Handout 3: Proof of Mean and Variance Formulas (Optional)

Corporate Finance, Sections 001 and 002

In this handout we prove the following very useful relations:

E(R,) = Xi1E(R1)+ X2E(R») (1)
Uﬁ = X%O’% + XQQO'S -+ 2X1X2COV<R1, Rz) (2)

where F(R,) represents the mean of a portfolio, and 05 represents the variance. We

sometimes write the second formula in terms of correlation:
2 2 9 2 9
o, = Xjoy + X505 +2X1X50102p.

First recall the rules of mean and covariance. Here, X, Y, and Z are random variables

and a is a constant. Then:
. EX+Y)=EX)+E®Y)
2. E(aX)=aE(X)
3. Cov(X +Y,Z) =Cov(X, Z) + Cov(Y, Z)
4. Cov(aX,Y)=aCov(X,Y)

Our first goal is to prove the formula for the mean (1). From R, = X Ry + XoRy, it

follows from the first rule that
E(R,) = E(Xq1Ry) + E(X2Rs).

By the second rule:
E(Rp) - XlE(Rl) + XQE(RQ)



This proves the formula for the mean.

Now for the formula for the variance. First, recall that
o> = Cov(R,, R,).
By repeated applications of the third rule:

COV(RP,RP) = COV(X1R1+X2R2,X1R1+X2R2)

= COV(XlRl, XlRl) + COV(XQRQ, XQRQ) + QCOV(XlRl, XQRQ).
Finally, applying the fourth rule:

COV(RP, Rp) = XECOV(Rl, Rl) + XSCOV(RQ, RQ) -+ 2X1X200V<R17 RQ)

= X%O’% + X220'§ -+ 2X1XQCOV<R1, RQ)

This completes the proof of the variance formula.



