtered Corr(ln eA, ln eC) for also 77 out of 78 bilat-
eral pairs (99%). All the correlations of the band-pass filtered series are positive.

Table 14 illustrates the variances for ln eA, ln eC , ln eT for all bilateral pairs in the sample. Although
the value of ρ is below γ, the volatility of the trade-based representation matches the high volatility of
actual real exchange rates better than the consumption-based representations for 68% of the times in Table
14. I also calculate the implied γ and implied ρ from the variance of the actual real exchange rates, the
consumption-based and the trade-based representations of real exchange rates.

Implied γ =

(
V ar(ln eA)
V ar(ln ci

cj
)

) 1
2

Implied ρ =


 V ar(ln eA)

V ar(1
2 ln dj

di
+ 1

2 ln mji

mij
+ ln ci

cj
)




1
2

The results are in Table 15 in the Appendix. The implied γ is between 0.303 to 8.449 to match the volatilities
of real exchange rates and relative consumptions. The implied ρ is between 0.347 and 1.775 to match the
volatilities of actual real exchange rates and the trade-based representation. These implied ρ values are also
quite consistent with the ρ̂ estimated earlier in this paper and other studies in the literature.

Table 16 shows the results of the persistence of ln eA, ln eC , ln eT for all bilateral pairs. The persistence
of actual real exchange rates is quite high and above 0.9 for many bilateral pairs. The relative consumptions
are in general more persistent than the actual real exchange rates. The trade-based representation is quite
persistent. We cannot reject ln eT as unit root processes.

Table 17 examines the Backus-Smith (1993) puzzle and compares the correlations between ln eA, ln eC , ln eT

and relative consumptions. It is clear from the table that the trade-based representation of real exchange

rate is much better in matching the low correlation between real exchange rates and relative consumptions.
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